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1.4 (a) The Bohr’s radius is the radius of the lowest stable orbit of the atomic
electron defined by the stability condition dE/dr = 0, where F =~ p*/(2me) —a/r =~
1/(2mer?) — a/r. This gives r = 1/(ame), or r ~ 5 x 107 cm.

(b) The energy of the system being 1/(mn7)—Gm% /7, one gets in the same way
r = 2/Gm3¥ (note the presence of the reduced mass), which leads to r = 6 x 10** cm
or 6 x 10° light-years. Alternatively, starting from (i) the equilibrium condition
Gm%/r? = mnw?(r/2); and (ii) the quantization 2mxw(r/2)* = nh, obtain r =
2n%h? /Gm¥;, which gives the same result for n = 1.

2.1 (a) In their CM frame, the two photons are defined by their momenta k,
—k, and polarizations €; and €2, which satisfy k- €1 = k- €2 = 0. From these
vectors, we want to construct a vector A that is a homogeneous linear function of
€1 and €2, and symmetric in the simultaneous permutations k < —k, €, < €2.
There are only two combinations compatible with these conditions: (€1 x €2) X k
and (€1 x k)(€2- k) + (€2 x k)(€1 - k). Both vanish because of the transversality
condition for real photons.

(b) Assume that the spin of 7° is 1. Consider 7 — 2. In the 7 rest frame, the
initial angular momentum is J; = 1. By angular momentum conservation, the final
angular momentum is also Jr = 1. Since it is impossible to have a state of two real
photons of angular momentum 1 [as in (a)], the assumption J, = 1 does not hold.

(c) In 7° rest frame, both momentum and angular momentum vanish, hence
Ji = Jro = 0. By angular momentum conservation, the total angular momentum
of the photons is Jf = 0 and their individual spins are opposite. It follows that the
photons have the same polarizations: J-k = (—J)-(—k), where k is the momentum
of one photon and —k that of the other. To be definite, let k = k2. Possible states
of polarization are ¢rr = €1(2, +)e2(—2,+) and ¢rr = €1(2, —)ea(—2, —), or their

combinations ¢rr + ¢LL = —61(2’) . 62(—2’) and ¢rr — PLL = 7:61(2’) X 62(—2’) - k.
2.2 We know that 7° has spin s = 0. In the decay mode K® — 27°, the angular
momentum in the final state is Jf = ¢, where ¢ is the relative orbital angular

momentum of the two mesons. By angular momentum conservation, J; = Jy = £.
If K° spin is odd, £ is also odd. Then, the angular wave function of the final state
would change sign in a permutation of the two mesons, Y; — (—)ZYg, in violation
of Bose statistics. So K° cannot have an odd-integral spin.
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2.3 We consider the scale transformation on coordinates and fields defined by
z), = A 'z, and ¢'(z) = eP™¢(Az). For infinitesimal In\ = de, 6z, = —dezy,
and d¢ = de (20, + D) ¢(x). Suppose L = %(&ﬁ)z — %mzqﬁz — %gqﬁ‘1 is the
Lagrangian of the model. Its variation under a scale transformation is

(9L/9e) = 2”8, L + (D + 1)(9¢)* — £gD¢* — Dm?¢”.
For D =1 this becomes

(OL)0e) = (2"0) +4) L +m*¢* = 8, (2" L) + m*¢°.
The variation of the action includes the variation of £ and the variation of the
volume §(d*z) = —de(duat)d*s = —4de d*z. For a field satisfying the equation of
motion, £ = 0, and the variation of the volume makes no contribution. Hence the

action varies as 65 = de m? fd4:c ¢?, which vanishes for m = 0. In this case, the
model is scale-invariant.

2.4 (a) The Noether current associated with translation is

oL A
i 123 12 H
", = 7{9(3# A)&,fh -0, L = —-F"0,AN 6", L.

For a Lorentz transformation, the Noether current is

oL .
Mlso' = m(—IJpJA)\) + ﬁ(dﬂpxa - 6“0—.'1),;) .

With Joo = Lpo + Xpo, Lo = (2005 — 250,), and (Ep0)s = 1(55 908 — 05 9p),
one finds the result as given. In a gauge where A® = 0, one has
3
M?j = Z Ak(xlaj — a:]&)Ak — (AZA] — A]Al)
k=1

(b) In particular, the intrinsic spin part is

Sij = — / d3:c(AZA] — A]Al)

- —iz Z ik, N)ej(k, N a' (k, Na(k, \) — a' (k, N)a(k,X)].

AN
With k along 2, we get ¢'(k, \) = &, for i = A = 1,2, and hence the result.

3.1 For a particle of mass m boosted from rest, Example 2 in Chap. 3 gives the
transformation matrix for spinors

— cosh w( 0 op
SLfcosh2 [1—|—tanh2 (0'15 0 )] .
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Here, F = m coshw and p = E tanh w, so that

coshﬂz E+m sinhﬂz#.

2 2m ' 2 2m(E + m)

A particle at rest is described by the wave function tos = f(t)u(0,s), where

i) = efim't/\ /2m(27)3. Boosting results in

Up,s = f(¢) cosh% ( 1 > Xs -

tanh 3 o - P

As for the space-time part, note that in the same transformation, the new coor-
dinates are given by ¢’ = tcoshw + zsinhw, 2’ = tsinhw + xcoshw, so that
mt = Et' — pya’ = p- 2’. Therefore,

S t = L e*ip‘z/ _ E ’
Lto,s(t, x) = E\/TT)B u(p,s) = E%’S(x ) -

3.2 See Good, Rev. Mod. Phys. 27 (1955) 187.

3.3 (a) (WI'Y)* = YTy = Y. If T are chosen such that I' = LTy = T,
then hermiticity is proven.

(b) To obtain the transformation properties of the bilinear covariants, one uses
the basic properties of v, and of ¥ (x):

(@)D (2') = P(x)ST'TSY(z);  ST'A"S = at A"

_ 1 1 o
3.4 Majorana: v*, = SuvE S, 1, Sv = —— v
J ™ MYDpPM M \/5 (Uy _1>

Majorana spinor: um = Smup(p, s).

_ 1 1 -1
Weyl: v = SwhSw' Sw = 7 (1 1 ) ;

Weyl spinor: uw = Swup(p, s).

3.7 Start with the Dirac equations (i) — m1)i1 = 0 and 9, (iv" 8, + m2) = 0.
Multiply the first on the left by %47y, or ¥,7y.7s, and the second on the right by
Yuth1 or yuvs591, and take the differences of the resulting expressions to obtain, with
the help of the identity v.v. = guv — iouw,

() (ma+ma)dyytn =i, (=0 W+ 030 ) v
=y (<10, +10,) 1 + 0" Bagth)
(b) (M1 + ma)yyuysthr = ity (—3 Vo YuYs + YuYs Y O ) 1

—V

= —10, (Vyy511) + s (3 - gy) T Y5 -
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To write these relations in momentum space, take ¥(x) = e™ P 7u(p) or ¥(x) =
e™P?y(p), depending on whether it is a particle or antiparticle state.

3.8 Write the basic expansion relation in spinor components (a,b=1,...,4)

(@1alhpuzn) (@3l juaq) = O (1aTk quaq) (sl lpuas) -

We will assume that u, are all c-valued, so that F;bFZd = C}Z k1%, (If u, are
anticommuting operators, there is an overalll relative minus sign.) Multiply both

sides of this equation by I';2I';, and sum over all spinor indices to get
Te(D'T"TT™) = C2, NoN,  where Tr(I'TV) = N;dy;.

3.10 (a) Consider first the production reaction 7~ +p — K 94+ A%, and choose the
center-of-mass frame. The total angular momentum component of the initial state
is given by J; =/, + Sgﬁ) + S§p> . Since S = 0 and since £, = 0 (because the
beam direction is chosen along the z axis), one has J; = S(p)z = +1/. In the final
state, we observe particles K, A produced in the incident beam direction, and so
L. = xpy — yp> = 0, so that again Jf = §2. By angular momentum conservation,
JL=JE or §& = £1/», which means that S > 1/,.

(b) Now consider the decay A — 7 + p in the A rest frame. The initial angular
momentum is J = SA, and by angular momentum conservation it is equal to i+ 172,
where £ is the relative orbital angular momentum of 7p, so that [S* — 1| < £ <
SA 4+ 1/o. The decay amplitude is given by the decomposition of the final wave
function in terms of the proton spin states, & = |+1/k) and 8 = |—1/4), and the
orbital states Yim (6, ). The coefficients of the decomposition are the Clebsch—
Gordan coefficients.

o S = 1/5 ; the possible values of £ are 0,1.
¢ =0: ’J:%,JZ: %>:<%% ’4:0,0;51,:%,% > Yoo a = Yoo o
angular distribution: isotropic.
(=1 [J=3,1.=3)=—/1/3Y0a+/2/3Yu,

angular distribution: |Y10|* + 2|Y11|* = const.

e S = 3/, : the possible values of £ are 1,2.

C=1: |J=3h,J. =%)=1/2/3Y0a+/1/3Y118,
angular distribution: %|Y10|2 + %|Y11|2 =z(1+ 3cos?h).
¢ = 2: same result.

o S — 5/2 ; the possible values of ¢ are 2,3.

=2 |J=5h,J. =3)=1/3/5Y0a+ \/2/5Ya1,

angular distribution: 2|Yz|* 4+ 2|Ya1|*> = 2(1 — 2cos® 0 + 5 cos* 0) .

3.11 Using the expansion series (3.91) for ¢ and P, one gets the following anti-
commutation relations for arbitrary x and y:

fs@), vl = 3 (0@ @)+ d )92, @), v @l o)+ dav s o)}

=Y C; [wilp, s)ul(p, 5) e 7T +vi(p, s)ul (p,s) T
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(a) Assume now zo = yo. Change p — —p in the integral of the second term
on the RHS. The RHS then becomes

RHS = Z CpeP®=Y) Z )+ vi(=p, 8)v) (=P, 9)]
- /d3p Cpe'? @Y 5,08 = 5;0(x —y)

where use has been made of the closure of the spinors and of the normalization
C2 = 1/[2E(27)?]. Hence the result

{i(@), ¥ ()} =di6(x—y).

20 =y0

(b) If o # yo one reduces the RHS by using the projection operators:
d’p ip-(z) (z-v)
= eTip(z—y ip-(z—y
RHS = / 3B (e L6+ m)ue — (—p o m)e Y]

9 Ep o ipe—y) _ipa-w)
- (w- a_:c“Lm)ij/ 2E(2n)? [e - ]

= (17- 5%4—771)” iA(x —y, m) = —iSi;j(z —y, m).
ij

Thus, the result {¢;(z), 1/); (y)} = —iSij (z — y, m).

4.1 (a) The relation §((f(z)) = [6(z — x0)/|f (z0)]|] holds for any function f(x)
with one zero, x = xo, in the interval of interest. It follows that

d’p 4 2 2
[ 52 = [t - mowo.
(b) Two-particle phase integral (s = P?):
Ra(s,mi,m3) / [Hd4pz ;= m?)0(pio ] 5 ( sz) .

Integration over ps yields

Ra(s,m?,m3) = / dipr 552 — m2)0(pro)S[(P — p1)? —m3)

In the CM frame, where P=p, + p, = 0, one gets

_ d3P1 2 2y _
Ry = 5(s — 2E1/s +mi —m3) = dQem ,

2E, 4f
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where p; is determined by the zero of the argument of the J-function in the above
equation,

— N (s,mimd), Ay, 2) = (0 4y + 2 — 20y — 2yz — 223).

p1 = 2\/—

If angular dependence is not relevant, integration over €2 gives
R2(57m%7mg) )\1/2(5 m17mg)
(¢) Three-particle phase integral (s = P?):
Ry(s,m7) = /d4p3 8(p3 — m3)0(pso) Ra((P — p3)*,mi,m3).

Making use of the previous result twice, we will get

R3

5/% da>\1/2( ml,mz)/d4p35(l73—ma)e(PBO)d((P_m)z_a)

d
= _/ a}\l/Z( m17m2)R2(S m37 )

2
= Tr da)\l/z( m17m2))\1/2(a757m§) .
4s a

In writing down the last line we have used the symmetry of A(z,y, z) in all of its
arguments. To find the integration limits, one may use the condition that both A!/2
are non-negative. This means all four inequalities a > (mq —|—m2)2, a> (m —mg)z,
a < (v/s—m3)? and a < (/5 + m3)? must be simultaneously satisfied. It suffices
to require a > a; = (m1 +m2)? and a < az = (/5 —m3)>

4.3 A, can be split into A, = AT + AL = AE — %&, (0-A). The field AT is

transverse: 8" AL = 0" A, + %D(a - A) = 0, and therefore contains only three

degrees of freedom. From the equations of motion, the fields can be expanded as
AT=%" [¢§j> (@)a(k, i)es (k, 1) + 6 (@)a’ (k, §)els (K, i)] ,
AL = (/) S [ @)alk,0) + 05 (@)a’ (1,0)]

where

3
kuey(k’i) =0 (7‘ = 17273)7 Zeu(k72)6;(k7l) = — (gup _ k"kp> \

i=1
and the operators satisfy the commutation relations (¢, = 1,2, 3):

la(k, 1), al (klvj)] = 6”6(k - k/) ’ [a(k,0), al (klv 0)] = _6(k - k/) )
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with all other commutation relations vanishing. The symbols ") and np(H stand
for the positive-energy solutions for masses p and m respectively. Similarly for ¢()
and np(f). With these relations, we can prove that

(0] TAp(2)Au(y) [0)
= |: o — Yo Z¢(+) (+)*( )
(0 — 70 Zas(“ @] (—gpu+ ’“;’j”)

[ To — Yo Z e (@)l ()

. kpky
0(yo — o Z¢(+) oD (z )} (_;_2> .

Since the extra factors outside the square brackets are even function of k, they will
not be affected by flipping the sign of k. The remaining calculations are as for the
scalar boson case, leading to

(01T Ay (@) Au(y) | 0) = — i / ke

X [A(kmu‘z) (gPV -
The propagator in momentum space is

gpv — Kok /10? _ ok, /p?
k2 — p? +ie k2 — (u2/X) +ie”

Apv (k) = -

4.4 The equation of QED with an external current j* and e = 1 is

0o FP =7, (1)
which also contains the conservation condition 0,7% = 0. Since 9yAo does not
occur in £, the conjugate momentum 7° is zero and one is free to remove Ag. This
can be done by taking 8 =0 in (1):

0uF* =5" = VA + V- A=—j"=—p. (2)

In the Coulomb gauge, V - A = 0, this equation can be solved to give the ‘instan-
taneous’ (not retarded) potential

A%(t, @) = iﬂ / @y LT 3)

The space components of (1) are (in general)

OA+V(V-A)=7j—VaA". (4)
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Taking the divergence of (4) and using the current conservation condition and
relation (2) in the Coulomb gauge yield 93V-A =0. If V-A=0and V- A =0
hold at some time ¢, the Coulomb gauge condition holds at all ¢.

Let us separate £ = —VA° — 9 A into two parts E = E| + E, such that

E“ = —VAA()7 V x E“ =0,

()
E, =-0)A, V-E,; =0 (Coulomb gauge).

In the Coulomb gauge, we have

/d% E? = /d%(Ei +Ef) = /d% (E% + pAo), (6)

where we have integrated by parts and used (2).
Now, it is generally true that

Lom = —1F? = J(E* - B?). (7)

S

In the Coulomb gauge, (7) becomes
Lewm = L(E7 — B* + pAy). (8)

Note in particular the presence of the last term. Add —j, A" to (8) and we get the
Lagrangian in the Coulomb gauge

L=3(El-B")—$pA"+j-A, (9)
where A° is given by (3).

5.1 (a) In mp scattering, there are three variables in CM frame: the relative
momenta in initial and final states, p, and p;, and the nucleon spin variable o
Define n = (p; X p;)/|p; X p;|. We can construct the general rotationally invariant
amplitude

M=a+bon+cop, +dop,;,

where a, b,... are invariant functions of p, and p,. Under space inversion, P :
o — 0o, p, —> —P;, Py — —Pp N — N Therefore, P-invariance requires
¢ =d = 0. Under time inversion, 7 : 0 — —0, p;, — —pj, n — —n. Therefore,
T-invariance allows all 4 terms in M.

(b) Consider, for example, proton-proton scattering. The basic variables are
the momenta p,, p;, and the spins 01, 2. Define n =p, X p, P=p, +p; and
K=p,-p ¢- The most general rotationally invariant amplitude, symmetric in the
interchange of the two particles, is

M =a + b(0'1 + 0'2)~’n + C(0'1~n)(0'2~n) —+ d(O’l_lj)(O'z_lJ)
+e(o1K) (o2 K) + f[(01-P) (02 K) + (01 K)(02 K] .
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It can be checked that P-invariance imposes no restrictions, while T-invariance
requires f = 0.

5.2 Consider u(p) — e(k) + ve(k’) + vu(p’). From Feynman rules, the decay
amplitude is

—iGr
V2

where I'x = vA(1 — 745). Summing over all spins in initial and final states gives

Z|M|2: Zyu )Tau(p) alk)o(k')|”

spins

iM=

[@(p")au(p)] [@(k) o (k)]

LGE T [(f+me)T FT? Tr [Ca (p + mu)Top]
= 128G (k-p)) (p-K').-

The electron energy spectrum is obtained by integrating over all electron directions
and all variables of the unobserved neutrinos:

1 By Bk’ Bk 4 ;o 1 9
dr = 54k + & —p)=
2m#(27r)5/ 8E, By B (k+#+p p)2Z|M| ’

(% comes from averaging over the muon spin). We need the Lorentz tensor

3,/3131./
P

It can be easily calculated in the CM frame of the two neutrinos (p’ +k’ = 0), and

should depend only on Qa = pa — ko [see (A.41)]. Since I*? is a Lorentz tensor,
the result is valid in any frame:

17 = 2(Q%" +2Q°Q°).

Hence we calculate

dr = =64 wpsl®P.
2m# / 6 GF D

In the p-rest frame, the electron energy spectrum is

2
ddg _ 1621;3sz£ (3_4ﬂ> ;o 0< Bp <my /2
k

1 GZm?>
in the limit where m. < m,. Integration over Ej gives . =I,= 19F2 g
M T

5.3 The amplitude for 7 (p) — £~ (p1) + 7(p2) is given by
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where Jx(p) = (0| Ax | w(p)) = ifxpxr, and p = p1 + p2. Using the Dirac equations
for the two leptons,

iM = %Gm mea(p1)(1 = vs)v(ps)

Summing over the lepton spins yields
D IMPP = L(Gr frme)® Tr((By + me) (1 = 35)pa(1 +75)]
(G frme)® Tr ($152)

= 2(Gr frmumz)® (L—xe); @0 =mi/m3 .

Therefore the decay rate is
I(r — o) = 'pl Z|M| GFf,T) 2mBae(1 — w0)?,

from which follows the ratio

I'(m — pv) :c“(l—:c“)z

Im—ev) xe(l—me)?

5.6 See J.J. Amato et al., Phys. Rev. Letters 21 (1968) 1709.
5.8 We know that Py(z)P ' = nyotp(2’) and Cyp(x)C~ " = £C9P™T.
Parity:
Y =£CYT = €Cl(mow) )T = €n"Cra 0T CBT
=n"(=70)¥" = —n"y¢°.
Hence Py°P~" = —n*yo¢°, or n° = —n".

Chirality:

Y51 = 5ECYT = ECCT sCPT = ECys " = —A"y°.
Thus \° = —)\*.
Helicity:

Spyt =EXPpCyT =£CCT XpCOyYT =0T pyT = h'ECYT
where we have used 47 = 49 and X' = X. Conclusion: h® = h* = h.

5.9 The following table gives the relevant transformation rules obtained from
Chap. 5 (coordinates of fields are suppressed for simplicity).

Variables P C T
/1()7 AZ /1()7 —Ai —AO, —Ai A07—Ai
0 i 0 i 0 i 0 i
Y Y Y, Y -7, = Y Y
Ay Ayt Ayt Ay
Foi, Fij —Foi, +F3j —Foi, —F3j +Foi, —Fij
o%, g% —o%, 4o —o%, —g¥ +0%, —og¥
ivs (0%, o) iys(0”, —0¥)  iys(—0%, —0¥)  iys(—0”, o¥)
F“VO'“V +F‘LDU“V +F[J.VO-“V +F[J.VO-“V

v v v v
F/,LV'YSU‘L - /,LV'YSU‘L +F[,LV750-‘L - [,LV'YSU‘L
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In conclusion, 9,1 A* and F,,1po*") are invariant to P, C, T; Fy,pys0*¥ 1) is
invariant only to C, and changes sign under P and T. All three are invariant under
the combined operation PCT.

6.1 (a) Let ¢1,-1 = nn. Then from (6.24), I+ ¢1,-1 = V2¢10. On the other
hand, I = I 4+ I'®| the sum of individual isospins; so that I (nn) = (pn + np).
Together, the two relations give ¢10 = (pn + np)/v/2. Similarly, Iyd10 = V2¢11,
and Iy (pn + np)/v2 = V2pp, from which one gets ¢1; = pp. The combination
orthogonal to (pn + np)/v/2 is (pn — np)/v/2, which corresponds to ¢go.

(b) Starting from ®3, 3, =7 n, we proceed as above, using both (6.24) and

I=T" £ I™ and the proper sign convention for 7=. Thus, we get
I+CI>3/2’73/2 = \/§¢>3/2’7 s I.mn=n"p+ \/§7r0n

1, _
= @3/2’1/2—\/;(7r p—|—\/§7ron);

2

V3
1
= (I)3/2’1/2 - \/;(\/Eﬂ-op - 7T+n) ;

1
Li®s, 1, = \/gq)3/2,3/2 ) I*ﬁ(\/iwop_ w'n) = —V3r'p

= Psp, = ~m'p.

1, _
I+CI>3/2’7 1, = 2@3/2’1/2 s I+ \/;(Tr p+ \/§7TO7L) = (\/§7r0p _ 7'r+n)

The combination orthogonal to @3/2’7 1, is <I>1/2’7 1, = %(—ﬂwfp—k 7r0n) . Then
applying I, on this relation, one gets P11, = —%(Wop ++2rTn).
6.2 From Table 6.3, one has

—7T+p: ’%7%>7
w38+ V2 [51),
™r=7(V2]33) - |53))

Since 77p is in a pure isospin eigenstate, Ry = R3/2. On the other hand, after

scattering from the prepared state 7 n, the scattered wave is

R|rn) =/ 3Ry !%%H\/%Rg |
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so that
R_=(n"n|R|x"n) = % (R% +2R1)

2
R0:<7T0p|R|7T+n> :? (Rg _Rl) .
2 2

By isospin invariance, these amplitudes are independent of I3 and, therefore,
Ry = <7r7n|R|7r7n>, R_ = <7r7p|R|7r7p>, Ry = <7r0n|R|7r7p> .

Since there are just two isospin amplitudes, the physical amplitudes are not indepen-
dent, they are related by Ry —R_ = /2 Ry. This relation is a consequence of charge
independence, and so can be used to check invariance. When the I = 3/ channel
predominates, the ratios of the amplitudes are Ry : Ry : R_ ~ 3 : v/2 : 1, corre-
sponding to the ratios of the cross-sections [0 = (kinematics)|R|?]: o4 : 09 : o
~9:2:1.

6.4 (a) The field variations are dotp = —iet), do¢p = 0. Under these transformations,
the Lagrangian is invariant and the associated Noether current is

oL o -

JH = =y,

" 9(0u) bc

Note that since the interaction Lagrangian contains no derivative couplings, one can
effectively replace £ by the free-field Lagrangian L. Thus the conserved current
and charge are given by

JH = 12)7“1/} = @p')’“@bp + QZ}DVHT/}m
N = /d3:cJ0 = /dBiE(Q/)Iﬂ/}p + ﬂ%) .

(b) It is again checked that the Lagrangian is invariant. The associated con-
served current is
OL dup | 0L bus
O(Oup) b€ O(Oug) b€

JH =

1+73

<. A4 . -
— i (i) + 0 [ (@ x )] = By R+ (X D)
The corresponding conserved charge is
1 .
Q= /d%JO = /d%w*—g% + (¢ x D).
(¢) In checking the Lagrangian invariance, recall that 71 = 7 and tT = —¢. To

the first order in €, one has (ignoring the v*, unimportant for the present purpose)

G =+ sed(r m— T n)y = v,
PP =" Pp—icd (t" n+t-n)p=0" 9,
VY- @ = 7Y - b +ienat| 5(Tao — ToTa)Pb — To(ta)bede |9
= TP - D+ ienath[icabeTePb + i€abeTo e |9
=9TY .
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The conserved currents are (a = 1,2, 3)

oL oy L God
(0,0) dena | (0,0) dena

= Pin(— 47ath) + O Pl -itadp] = S0 Tuts — 10" Plah;

B
=

which yield the corresponding conserved charges
Qu :/d%,}fj :/d3x(%¢TTa¢—i¢ta¢).

6.5 In comparison with the hyperon decays, there are at least two advantages in
studying the semileptonic decays of the kaons: first, the kaons have zero spin, which
simplifies the structure of the interaction, and, second, there is generally a larger
energy available to the decay products. In the three-body decays:

Kt 7'+ + v (or ), (called K¥p3) |
K0—>7rq:—|—£i—|—w(or ),

(¢ = e, p), the isospin changes are |Al| = |Ix — Ix| = 1/ or 3/k. Assuming the
empirical rule AT = 1/ to be valid, the neutral K decay modes

Ke—saT+¢ +9 and K’ =7 +47+u

are forbidden. Then for the allowed modes one can apply the usual angular-
momentum couplings

0 0
18) = —\/EeK - i K
11 2 _—750 1.0 -
’§v—§>:—\/;7TK+ 3T (=K7)
to obtain the theoretical ratios

DK’ — 7 0ty) and DK’ — 70 o) 9
I(K+ — 700+y,) K- — 7%-1m)

The measured rate is that of the combination K{ = (K° — K°)/v/2,
Ky — (x etw) + ("0 ), (called K°3) .

Hence the prediction for the combination: [I'(K%)/I'(Kj5)] = [['(Ks)/T(K,3)] = 2.
Experimental data for the neutral kaon are

0474 x 108 /s for £ = uT;
(K's3) = ’
(K es) { 0678 x 10°%/s for £ =¥ .

and for the charged kaons:

+ v ) .0258 x10%/s for £ =pT;
P(K ) = { 0389 x 10%/s for £ = e .
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The agreement with theoretical values is good but not perfect: there is slight vio-
lation of the AI = % rule in the K3 decays.

7.2 Let S(a) and S*(a) be representations of 3 and 3* of SU(3):

*

S=1+daili+..., S =1-dai\i +...,

where \; (i =1,...,8) are the Gell-Mann matrices. Note that A\] = &;A; (no sum)
with ¢; = +1 for ¢ = 1,3,4,6,8 and ¢; = —1 for ¢ = 2,5,7. Saying that S and S*
are equivalent means that there is some oY, ..., a2 corresponding to So such that
S* = SOSSS, which may be expressed as

SoAiS} = —A\f = —giAi (no sum). (1)

The Gell-Mann matrices satisfy AeAn + AnAe = %&m + 2dgmnAn. Sandwiching
both sides of this relation with Sy and S} and using (1), one gets

200m 4 2e08m demnAn = 306m — 26 demnAn, (N0 summation over £, m).

Since all eight A, are independent, one gets demn = —€¢EmEndimn (N0 SUMmation
over £, m). With known ¢; and dgmn, one can check that this relation does not hold
in general. It must be concluded that 3 and 3" of SU(3) are not equivalent to each
other.

7.5
Dg = dgijFiFj = %FZFZ =+ @(Flz =+ F22 =+ F32) — ﬁng
_ VB (72 _ 1v2 _ 12
=3 (I*-3Y*—3F").

The Hamiltonian is

b 2 \/ga b\/g 2 1,2
N LR Y+T(I _ZY)’

which leads to the mass formula for baryons

H = Ho+ Hs = Hyp —

Mp(I,Y) =mo+mY +my [I(I+1)—1Y?] .

7.6 (a) An irreducible tensor is traceless and symmetric in its indices of the same
kind. From two irreducible tensors M®, and N4 representing two octets of SU(3),
one can construct the following irreducible tensors:
1 (0,0): S = Mg N?,
8 (1,1): Fg = MZNg — NS My,
8 (1,1):  Df = MINg+ NIMg — 263 S,
10 (3,0): T9¢ = Mi“N]l»’eijc + all permutations of a, b, c,
10* (3,0): Tape = MéNgEijc + all permutations of a, b, c.
These multiplets contribute 37 components. There remain 27 which can be
accounted for by a (2,2) irreducible tensor. Consider the mixed tensor separately
symmetric in its upper indices and its lower indices:

R = MIN§ + MING + M3NS + M3NE .



Selected Solutions 629
Its trace is R% = D2 + %6‘; S. The corresponding irreducible tensor
R = RiG+ a(82D5 + 83D¢ + 63D + 52DG) + B(8285 + 6362) S

is traceless, R% = 0, provided that o = — 15 and B = —1/s. Thus, to complete the
decomposition of 8 x 8, we have
27(2,2) 1 R = R — L(68DY+ 05D +63D% + 62DG) — (5865 + 6502) S .

(b) An irreducible tensor of SU(3) is denoted by its rank (n,m). The decompo-

sition of a product of 2 irreducible tensors can be done with Coleman’s prescription,
which consists of two formulas

minn,m’ minn’,m
(nm)@ @, m)= > > (n—im—jin —jm —i),
=0 7=0

(n,n; m,m") =(n+n",m+m’) @ Z (n+n' —2i,m+m' +1)
i=1
P Z (n+n"+j5,m+m' —25).

i=1

In our case we have

3
(3,0) x Z 3-14,0;0,3—1)

= (3, 0 0,3) @ (2,0, 0,2) @ (1,0; 0,1) & (0,0; 0,0)
=(3,3)9(2,2) 2 (1,1) @ (0,00 =64 02708 1.

7.7 Totally antisymmetric: ¢ ¢® ¢ + permutations (A, B, C are all different with
values 1,...,6). The possible indices are: 123,...,146,156 (for 10 components);
234, ...,256 (6); 345,346, 356 (3); 456 (1); giving 20 components in all.

Totally symmetric: g% ¢®¢¢ + permutations. The possibilities are: all different
indices 123, ..., 146,156 (10); all identical indices 111, 222, ..., 666 (6); two identical
indices 112,113, ...,664, 665 (30); giving 56 components.

Mixed symmetry accounts for the remaining 216 — 20 — 56 = 140 components.
There will be two irreducible tensors of dimensions 70.

7.8 (a) Summation over polarizations gives

D il New (e, N) = =g + (ks /M)

pol

Summation over spins (I'y = gvyu — gaYu7Ys):

Z u(p)Luu(P) a(P)Tyu(p) = Tr[(f+ ma)Tu (@ + ma)T]

ss’

=4[(g% + 93) PuPo + v Pu — g Pp) + (9% — GA)MamQguy — 2igv ga€puwpop” P7).
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Putting the two results together leads to

SN IMP =4 (g% + g3) [pP+ iz, B P) | 12%(gv — ga)mama,

spins pol

(b) Decay rate (with a = 1):

P(Q—q+ W) = 'p'lzw ' 1P+ 2

Kinematics gives

k-

L(mg —mi — M), k-P=3(mg—mi+My),

P
1

8.2 Call U = U(h) the transformation matrix corresponding to group element h;
its dependence on z is suppressed. Similarly, U’ = U(h') and U” = U(h") are the
matrix representations of A’ and h”. We have the successive transformations

h:A,— A, =UAU" + é(&HU)UT
WA, - Al =UAU"+ é(a‘LU’)U’T
Therefore, A, results from A;, by application of h'h:
Wh:A, — Al =UAU"+ é(a‘LU’)U’T
=UUAUUT + éU’(&H nUtu't + é(a“ uHu't
=U'U {A“ + é(U’U)l[a“(U’U)]} utu't.

Since for b = W'k, U(h") = U(K)U(h) or U” = U'U, the above relation is
equivalent to ¢" : A, — A, =U"AU"" + =+ (On U")U"T, which verifies the group
composition law.

8.3 (a) Assuming ¢; and o are classical commuting fields, one checks by direct
calculation that §,Ls = 0 for a = 1,2, 3 in both isospin rotation and chiral trans-
formation.

(b) Isospin current: V;, = —wflwf;diqﬁj = —€ijk(0up;j)pr. This is a conserved
current because 9*V;, = —€;1(0"0u)¢r. From the equation of motion for ¢;,
8“8u¢i = 2¢z

8¢2 ’



Selected Solutions 631

it follows that eijr(0"0ud;)dr = —2€ijnpyzdidx = 0. Thus, 9"Vi, = 0. The
conserved isospin charge is

Qi :/d3x‘/;'() :—Eijk/d3xﬂj¢k.

Chiral current: A;, = —wfl(wf;diqﬁj + wﬁdia) = T,0 — wﬁqﬁi. This is again
a conserved current, 0" A;, = 0, for fields ¢; and o satisfying their respective
equations of motion. The corresponding chiral charge is

Q? = /d3:cAi0 = /d3:c (7Ti0 — 7T4¢i) .
The quantized fields satisfy the commutation relations at equal times:
[Tri(tv CE), ¢j (t7 :B/)] = _161]63 (CB - CE/) ) [7T4(t7 CE), agj (t7 :B/)] = —153(CE - CE/) )
while other fields commute. From these rules, the following relations can be derived:

[Qi, Vio] = ieijk Vio, Qi, Q;] = i€ijk Qk;
[Qi, Ajo] = iesjn Axo, Qi, Q3] = ieijn Q1
[Q7, Vio] = ieij Aro, Q7. Qj] = ieijk Qi ;
[Q7, Vjo] = i€ijk Vo, Q7 QF) = iein Qi -

The operators QFf = %(Ql +@Q) and Q; = %(Ql — Q%) satisfy

[
[
[
[

QF, Q=i Q5 [Q7, Q7] =lexQr; [QF, Q;]1=0,

and therefore generate two independent commuting SU(2) algebras, so that the
symmetry of the model is that of a semisimple algebra, SU(2) x SU(2).

(c) The vacuum is defined by (¢;) = 0 and (o) = v = /—p2/\. Upon
substitution of ¢’ = o — v into Lg, one gets

L= % [(&LU/)Z + (8u¢)2 + 2:“2‘7/2] + Lint

where Lint contains three- and four-field couplings. We thus see that the degeneracy
in mass has been removed: ¢; remain massless but ¢’ acquires a mass of /—2u2.

The symmetry algebra of the fields is determined by their commutation with the
generators. Specially noteworthy is the relation [QF, ¢;] = —idij(0’ +v). Its VEV
for any i = j, <O’ (QF, 4] O> = —iv # 0 (no sum over i), cannot be satisfied
unless QF |0) # 0. This means that Q7 generates a symmetry that is broken in the
vacuum.

(d) Under isospin rotation the fermion fields change according to d;9) = %iu}ﬂ'ﬂ/)
and 51@ = —%iwiﬂ)n. It can be checked by direct calculation that §;Lr = 0. While
under chiral transformation, 6;9 = %iwi Tivs, 0 = %iwi Ti7ys , so that the
kinetic part of the fermion Lagrangian changes as

1 i- . i- .
Jﬂikin = %1#(17 -0 — mo)TiysY + %¢757i(17 -0 —mo)y

= —2 (V"5 + 57Ot — imotbTivsY = —imoTivsy .



632 Selected Solutions

The coupling term is invariant. The variation of the total Lagrangian under a chiral
transformation is 6(Ls + Lr) = —imohiys1).

Assume now mgo = 0, so that Ls + Lr is invariant under both isospin rotation

and chiral transformation. For u? < 0, the symmetry is hidden when (o) = v =
v/ —12/X. By defining excitations of o above the constant background, ¢’ = o — v,
the fermion coupling becomes Liny = —guviptp — gif (o’ +i7 - ¢ys)1), and the fermion
acquires a mass, m = gv = gmg,/ V2, simultaneously with ¢’ which now has a
mass of m, = \/—2u2. The older parameters u?, \, and v are related to the new
parameters m, m,s and g by —p® = S mZ,, A= 3 ¢*m2, /m* v=m/g.
9.1 The condition k, A*(k) = 0 implies that in the rest frame, where k" = (M;0),
Ap = 0. In general, normalize A" such that A, A" = —1. In the frame of a particle
moving in the z direction, where k* = (w;0,0, |k|) with w = v/ k* + M2, the two
conditions kA" =0 and A, A" = —1 imply that

A" = Ajj cosf + Al] sin,
L w

In the particle rest frame, 6 is the angle between A and the z axis. Note that one
may rewrite

A/,L:K_Fa# CLI'LE
= M ’ w + |kl

(-1;0,0,1).

Since the longitudinal components A!" increase with energy, so too will the
transition amplitudes involving A*, leading to nonrenormalizability. Hence the
necessity of suppressing these components.

For a coupling of the type j, A", the first-order amplitude is M = T, A", where

LH
Ty = (f|ju|i). We have M = (M + a“) T, cosf + T, AY sinf. Since the growth

in energy of A" is confined to k*/M, it is necessary to suppress this term in M,
simply by requiring k*7T,, = 0. This is equivalent to 9,j"(z) = 0, i.e. a conserved
current.

9.3 First, A = ma/v/2Gr = (37.3GeV)?. The boson masses are given by My =
37.3/sw GeV and Mz = Mw /cw = 74.6/ sin 20w GeV. With Mz = 91 GeV, one
gets sin? 0w = 0.21 and Mw = 81 GeV. In addition, from Mw = %gv, it follows
that v = (vV2Gr)~'/? = 246 GeV, and from C. = v/2m. /v, one gets Ce = 3x 107°,

9.4 With the coupling by % gey" (1 — vs)v W} + h.c., the amplitude is given by

M= %ae(P)y“(l —75)0(p) (k).

This is essentially the same amplitude as found in Problem 7.8. Neglecting the
masses of the fermions, P? = p? = 0, one gets

SN IME = g [p-P o (kp) (k)| = M

pol ss’
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with the final momentum |P| = (2Mw) " A\"?(Mg;,0,0) = £ Mw. Thus, the decay
width for W — ev is
|P| 2002 — QZMW _ GFM\?V

1
r = - = = .
W= ev) = gz 39 M = G5r = 5V

The factor % comes from averaging over the vector boson polarizations. The widths

for the other processes are obtained in the standard model Lagrangian,

(W —ev)=T(W — pv) =T(W — 10),
I'(W—ud)=T(W — c§) =3I'(W — ev).

Here, the factor 3 accounts for colors; we have also used Y [Vij|? = 1. The total
decay width of W is I'{y® = 9T(W — ep) = 9 x 0.225 = 2.05 GeV.

9.5 The coupling is (—g/cw)j7 Z" where the neutral current is
.Z 1 - v v 1 = e e
Ju =3 V(v — ga¥s)V + 5 €ulgy — gas)e
+ 5 @9V — gavs)u+ 5 dyu(gv — gavs)d.

The amplitude for decay Z— ff is M = %Q(P)yu(g{/ — dhvs)v(p)en(k). In a
W

similar way as in Problem 9.4, one gets I'(Z — ff) = [(¢%)? + (¢4)?] o, where I'y =
GrM3/(6v/2m) =~ 0.328 GeV. The neutral weak charges are obtained from Table
9.3. Assuming s%, = sin? 6w = 0.21, one gets the following values of (g,)2 + (g4 )?:

for ve, vy, vr : % =0.5,
for e, pu, 7: % — 2% + 4s% =0.25,
for u, c: 3 — 35w+ Bsw =0.3,
. 1 2.2 4.4 _
ford, s, b: 5 — 35wt 55w =0.38.

The process Z—tt is not kinematically accessible. Taking account of the color
factor, the total decay width is T'%* = 3 x (0.5 + 0.25 + 0.6 + 1.14)Tp =~ 2.45 GeV.

9.6 The amplitudes for v and Z-boson exchanges are:

M, = i(—ie)* a(k)y v(k') o(p )7 u(p) (%) ’

Mz =i (59 ) alk* (66 = 358) o)) 06" (6% — v593) u(p)
% (—i[gw - kukV/M%]>

. _ /\2
S—M%—FIFZMZ ’ 57(p+p) N

As an example, consider e™ + e~ — put 4 p~. Neglecting m., m, masses and
using (4.181), one finds

do o?

TR [A0(1—|—0052 0) + Aq cos9] ,
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where

Ao =1+2Re(2)gv + |21*(g% + 93)>, A1 =4Re(2)gx + 8|2|° ¢V 04 ;

s 1
s — M% + iz My, (2 sin 29\}\1)2 ’

, gv:—%+2sin29wz0.

N

z = ga = —

With or = [[do/dQ2]d and op = [ [do/dS] A2, one finds

3A1 3 2
App = — &~ — .
"B R4, pRez)gn

10.1 The minus sign comes from the anticommuting property of the two nucleons.

The potential Vair(2) has the dimension of (mass), so its Fourier transform Vir(q)

has the dimension (mass) 2,

Vdir(q) = /d37’ efiq-m Vdir(cc) s Vdir(cc) = /queiq'm Vdir(q) .

1
PE

The one-particle state normalization in (4.40) is the origin of the factor (2Mx)~2
for the two-nucleon system. The o1 -q o2 - q term yields the operator o1-V o2-V;
this operator applies to the potential e™™~ " /r, which gives Vai, ().

10.2 First integrate over f d3z the time (u = 0)-component of the equation

(®,5) | (@) | ®(p, ) = P77 (B(D,5) | T (0) | (D, 5)) -

From the conserved current Ji, (z), Q = f d3z J2,(2) is time independent, then
with Q |®(p, s)) = eq |®(p, s)), one gets

(8(0.5) | J50) | 0(p.)) = S5z

We apply the above equation to spinless pion <7ri (p) | J&.(0) | nt (p)> With the
standard one-particle state normalization 1/4/2E(27)3, one gets F(0) = 1. By the
same method, we have FT(0) = 1, F1'(0) = F3(0) = 0.

10.3 The amplitude for this reaction is

M = (—ie)? <q—2> (0 )ulp) (k= k)" Fr(q®) -

Using (4.59), the cross-section follows. Whereas the pion form factor Fi(q?) is
dynamically enhanced by the p° meson which has an isospin I = 1, the form
factors of the charged K, D, and B mesons would not be enhanced by the lack of
the corresponding I = 1 resonances decaying into the K, D, B pairs, similar to the
p° meson decaying into a m-pair.

10.4 According to CVC, the AS = 0 vector currents V‘}iiz of the weak interaction
and the isovector component of the electromagnetic current Vf form an isospin
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triplet. The corresponding Clebsch-Gordan coefficient /2 comes from I_(1,0,0) =
v/2(0,1,0), using (6.53) and (6 .54). The amplitude is

M = 2GVua u(k )7’ (1 — vs)v(k) M .

Using the three-particle phase space integration formula in the Appendix,

G2|Vd|2 ‘k\maz
= 7/ Ak KP(A — B, E— /R T
0

3
where k is the three-momentum of the electron and A = M- — M o. Thus
_ GR|Vaa|?A® 3 A 5mZ _ 1
F—?)OT I—EMTF7+A2 =0.393s 5

D(rt =7 +et +ve)/T(xt — p +v)] =1x107%,

which is in excellent agreement with the data.

10.5 For the 77 — e 4 1o decay amplitude, the solution is given in solution 5.3.
The p°(P) — e (k') + e~ (k) amplitude is

—i

(=ie)* my £,*(P) (3 ) O (k)

with CVC, the p*(P) — eT (k') + vo(k) amplitude is

GrVaa
V2

Using the two-particle phase space integration formula in the Appendix,

Vamy, fp e (P)T(K ) (1 = s )u(k) .

127 m2

2 2 2\ 2
F(p+—>e++uc):Mm,3,f§ (l—mc> )
10.6 Using the trick e ™" — 1 for u — 0 as in (10.3), and the Table of Fourier
transforms in Erdelyi et. al, McGraw-Hill 1954.

10.7 Using Im G(s') = §(s’), write the once-subtracted dispersion relation for
G(s), note that G(0) = 0. Since the function H(z) is also analytic in the complex
z plane, we apply the Cauchy theorem on a closed contour limited by a circle of
radius |z| = oo and a cut above and below the real axis starting at z = 4m?2 = ie,
and get

log Fr(s) = log |Fx(s)| +id(s) = 8—74771%/ 10g | Frn()|

- dx
im

mz (@ —s)Vo—4mZ

The absolute value |Fi(z)| is measured by e™ + e~ — 7t + 7.
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11.1 The two-pion states (either 77 +7~ or 7°47°) have CP = +1 eigenvalues by
Bose symmetry. Any orbital angular momentum, ¢, between any two pions is even
by Bose symmetry. Hence the £ of the remaining pion in the 7° + 7% +7° of the K
decay must also be even. So the overall parity of the three neutral pions emitted
in K decay has intrinsic P = —1 parity. Since the 7° has C' = +1 (from 7° — 27),
the three 7° in K decay has CP = —1. 777~ 7° has an odd CP eigenvalue only
if these pions are in a relative (£ = 0) s-state, which is strongly favored by the
angular-momentum barrier effects due to the small energy released by K — 3 .

11.2 The easiest way to analyze strangeness decays with the AT = % rule is to
consider a ‘spurion’ operator Sp bearing I = %,IZ = —%. The addition of the
isospin Sp with the isospin of the decaying particles must be equal to the overall

isospin of the final state. Thus

[\V]

Spe 2t =4/-Ms+1/= M1 , Sp®Y =Ms,
2

1
2

Wl =
(MY
w

where M1 and M3 are the I = 1 and I = 2 amplitudes. On the other hand, the

2 2
isospin decomposition of the nucleon—pion states are

1 2 1 2 _
n—|—7r+—\/:/\/l§+\/:/\/117P+7TO——\/:M1+\/jM§7n+7T =Ms3 .
3 2 3 2 3 2 3 2 2

Hence

=g () 5 () = P () () ] o= ()

11.3, 11.4 The solutions can be found in Chap. 16.

11.5 Consider the color SU(3) invariant ijl()\j)ef()\j)gh. The statement of
completeness implies that it can only have the form Adcfdgn + Bdendgr. Put f =g
and using Zj (M)eg(N)gh = £26en to get one relation between A and B. Then put

e = f and using Tr\’ = 0 to get a second relation. The identity (11.88) follows.

12.1 The amplitude in the most general form is M = ¢€* <e ’ v ’ ,u> =
" u[q” ovpu(a + bys)] u. For on-the-mass-shell photon, the amplitude is a magnetic
transition. In the unitarity gauge £ = oo, there are three Feynman diagrams
similar to the penguin diagram (with internal v and W in the loop), thus giving
the transition y — e analogous to the s— d transition of penguin. The photon is
either emitted from the internal W or from the external fermions p and e. Using the
leptonic mixing matrix Viep, the coefficients a, b can be estimated to be proportional
to (m3/My) Vi, V. e, where m; is the neutrino mass.

12.2 From the solar luminosity 3.86 x 10** erg/s, and 26 MeV =~ 4.16 x 107°
erg, there are 9.2x10%7 fusions taking place in the sun every second; each fusion
produces two neutrinos. So the flux received on earth is

1.8 x 1057 /s
4m(1.5 x 10'3cm)?

P~ ~ 6.4 x 10" /em® /s.
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12.3 From (12.10), (12.12) and (12.13), the effective mass of a neutrino in matter
is given by m2 = 2E,[Vx + Vc| = 2E1,GF[\/§NC - Nn/ﬂ]. In the solar core, one
gets m2 ~ 10™%V?2, and in a supernova core, m2 ~ 10%eV?2.

12.4 It is obvious that by weak decay

FW(WO—>ZO—>6+—|—67) . (1)
Fw(nt — W+ —et +ve) '

On the other hand, the electromagnetic decay 7° — 2y* — et 4+e~ by conversion of
the two virtual photons v* +~* into e™ +e~, has two diagrams similar to Fig. 4.11
of the Compton scattering. The amplitude v* 4+ v* — et 4 e~ is proportional to
ame/My. If we assume a pointlike effective coupling 7°vv, we can draw a triangle
loop with two photons and one electron propagators as internal lines, the external
lines are 7°, ™ and e™. The loop integration would yield a factor log(m./My). All
of these considerations yield I'(7° — 27y* — et +e7) > T'y(r® = Z2° — e +e7).

12.5 Combine (10.62) with (12.65) and (12.67) to derive this sum rule.

12.6 For isoscalar targets, the sea contributions cancel in the difference of the v
and 7 cross-sections. Thus

do¥e — doke _ G%MEx
drdy ™

x [1—(1—11)2],

Q) (fucf? + |duf* = fun* ~ [dn|*)

where ur, = %— %Sin2 Ow, di, = —% + %Sin2 Ow, ur = —%sin2 Ow, and dr =

%Sin2 Ow . This is to be compared with the corresponding CC cross-sections

doto —dobe GEME [ 2}
= 1—(1— )
drdy - zQ(x) (1-y)

13.1 The 7= — v + n+ 7 decay amplitude is related to the matrix element
(n+ 7| vu|0), where v, = uy,d. The G-parity of the current v, is opposite to the
G-parity of n + m. Also n — 7 + 7 violates CP-invariance.

13.2 Use the tensor (11)x, in (13.8) to compute the matrix element squared.

13.6 Since the momentum transfer ¢ in the n— p transition is negligible, only two
form factors proportional to v, and v,7vs enter the decay amplitude. Use formula
(13.62) of the G(z,y) function to obtain the neutron decay rate. A comparison
with the data gives g1(0) ~ 1.25.

13.7 The second term k*k" /M\%v in the numerator of the W propagator, when
contracted with the two currents 7,v,(1 — v5)7 and I, (1 — vs5)v1, yields the last
factor in (13.28) for the rate.

13.8 The squared matrix element is found to be |A|?> = 64G% (p1 - p2)(P - p3)
= 16G%(s —m? — m3)(M? 4+ m3 — s). Using the three-particle phase space integral
of the Appendix, one gets J(z,y,z). For (V + A) - (V — A), we only make the
interchange p; and ps. The integrated width is equal to the (V — A)- (V — A) case.
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14.1 The traceless color matrix A in the diagram with two emitted gluons in
Fig. 14.3b is at the origin of the noninterference between the tree and brems-
strahlung amplitudes.

14.2 Analytic expressions for Fi ., (¢%) and Fi ;. (¢?):

1dfulo —i —vz]—— lo E+v—¢E
R R e = = 2

1 2 m—1
/ dvlog [l—q—z(l—vz)] ——2—!—[ \/_ —|—i7r]
0 4m \/_+V
:—2—|—1/ tan 1/ 7
where £ = 2<O7]7 2>12und()<77 <

With a small mass ( given to the gluon to regularlze the IR divergence, the
Fii:(¢%) in (14.19) is found to be

4 g2 2 4 —g? 2
Fiiu(d’) = 3553 [J<f>+K<e>log<?—2>] 3 o)

where

1+&(1—102)

_ 1+2¢ T _4a+8
= \/g(T{[log 14+¢ +\/_}[ \/T-F\/_

w VIFE —2¢
BER (fwr)} = NS O
log(1 ~1)

Sp(z) = — / )

_/ —do(1+26)  —(1+2€) o VI+E+VE
“Jo THEO—)) 2kt o) g\/1+fs VE e

_ Y du(1 + 2¢) 9 s
J(&):—/O Treoym losll +60 -], 0<E= g5 <1
(

(Spence function or dilogarithm) ,

=

—~

I

—
|

-(1+ f)

With dimensional regularization, the IR divergence can also be handled by keeping
€ # 0 everywhere, even with the UV convergent factor I'(3 — n/2) in (14.9). The
denominator on the second line of Fi(g?) in (14.13) is [m? — ¢?(1 —v?)/4]37 /2 =
A37"/2, Then we find

potd) =5 s [0 = [os(55) ] o] 3 [ v (2)] -

The IR divergence 1/e pole is identified with log({/pu).
14.4 We find

2. 2 1 22
i m 2—1)
Fnggs — fl l d ( )
2 (0) 8T2M3% J, T—e+2? m? /M3
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With f? = v/2 m? G, the muon anomalous magnetic moment is more sensitive to
the Higgs boson effect than the electron anomalous magnetic moment.

14.5 We compute X(p) by using (14.89) and find

X(p) = %89715'2 / dz 2m— ¢ (1 — z)]log (mzsc —pza:((ll——gi:))A—k 0= :c)) .
0

In (14.25) with mo = 0, we have m = m B(m?) and the gap equation B(m?) = 1,
thus

4=\ [ (1 —z)A?
1§(87r2>/0 dx(l—x)log(m> . (1)

In principle, the equation can be solved to obtain m in terms of A. However, for the
QCD interaction considered here, (1) does not possess a solution since for A > m,
the right-hand side of (1) is negative.

14.6 The quantity J*“(¢*) as defined by (14.54) has the most general form
J"(¢*) = —A¢*g" + Bg"q¢” when ma, m3 are nonvanishing. To compute the
coefficients A and B, multiply the left- and the right-hand sides of (14.54) first by
g"¥, then by ¢"¢”. One gets two equations for two unknowns, A and B. We find
that the two terms —g®g"” and ¢"q¢” of J*’(¢*) in (14.58) are now replaced by

2 2 2 2\ 2
_ 2 pv _ 2 pv 1_m2+m3_l mg —Mm3g

2 2 2 2\ 2
1+m2;;m3_2<m2 m3> ‘|

" — d"q¢"

q2

The (E2, E3) domain A, restricted by (14.75) in the massless case, is now replaced
by

2
A(E2 —m2)(E2 —m2) < [(,/q2 By —Es)?—m?— B4 mi— E24m?

15.1 From the solution ¥(p) in Problem 14.5, one gets

222 4+ C2(1—2z) m2z24C2(1—1x)

_4 gsz/dx{—(l—x)logm (1= )A" + 201 — e)m” }
0

2 2
g5 lOA

The I'(¢/2) pole in dimensional regularization is identified with the log(A?/u?) of
the Pauli-Villars method.
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15.2 We start with massless fermions QED Lagrangian density £(z,t) = —1(Fp.,)°
+4(i ). Since, by definition, the energy fd:cll(:c,t) has the mass dimension,
L(x,t) must have the dimension (mass)?. The derivative 9" has the (mass)' di-
mension, so from (F,,)?, we deduce that the photon field is dimensionless. From
(i12)1, the fermion field has the dimension (mass)'/?, and the coupling constant
e has (mass)' dimension. Using (15.5) and (15.6) with n = 2, Trace[l] =2 in two
dimensions, we get
e? 1é? e

() = (2™ — a"¢”) £ — TI(?) = — & — = —.
(q) (qg q q)q27T (Q) qz - M~y ﬁ

15.3 The Coulomb potential derived from the nonrelativistic Fourier transforma-
tion of €%(¢%)/q* is

B d3qeiq.m ez(qZ) _ queiq-m —62
Vi) 7/ PORNE 7/ (2% |g[[1 — Thren(~|q]?)]

d3¢e'?® 1 ~
<= [ S e [+ Tentcla)]

lql?

For ¢* < m?, (15.35) gives ﬁmn(qz) ~ —aq®/(15mm?) which results in the Coulomb
potential being changed into

—Q

—a I e 404263(:(3)]
El = V(x) = [ —_—

|| 15m2

The effect can be measured from the shift of the hydrogen energy levels

_ 3 2 —40{2 3 _ —40{2 2 —asm
a6 = [ ot (e ) #'e) = sl = <.

For ¢* > m?, the 4a26%(x)/15m? term is no longer valid. To perform the
Fourier transform (Chap. 10), we may replace |g|? by |q|®> + p?, and take the
limit g — O after the integration has been done. Write |g| = i(2my), y > 0.
The contribution of ﬁmn(4m2y2) to V() is due to its imaginary part as given by
(15.32). Let us write

Vix) = —ZWET) where €*(r) = *[1+ Q(r)] ,

Q@) = [T Ay oy T D
672 ) yz 2y2 '

2

For mr <1, Q(r) = g% [log(mr) + 75 + 2 +---] .
62 672m7‘

For mr>>1 N Q(T’):WW
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As 7 decreases, Q(r) increases and so does e*(r).

15.4 Consider the two-body — two-body scattering amplitude iM of scalar fields
p1 + pa — p3 + pa. To order A2, there are three loop diagrams associated with the
variables s = (p1 + p2)?, t = (p3 — p1)?, and u = (ps — p1)?. For instance, in the

s-channel, the amplitude is

1 d*k i i
iM, = _.)\2(_) . p?—
M=EN3) | G s P 5

the factor % arises because of two identical internal ¢ fields in the loop. Thus,

—ix* [ d"k .
s =+ d
M 2 /0 x/ (27)" [k2 + 2xk - p + sz — m2]?
)\2

=T (2 B %) 2(4m)n/? /O [m2 — szilx— 2)P %

A2 Y da
=I'(2 — (n/2)) S(dn) T A TRETE NI

The - - - represent irrelevant finite terms, not necessary for the computation of the 3
function. The renormalization condition for the coupling constant A requires that
the O()\?) corrections to A vanish at the symmetric point s = t = u = u?, where u
is an arbitrary scale, i.e. the vertex counterterm & to order A\? exactly cancels the
sum M + My + M,. Thus

3\2 Yo 3\2 1
h=-T2-%) / w=-TQ2-%) s s
272(4m)n/2 [u z 272(4m)n/2 (12> 2

o | —3x Ire2-1%) 32
T [2(4@”/2 22 ]

On the other hand, at one-loop level there are no corrections to the two-point
propagator, i.e. the field-strength corrections to order A? vanish, implying the CS
function y(\) = 0.

15.5 The three pure gluon loops of Fig. 15.14 yield the vertex correction
2 re-2)

u s 2 3
7 =1t g {5700 N f —mt

This result, combined with dg1u(pt) taken from (15.81) [without the N¢ term and
with (15.83)], gives 8(gs) = (—g2 /167 )L Ne.

16.1 The penguin operator Open = [d vu(1 — v5)A® 5] [q ¥#Ab g can be rewritten
as the product of color-singlet (V — A) x V' currents 2[d; v,(1 —v5) ¢;] [@), v* s&]
—2[d;i vu(1=5) s:] [@ v qr] using (11.88). Writing V = 2(V —A)+ 2(V +A) and

using the Fierz’s transformations in the Appendix, one has Open ~ (S—P)x (S+P).
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Taking the derivative of (0|gyu.vss |K(p)) = (0| Ap | K(p)) = ifxpu, one gets
(0|gvss|K(p)) = (0| P|K(p)) = fumik/(ms + mq). We get similar result for
(r(p’) | S| K(p)) in terms of (w(p) |V, | K(p)). With the light quark masses ms, mq
(where q = u or d quarks) in the denominators, the matrix elements of (77 | Open | K)
are enhanced and contribute to the AT = % rule in the right direction.

16.2 There are two charged B mesons, the BY (bu) and the BF (bc). Like fx and
fr, the decay constants fg,,, fs. associated with these B and BI are presumably
similar. fg can be extracted from the decay rate B,]L — 7t 4+

2 2 2 2 2\ 2
o 1)< VOIS (12"

8w M?2

This rate is very small due to |Vub|2 < |Vcb|2. The corresponding branching ratio
is about 107°. The decay BF — 7 + v, is a hundred times larger, mainly due to
[Ven|*.

16.3 The inclusive rare decay B— X+ comes from the flavor changing b— s 4+~
which can only occur at the loop level. There are two dominant diagrams similar
to the gluonic penguin. In contrast to the gluon, the photon can be emitted either
from the internal W or from the internal u, c, t quarks. The amplitude uncorrected
by QCD is given by

G
M —=s+7)= ZE_© Z Vo Vas F(zq) ¢*e” [Sou(a + bys) b,
Q u,c,t

where zq = m /My, a = (mp + ms),b = (mp — ms), ¢" and €” are the photon
four-momentum and polarization, and

T

PO = s -y

[(:c —1)(82° + 5z — 7) 4 62(2 — 3z) log:c]

is first computed by Inami and Lim (reference in Chap. 11).
The exclusive mode B— y+K (more generally O — 07 + ) cannot occur.

The amplitude has the form " (g <K ’ch ’ B(P)) = €"(q) [(P + p)nf+(0) +
q“f 0)]=e- (P +p)f1(0), Where q = P — pis the photon four-momentum with
= 0. Since ¢* < (p) ’ v ’ B(P)) = (M2 — m%)f+(0) = 0 by the conservation

of the V;™ current, implying that f+ (0) =0.

For 00 — 17 4, like B(P) — K*(p) + v(¢), the amplitude is of the type
i€uvpoe?(q)e” (p)PPp? C, the condition g¢* <K*(p) ’ v ’ B(P)> = icuvpoe” (p)(P —
p)* PPp° = 0 is automatically satisfied without forcing C' to vanish.

16.4 In the kinematic region near ‘zero recoil’ where the final state K is nearly at
rest, i.e. the momentum transfer is maximum, it is easy to see that the form factors
behave like f++ f- ~ 1/y/Mq, f+—f- ~ \/Mq, where Q stands for b or ¢ quarks,
and f4(tq) are the usual form factors that enter (K|V*|B) or (K|V*|D). Thus

PR ) + 72 (1) = | T2 (12 em) + 10 (0]

Mp

F27E () — 2R (ts) = Vo [F27 5 (tp) = 275 (t0)]
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where tg and tp are given in (16.129).
By factorization and using (16.96), the B(P) — 1 (q)+K(p) amplitude is

G Vc‘/:;); -
%Mwﬁpe“(q)(lj +p)u fE K(Mi)v

where fy is defined by (0|cy*c|(q,e)) = My fye*(q), similar to the decay con-
stant f, of the vector p° meson (Chap. 10). Like p® — e + ™, from the J/¢ —
et 4+ e~ rate, one deduces fy; ~ 380 MeV. The decay width is

a2

2 GE Vi Vi|?

3/2
I'B—-K+J =a

F3 MR, MG mi) |77 |2 ()

With ¢t = Mi, we can use (16.129) to compute the transfer tp and lastly use
(16.128) to express I'(B — K 4 J /%) in terms of the D— K form factors measured
in D— K +et + ve.

16.5 The total width I'tot is obtained by summing the three semileptonic widths
(e, p and 7) with the inclusive hadronic widths b— ¢ + q2 + @5 where g2 stands for
d and s quarks and g3 for u and ¢ quarks. The b— u + q2 + q5 is negligible. First
if one neglects all the final fermionic masses (including the 7 and the ¢) and the
QCD corrections, the branching ratio is 1/9. Keeping all the fermionic masses and
the QCD corrected coefficients c4, one finds Brg ~ 12%, which is to be compared
with the measured value ~ 10%.

16.6 The decay B — 7" 4+ 7~ proceeds through the tree diagram (b— u +
W~ followed by W~ — d +u) and the loop penguin b—d + g followed by g
— Tu, similarly to Fig. 16.13a, b. The tree amplitude is ~ Vo, Vi = A% = (0.22)%,
whereas the penguin amplitude ~ Vi, V4 is also &~ A® but with an additional smaller
coefficient (s /127) log(m?/m3). Hadronic uncertainties in the asymmetry between
B® - 7" + 7~ and B" — «" + 7~ arise from the mixture of a (small) penguin
contribution to the tree diagram. These contributions do not have the same phases,
in contrast to the B— J/19+ K case. With only the tree diagram, the parameter &
for the asymmetry defined in (16.118) is

e * *
_ qé ~ VeV, ViwVia o218 =2y _ ,~2ia

$S AT ViV VaVed

The asymmetry ~ Im¢ = sin(2«) can have either sign, depending on the shape of
the unitarity triangle.

The Bs = b s meson decay mode Bs — p0—|—Ks proceeds at the quark level
through b— u + W™ followed by W~ — d 41 by tree diagram. Like the B—
J/4¢ + Ks, there is an additional (¢/p)x (besides the (¢/p)s) due to the K® and K
mixing in Kg. The corresponding ¢ is

é-: g g E:VESVH‘D VVCdV:; Vubvu*d :672W
P)eg\P) A ViV ViVes V3 Vaa ‘

With an additional minus sign due to the CP eigenvalue of the p°+Ksg, the asym-
metry is ~ —sin(27y).
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17.1 There are four tree diagrams, one with a neutrino v. exchanged in the t-
channel, and three with the photon, the Z°, and the Higgs boson exchanged in the
s-channel (eT 4+ e~ — 4,Z°, H — W' 4+ W™). For longitudinally polarized W at
very high energy, where e+ — ki /My, the Z°-exchange amplitude is

—lg — e e v P‘LPV
M ~1(s— 3) B(p2)vu(gv — gays)u(pr) (g“ ~ >

e56” [gap(k— — k+)v + gav (ks + P)s — gpu (k- + P)al
2

— 8;\94&, s SMZ O(p2) (K — ¥-)(9v — gays)u(pr) ,

where P = ky + k- = p1 + pa, P> = s. At very high energy, s > (M3), the
sum of the contribution to the amplitude from the photon and Z° exchanges is
found to be M = —iv/2Gro(p2) P(1 — v5)u(p1). This sum is canceled by the
amplitude with a neutrino v. exchanged in the ¢t-channel, when the electron mass
is neglected. However, if m. is kept nonzero, the sum of the three (v, 7, and z°
exchange) amplitudes is proportional to me/s for longitudinally polarized W-W.
This residual amplitude, growing like me+/s, is exactly canceled by the Higgs boson
exchange, where the coefficient m. arises from the HeTe™ coupling.

17.2 At very high energy, s, MZ > M2, the amplitude is

s 4 t
- M3 t— ME

MurL(WL + Wi — Wi, + W) = V2Gr M7

Using the partial wave expansion Muyr(s,t) = 167y (2J + 1)aiy,(s)Ps(cos )
where Pj(cos@) is the Legendre polynomial, one finds |a{z°(s)| = Gr Mg /472 .
The unitarity constraint is |a{}(s)] < 1 = Mg < 1.2 TeV.

17.3 The amplitude is written as e, (k1)e, (k2)I"" (k1, k), where I"Y(k1,k2) =
T (k1, ko) + T"* (ka2, k1) = 27" (k1, k2). The tensor T# (k1, k2) is calculated from
a triangle loop with an internal top quark:

T (K1, ka) = (=) (—igs)? (—2;\94”\:)

4 .
y / D ] i i i
(2m)* p?—mi (p—ki)? —m? (p+ k2)2 —m?’

where t*7 = Tr[(§ + m)v" (37) (B— K1 + mo)(B+ K2 +mi)y” (3A5)] - The final
result comes out to be

I‘w = A(kl, kz) [k“klf — g‘wkl kz]

4 5 gmt 1—4zy
Alkr, ka) = = d .
(k. k2) = 302 (2Mw pee / x/ Ve r——




