
Selected Solutions

1.4 (a) The Bohr’s radius is the radius of the lowest stable orbit of the atomic
electron defined by the stability condition dE/dr = 0, where E ≈ p2/(2me)−α/r ≈
1/(2mer

2) − α/r. This gives r = 1/(αme), or r ≈ 5 × 10−9 cm.
(b) The energy of the system being 1/(mNr)−Gm2

N/r, one gets in the same way
r = 2/Gm3

N (note the presence of the reduced mass), which leads to r = 6×1024 cm
or 6 × 106 light-years. Alternatively, starting from (i) the equilibrium condition
Gm2

N/r
2 = mNω

2(r/2); and (ii) the quantization 2mNω(r/2)2 = nh̄, obtain r =
2n2h̄2/Gm3

N, which gives the same result for n = 1.

2.1 (a) In their CM frame, the two photons are defined by their momenta k,
−k, and polarizations ε1 and ε2, which satisfy k · ε1 = k · ε2 = 0. From these
vectors, we want to construct a vector A that is a homogeneous linear function of
ε1 and ε2, and symmetric in the simultaneous permutations k ↔ −k, ε1 ↔ ε2.
There are only two combinations compatible with these conditions: (ε1 × ε2) × k
and (ε1 × k)(ε2 · k) + (ε2 × k)(ε1 · k). Both vanish because of the transversality
condition for real photons.

(b) Assume that the spin of π0 is 1. Consider π → 2γ. In the π rest frame, the
initial angular momentum is Ji = 1. By angular momentum conservation, the final
angular momentum is also Jf = 1. Since it is impossible to have a state of two real
photons of angular momentum 1 [as in (a)], the assumption Jπ = 1 does not hold.

(c) In π0 rest frame, both momentum and angular momentum vanish, hence
Ji = Jπ = 0. By angular momentum conservation, the total angular momentum
of the photons is Jf = 0 and their individual spins are opposite. It follows that the
photons have the same polarizations: J·k = (−J)·(−k), where k is the momentum
of one photon and −k that of the other. To be definite, let k = kẑ. Possible states
of polarization are φRR = ε1(ẑ,+)ε2(−ẑ,+) and φLL = ε1(ẑ,−)ε2(−ẑ,−), or their
combinations φRR + φLL = −ε1(ẑ) · ε2(−ẑ) and φRR − φLL = iε1(ẑ) × ε2(−ẑ) · k.

2.2 We know that π0 has spin s = 0. In the decay mode K0 → 2π0, the angular
momentum in the final state is Jf = `, where ` is the relative orbital angular
momentum of the two mesons. By angular momentum conservation, Ji = Jf = `.
If K0 spin is odd, ` is also odd. Then, the angular wave function of the final state
would change sign in a permutation of the two mesons, Y` → (−)`Y`, in violation
of Bose statistics. So K0 cannot have an odd-integral spin.
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2.3 We consider the scale transformation on coordinates and fields defined by
x′µ = λ−1xµ and φ′(x) = eDlnλφ(λx) . For infinitesimal lnλ = δε, δxµ = −δεxµ,
and δφ = δε (xν∂ν +D)φ(x). Suppose L = 1

2
(∂φ)2 − 1

2
m2φ2 − 1

4!
gφ4 is the

Lagrangian of the model. Its variation under a scale transformation is

(∂L/∂ε) = xν∂νL + (D + 1)(∂φ)2 − 1
6gDφ

4 −Dm2φ2 .

For D = 1 this becomes

(∂L/∂ε) = (xν∂ν + 4)L +m2φ2 = ∂ν (x
νL) +m2φ2 .

The variation of the action includes the variation of L and the variation of the
volume δ(d4x) = −δε(∂µxµ)d4x = −4δε d4x. For a field satisfying the equation of
motion, L = 0, and the variation of the volume makes no contribution. Hence the
action varies as δS = δεm2

∫
d4xφ2, which vanishes for m = 0. In this case, the

model is scale-invariant.

2.4 (a) The Noether current associated with translation is

T µν =
∂L

∂(∂µAλ)
∂νAλ − δµνL = −Fµλ∂νAλ − δµνL .

For a Lorentz transformation, the Noether current is

Mµ
ρσ =

∂L
∂(∂µAλ)

(−iJρσAλ) + L(δµρxσ − δµσxρ) .

With Jρσ = Lρσ + Σρσ, Lρσ = i(xρ∂σ − xσ∂ρ), and (Σρσ)
α
β = i(δαρ gσβ − δασ gρβ),

one finds the result as given. In a gauge where A0 = 0, one has

M0
ij =

3∑

k=1

Ȧk(xi∂j − xj∂i)A
k − (ȦiAj − ȦjAi).

(b) In particular, the intrinsic spin part is

Sij = −
∫
d3x(ȦiAj − ȦjAi)

= −i
∑

k

∑

λλ′

εi(k, λ
′)εj(k, λ)[a

†(k, λ′)a(k, λ) − a†(k, λ)a(k, λ′)].

With k along ẑ, we get εi(k, λ) = δiλ, for i = λ = 1, 2, and hence the result.

3.1 For a particle of mass m boosted from rest, Example 2 in Chap. 3 gives the
transformation matrix for spinors

SL = cosh
ω

2

[
1 + tanh

ω

2

(
0 σ · p̂

σ · p̂ 0

)]
.
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Here, E = m coshω and p = E tanhω, so that

cosh
ω

2
=

√
E +m

2m
, sinh

ω

2
=

p√
2m(E +m)

.

A particle at rest is described by the wave function ψ0,s = f(t)u(0, s), where

f(t) = e−imt/
√

2m(2π)3. Boosting results in

ψp,s = f(t) cosh
ω

2

(
1

tanh ω
2 σ · p̂

)
χs .

As for the space-time part, note that in the same transformation, the new coor-
dinates are given by t′ = t coshω + x sinhω , x′ = t sinhω + x coshω, so that
mt = Et′ − pxx

′ = p · x′. Therefore,

SLψ0,s(t, x) =

√
E

m

e−ip·x′

√
2E(2π)3

u(p, s) =

√
E

m
ψp,s(x

′) .

3.2 See Good, Rev. Mod. Phys. 27 (1955) 187.

3.3 (a) (ψΓψ)∗ = ψ†Γ†γ0ψ = ψΓ̃ψ. If Γ are chosen such that Γ̃ ≡ γ0Γ
†γ0 = Γ,

then hermiticity is proven.
(b) To obtain the transformation properties of the bilinear covariants, one uses

the basic properties of γµ and of ψ(x):

ψ
′
(x′)Γψ′(x′) = ψ(x)S−1ΓSψ(x) ; S−1γµS = aµνγ

ν .

3.4 Majorana: γµM = SMγ
µ
DS
−1
M , SM =

1√
2

(
1 σy
σy −1

)
;

Majorana spinor: uM = SMuD(p, s).

Weyl: γµW = SWγ
µ
DS
−1
W , SW =

1√
2

(
1 −1
1 1

)
;

Weyl spinor: uW = SWuD(p, s).

3.7 Start with the Dirac equations (i/∂ − m1)ψ1 = 0 and ψ2(iγ
ν
←
∂ ν + m2) = 0.

Multiply the first on the left by ψ2γµ or ψ2γµγ5, and the second on the right by
γµψ1 or γµγ5ψ1, and take the differences of the resulting expressions to obtain, with
the help of the identity γµγν = gµν − iσµν,

(a) (m1 +m2)ψ2γµψ1 = iψ2

(
−
←
∂
ν

γνγµ + γµγν
→
∂
ν)
ψ1

= ψ2

(
−i
←
∂ µ + i

→
∂ µ

)
ψ1 + ∂ν (ψ2σµνψ1) ,

(b) (m1 +m2)ψ2γµγ5ψ1 = iψ2

(
−
←
∂
ν

γνγµγ5 + γµγ5γν
→
∂
ν)

ψ1

= −i∂µ(ψ2γ5ψ1) + ψ2

(←
∂
ν

−
→
∂
ν)
σµνγ5ψ1 .
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To write these relations in momentum space, take ψ(x) = e−ip·xu(p) or ψ(x) =
e+ip·xv(p), depending on whether it is a particle or antiparticle state.

3.8 Write the basic expansion relation in spinor components (a, b = 1, . . . , 4)

(ū1aΓ
i
abu2b) (ū3cΓ

j
cdu4d) = Cijk` (ū1aΓ

k
adu4d) (ū3cΓ

`
cbu2b) .

We will assume that ua are all c-valued, so that ΓiabΓ
j
cd = Cijk` ΓkadΓ

`
cb. (If ua are

anticommuting operators, there is an overalll relative minus sign.) Multiply both
sides of this equation by ΓmbcΓ

n
da and sum over all spinor indices to get

Tr(ΓiΓmΓjΓn) = Cijnm NnNm , where Tr(ΓiΓj) = Niδij .

3.10 (a) Consider first the production reaction π− + p→ K0 +Λ0, and choose the
center-of-mass frame. The total angular momentum component of the initial state
is given by J i

z = `z + S
(π)
z + S

(p)
z . Since S(π) = 0 and since `z = 0 (because the

beam direction is chosen along the z axis), one has J i
z = S(p)

z = ±1/2 . In the final
state, we observe particles K , Λ produced in the incident beam direction, and so
Lz = xpy − ypx = 0, so that again J f

z = SΛ
z . By angular momentum conservation,

J i
z = J f

z, or SΛ
z = ±1/2 , which means that SΛ ≥ 1/2 .

(b) Now consider the decay Λ → π + p in the Λ rest frame. The initial angular

momentum is J = SΛ, and by angular momentum conservation it is equal to ~̀+ ~1/2,
where ` is the relative orbital angular momentum of π–p, so that |SΛ − 1/2| ≤ ` ≤
SΛ + 1/2 . The decay amplitude is given by the decomposition of the final wave
function in terms of the proton spin states, α = |+1/2〉 and β = |−1/2〉, and the
orbital states Y`m(θ, ϕ) . The coefficients of the decomposition are the Clebsch–
Gordan coefficients.

• S(Λ) = 1/2 ; the possible values of ` are 0, 1 .

` = 0:
∣∣J = 1

2
, Jz = 1

2

〉
=
〈

1
2

1
2

∣∣` = 0, 0; sp = 1
2
, 1

2

〉
Y00 α = Y00 α.

angular distribution: isotropic.

` = 1:
∣∣J = 1

2
, Jz = 1

2

〉
= −

√
1/3 Y10 α+

√
2/3 Y11β,

angular distribution: 1
3 |Y10|2 + 2

3 |Y11|2 = const.

• S(Λ) = 3/2 ; the possible values of ` are 1, 2 .

` = 1:
∣∣J = 3/2, Jz = 1

2

〉
=
√

2/3 Y10α+
√

1/3 Y11β,

angular distribution: 2
3
|Y10|2 + 1

3
|Y11|2 = 1

6
(1 + 3 cos2 θ).

` = 2 : same result.

• S(Λ) = 5/2 ; the possible values of ` are 2, 3 .

` = 2:
∣∣J = 5/2, Jz = 1

2

〉
=
√

3/5 Y20α+
√

2/5 Y21β,

angular distribution: 3
5
|Y20|2 + 2

5
|Y21|2 = 3

4
(1− 2 cos2 θ + 5 cos4 θ) .

3.11 Using the expansion series (3.91) for ψ and ψ, one gets the following anti-
commutation relations for arbitrary x and y:

{ψi(x), ψ†j (y)} =
∑{

b(p)ψ
(+)
ip (x) + d†(p)ψ

(−)
i,−p(x), b

†(q)ψ
(+)∗
jq (y) + d(q)ψ

(−)∗
j,−q (y)

}

=
∑

C2
p

[
ui(p, s)u

†
j(p, s) e−ip·(x−y) + vi(p, s)v

†
j (p, s) eip·(x−y)] .
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(a) Assume now x0 = y0. Change p → −p in the integral of the second term
on the RHS. The RHS then becomes

RHS =
∑

p

C2
pe

ip·(x−y)
∑

s

[ui(ps)u
†
j(ps) + vi(−p, s)v†j(−p, s)]

=

∫
d3pC2

pe
ip·(x−y) δij2E = δij δ(x − y) ,

where use has been made of the closure of the spinors and of the normalization
C2
p = 1/[2E(2π)3]. Hence the result

{ψi(x), ψ†j (y)}
∣∣∣
x=y

= δij δ(x − y) .

(b) If x0 6= y0 one reduces the RHS by using the projection operators:

RHS =

∫
d3p

2E(2π)3

[
(/p+m)ije

−ip·(x−y) − (−/p+m)ije
ip·(x−y)]

=
(
iγ · ∂

∂x
+m

)

ij

∫
d3p

2E(2π)3

[
e−ip·(x−y) − eip·(x−y)]

=
(
iγ · ∂

∂x
+m

)

ij
i∆(x− y, m) ≡ −iSij(x− y, m) .

Thus, the result {ψi(x), ψ†j (y)} = −iSij(x− y, m).

4.1 (a) The relation δ((f(x)) = [δ(x − x0)/|f ′(x0)|] holds for any function f(x)
with one zero, x = x0, in the interval of interest. It follows that

∫
d3p

2E
=

∫
d4p δ(p2 −m2)θ(p0) .

(b) Two-particle phase integral (s = P 2):

R2(s,m
2
1,m

2
2) =

∫ [ 2∏

i=1

d4piδ(p
2
i −m2

i )θ(pi0)

]
δ(4)

(
P −

∑
pi

)
.

Integration over p2 yields

R2(s,m
2
1,m

2
2) =

∫
d4p1 δ(p

2
1 −m2

1)θ(p10)δ[(P − p1)
2 −m2

2] .

In the CM frame, where P = p1 + p2 = 0, one gets

R2 =

∫
d3p1
2E1

δ(s − 2E1

√
s +m2

1 −m2
2) =

p1

4
√
s

∫
dΩcm ,
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where p1 is determined by the zero of the argument of the δ-function in the above
equation,

p1 =
1

2
√
s
λ1/2(s,m2

1,m
2
2) , λ(x, y, z) ≡ (x2 + y2 + z2 − 2xy − 2yz − 2zx) .

If angular dependence is not relevant, integration over Ω gives

R2(s,m
2
1,m

2
2) =

π

2s
λ1/2(s,m2

1,m
2
2) .

(c) Three-particle phase integral (s = P 2):

R3(s,m
2
i ) =

∫
d4p3 δ(p

2
3 −m2

3)θ(p30)R2((P − p3)
2,m2

1,m
2
2) .

Making use of the previous result twice, we will get

R3 =
π

2

∫ ∞

a

da

a
λ1/2(a,m2

1,m
2
2)

∫
d4p3δ(p

2
3 −m2

3)θ(p30)δ((P − p3)
2 − a)

=
π

2

∫ ∞

a

da

a
λ1/2(a,m2

1,m
2
2)R2(s,m

2
3, a)

=
π2

4s

∫ a

a

da

a
λ1/2(a,m2

1,m
2
2)λ

1/2(a, s,m2
3) .

In writing down the last line we have used the symmetry of λ(x, y, z) in all of its
arguments. To find the integration limits, one may use the condition that both λ1/2

are non-negative. This means all four inequalities a ≥ (m1+m2)
2, a ≥ (m1−m2)

2,
a ≤ (

√
s −m3)

2 and a ≤ (
√
s +m3)

2 must be simultaneously satisfied. It suffices
to require a ≥ a1 = (m1 +m2)

2 and a ≤ a2 = (
√
s −m3)

2.

4.3 Aν can be split into Aν = AT
ν + AL

ν = AT
ν − λ

µ2
∂ν (∂ · A). The field AT is

transverse: ∂νAT
ν = ∂νAν +

λ

µ2
(∂ · A) = 0, and therefore contains only three

degrees of freedom. From the equations of motion, the fields can be expanded as

AT
ν =

∑[
φ

(+)
k (x)a(k, i)eν(k, i) + φ

(−)
−k (x)a†(k, i)e∗ν(k, i)

]
,

AL
ν = (kν/µ)

∑[
ϕ

(+)
k (x)a(k, 0) + ϕ

(−)
−k (x)a†(k, 0)

]
,

where

kνeν(k, i) = 0 (i = 1, 2, 3) ,

3∑

i=1

eν(k, i)e
∗
ρ(k, i) = −

(
gνρ − kνkρ

µ2

)
,

and the operators satisfy the commutation relations (i, j = 1, 2, 3):

[a(k, i), a†(k′, j)] = δijδ(k − k
′
) , [a(k, 0), a†(k′, 0)] = −δ(k − k

′
) ,
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with all other commutation relations vanishing. The symbols φ(+) and ϕ(+) stand
for the positive-energy solutions for masses µ and m respectively. Similarly for φ(−)

and ϕ(−). With these relations, we can prove that

〈0 |TAρ(x)Aν(y) | 0〉

=
[
θ(x0 − y0)

∑

k

φ
(+)
k (x)φ

(+)∗
k (y)

+ θ(y0 − x0)
∑

k

φ
(+)
k (y)φ

(+)∗
k (x)

](
−gρν +

kρkν
µ2

)

+
[
θ(x0 − y0)

∑

k

ϕ
(+)
k (x)ϕ

(+)∗
k (y)

+ θ(y0 − x0)
∑

k

ϕ
(+)
k (y)ϕ

(+)∗
k (x)

](
−kρkν

µ2

)
.

Since the extra factors outside the square brackets are even function of k, they will
not be affected by flipping the sign of k. The remaining calculations are as for the
scalar boson case, leading to

〈0 |TAρ(x)Aν(y) | 0〉 = − i

∫
d4k

(2π)4
e−ik·(x−y)

×
[
∆(k, µ2)

(
gρν − kρkν

µ2

)
+ ∆(k,m2)

kρkν
µ2

]
.

The propagator in momentum space is

∆ρν(k) = −gρν − kρkν/µ
2

k2 − µ2 + iε
− kρkν/µ

2

k2 − (µ2/λ) + iε
.

4.4 The equation of QED with an external current jα and e = 1 is

∂αF
αβ = jβ , (1)

which also contains the conservation condition ∂αj
α = 0. Since ∂0A0 does not

occur in L, the conjugate momentum π0 is zero and one is free to remove A0. This
can be done by taking β = 0 in (1):

∂αF
α0 = j0 ⇒ ∇2A0 + ∂0∇ · A = −j0 = −ρ . (2)

In the Coulomb gauge, ∇ · A = 0, this equation can be solved to give the ‘instan-
taneous’ (not retarded) potential

A0(t,x) =
1

4π

∫
d3x′

ρ(t,x′)

|x′ − x| . (3)

The space components of (1) are (in general)

A + ∇(∇ · A) = j −∇∂0A
0 . (4)
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Taking the divergence of (4) and using the current conservation condition and
relation (2) in the Coulomb gauge yield ∂2

0∇·A = 0. If ∇·A = 0 and ∂0∇·A = 0
hold at some time t, the Coulomb gauge condition holds at all t.

Let us separate E = −∇A0 − ∂0A into two parts E = E‖ + E⊥ such that

E‖ = −∇A0, ∇× E‖ = 0 ,

E⊥ = −∂0A, ∇ · E⊥ = 0 (Coulomb gauge).
(5)

In the Coulomb gauge, we have

∫
d3xE2 =

∫
d3x (E2

⊥ + E2
‖) =

∫
d3x (E2

⊥ + ρA0) , (6)

where we have integrated by parts and used (2).
Now, it is generally true that

Lem = − 1
4F

2 = 1
2 (E

2 − B
2
) . (7)

In the Coulomb gauge, (7) becomes

Lem = 1
2
(E2
⊥ − B2 + ρA0) . (8)

Note in particular the presence of the last term. Add −jµAµ to (8) and we get the
Lagrangian in the Coulomb gauge

L = 1
2
(E2
⊥ − B2) − 1

2
ρA0 + j · A , (9)

where A0 is given by (3).

5.1 (a) In π–p scattering, there are three variables in CM frame: the relative
momenta in initial and final states, pi and pf , and the nucleon spin variable σ.
Define n = (pi×pf )/|pi×pf |. We can construct the general rotationally invariant
amplitude

M = a+ bσ·n + cσ·pi + dσ·pf ,

where a, b, . . . are invariant functions of pi and pf . Under space inversion, P :
σ → σ, pi → −pi, pf → −pf , n → n. Therefore, P -invariance requires
c = d = 0. Under time inversion, T : σ → −σ, pi → −pf , n → −n. Therefore,
T-invariance allows all 4 terms in M .

(b) Consider, for example, proton–proton scattering. The basic variables are
the momenta pi, pf , and the spins σ1, σ2. Define n = pi × pf , P = pi + pf and
K = pi−pf . The most general rotationally invariant amplitude, symmetric in the
interchange of the two particles, is

M =a+ b(σ1 + σ2)·n + c(σ1·n)(σ2·n) + d(σ1·P)(σ2·P)

+ e(σ1·K)(σ2·K) + f [(σ1·P)(σ2·K) + (σ1·K)(σ2·K)] .
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It can be checked that P-invariance imposes no restrictions, while T-invariance
requires f = 0.

5.2 Consider µ(p) → e(k) + ν̄e(k
′) + νµ(p

′). From Feynman rules, the decay
amplitude is

iM =
−iGF√

2
[ū(p′)Γλu(p)] [ū(k)Γ

λv(k′)] ,

where Γλ = γλ(1 − γ5). Summing over all spins in initial and final states gives

∑

spins

|M|2 =
G2

F

2

∑∣∣ū(p′)Γλu(p) ū(k)Γλv(k′)
∣∣2

= 1
2 G

2
F Tr [(/k +me)Γ

α/k′Γβ ] Tr [Γα(/p+mµ)Γβ/p
′]

= 128G2
F(k·p′)(p·k′) .

The electron energy spectrum is obtained by integrating over all electron directions
and all variables of the unobserved neutrinos:

dΓ =
1

2mµ(2π)5

∫
d3p′d3k′d3k

8Ep′Ek′Ek
δ4(k + k′ + p′ − p)

1

2

∑
|M|2 ,

( 1
2

comes from averaging over the muon spin). We need the Lorentz tensor

Iαβ =

∫
d3p′d3k′

4Ep′Ek′
p′αk′βδ4(k + k′ + p′ − p) .

It can be easily calculated in the CM frame of the two neutrinos (p′+k
′
= 0), and

should depend only on Qα = pα − kα [see (A.41)]. Since Iαβ is a Lorentz tensor,
the result is valid in any frame:

Iαβ =
π

24
(Q2gαβ + 2QαQβ).

Hence we calculate

dΓ =
1

2mµ(2π)5

∫
d3k

2Ek
64G2

F kαpβI
αβ.

In the µ-rest frame, the electron energy spectrum is

dΓ

dEk
=

G2
F

12π3
m2
µE

2
k

(
3− 4

Ek
mµ

)
, 0 ≤ Ek ≤ mµ/2

in the limit where me � mµ. Integration over Ek gives
1

tµ
= Γµ =

G2
Fm

5
µ

192π3
.

5.3 The amplitude for π−(p) → `−(p1) + ν̄(p2) is given by

iM =
−iGF√

2
Jλ [ū(p1)γ

λ(1 − γ5)v(p2)],
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where Jλ(p) = 〈0 |Aλ |π(p)〉 = ifπpλ, and p = p1 + p2. Using the Dirac equations
for the two leptons,

iM =
1√
2
GFfπm` ū(p1)(1 − γ5)v(p2) .

Summing over the lepton spins yields
∑

|M|2 = 1
2
(GFfπm`)

2 Tr [(/p1 +m`)(1 − γ5)/p2(1 + γ5)]

= (GFfπm`)
2 Tr (/p1/p2)

= 2(GFfπm`mπ)
2 (1− x`); x` ≡ m2

`/m
2
π .

Therefore the decay rate is

Γ(π → `ν̄) =
|p1|

8πm2
π

∑
|M|2 =

1

8π
(GFfπ)

2m3
πx`(1− x`)

2 ,

from which follows the ratio

Γ(π → µν)

Γ(π → eν)
=
xµ(1− xµ)

2

xe(1− xe)2
.

5.6 See J.J. Amato et al., Phys. Rev. Letters 21 (1968) 1709.

5.8 We know that Pψ(x)P−1 = ηγ0ψ(x′) and Cψ(x)C−1 = ξCψ̄T.
Parity:

ψc =ξCψ̄T P−→ ξC[(ηγ0ψ)†γ0]
T = ξη∗CγT

0 C
−1Cψ̄T

=η∗(−γ0)ψ
c = −η∗γ0ψ

c .

Hence P ψcP−1 = −η∗γ0ψ
c, or ηc = −η∗.

Chirality:

γ5ψ
c = γ5ξCψ̄

T = ξCC−1γ5Cψ̄
T = ξCγT

5 ψ̄
T = −λ∗ψc .

Thus λc = −λ∗.
Helicity:

Σ·p̂ψc = ξΣ·p̂Cψ̄T = ξCC−1Σ·p̂Cψ̄T = ξCΣT·p̂ ψ̄T = h∗ξCψ̄T

where we have used γ† = γ0 and Σ† = Σ. Conclusion: hc = h∗ = h.

5.9 The following table gives the relevant transformation rules obtained from
Chap. 5 (coordinates of fields are suppressed for simplicity).

Variables P C T
A0, Ai A0, −Ai −A0, −Ai A0,−Ai
γ0, γi γ0, −γi −γ0, −γi γ0, −γi
Aµγ

µ Aµγ
µ Aµγ

µ Aµγ
µ

F0i, Fij −F0i, +Fij −F0i, −Fij +F0i, −Fij
σ0i, σij −σ0i, +σij −σ0i, −σij +σ0i, −σij

iγ5(σ
0i, σij) iγ5(σ

0i, −σij) iγ5(−σ0i, −σij) iγ5(−σ0i, σij)

Fµνσ
µν +Fµνσ

µν +Fµνσ
µν +Fµνσ

µν

Fµνγ5σ
µν −Fµνγ5σ

µν +Fµνγ5σ
µν −Fµνγ5σ

µν
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In conclusion, ψ̄γµψA
µ and Fµνψ̄σ

µνψ are invariant to P, C, T; Fµνψ̄γ5σ
µνψ is

invariant only to C, and changes sign under P and T. All three are invariant under
the combined operation PCT.

6.1 (a) Let φ1,−1 = nn . Then from (6.24), I+φ1,−1 =
√

2φ10. On the other

hand, I = I(1) + I(2), the sum of individual isospins; so that I+(nn) = (pn + np).
Together, the two relations give φ10 = (pn + np)/

√
2. Similarly, I+φ10 =

√
2φ11,

and I+(pn + np)/
√

2 =
√

2 pp, from which one gets φ11 = pp. The combination
orthogonal to (pn+ np)/

√
2 is (pn− np)/

√
2, which corresponds to φ00.

(b) Starting from Φ3/2,−3/2
= π−n , we proceed as above, using both (6.24) and

I = I (N) + I (π), and the proper sign convention for π±. Thus, we get

I+Φ3/2,−3/2
=

√
3Φ3/2,−1/2

, I+π
−n = π−p+

√
2π0n

⇒ Φ3/2,−1/2
=

√
1

3
(π−p+

√
2π0n) ;

I+Φ3/2,−1/2
= 2Φ3/2,1/2

, I+

√
1

3
(π−p+

√
2π0n) =

2√
3
(
√

2π0p− π+n)

⇒ Φ3/2,1/2
=

√
1

3
(
√

2π0p− π+n) ;

I+Φ3/2,1/2
=

√
3Φ3/2,3/2

, I+
1√
3
(
√

2π0p− π+n) = −
√

3π+p

⇒ Φ3/2,3/2
= −π+p .

The combination orthogonal to Φ3/2,−1/2
is Φ1/2,−1/2

= 1√
3
(−

√
2π−p+ π0n) . Then

applying I+ on this relation, one gets Φ1/2,1/2
= − 1√

3
(π0p+

√
2π+n) .

6.2 From Table 6.3, one has

−π+p =
∣∣ 3
2 ,

3
2

〉
,

π+n = 1√
3

( ∣∣ 3
2 ,

1
2

〉
+

√
2
∣∣ 1
2 ,

1
2

〉 )
,

π0p = 1√
3

(√
2
∣∣ 3
2 ,

1
2

〉
−
∣∣ 1
2 ,

1
2

〉 )
.

Since π+p is in a pure isospin eigenstate, R+ = R3/2
. On the other hand, after

scattering from the prepared state π+n, the scattered wave is

R
∣∣π+n

〉
=

√
1

3
R 


∣∣ 3
2
, 1

2

〉
+

√
2

3
R 


∣∣ 1
2
, 1

2

〉

=

√
1

3
R 


(√
2

3
π0p+

√
1

3
π+n

)
+

√
2

3
R 


(
−
√

1

3
π0p+

√
2

3
π+n

)

=
(

1

3
R 3

2
+

2

3
R 1

2

) ∣∣π+n
〉

+

√
2

3

(
R 3

2
−R 1

2

) ∣∣π0p
〉
,
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so that

R− =
〈
π+n |R |π+n

〉
=

1

3

(
R 3

2

+ 2R 1
2

)

R0 =
〈
π0p |R |π+n

〉
=

√
2

3

(
R 3

2

− R 1
2

)
.

By isospin invariance, these amplitudes are independent of I3 and, therefore,

R+ =
〈
π−n |R |π−n

〉
, R− =

〈
π−p |R | π−p

〉
, R0 =

〈
π0n |R |π−p

〉
.

Since there are just two isospin amplitudes, the physical amplitudes are not indepen-
dent, they are related by R+−R− =

√
2R0. This relation is a consequence of charge

independence, and so can be used to check invariance. When the I = 3/2 channel
predominates, the ratios of the amplitudes are R+ : R0 : R− ≈ 3 :

√
2 : 1, corre-

sponding to the ratios of the cross-sections [σ = (kinematics)|R|2 ] : σ+ : σ0 : σ−
≈ 9 : 2 : 1.

6.4 (a) The field variations are δ0ψ = −iεψ, δ0φ = 0. Under these transformations,
the Lagrangian is invariant and the associated Noether current is

Jµ =
∂L

∂(∂µψ)

δ0ψ

δε
= ψ̄γµψ.

Note that since the interaction Lagrangian contains no derivative couplings, one can
effectively replace L by the free-field Lagrangian L0. Thus the conserved current
and charge are given by

Jµ = ψ̄γµψ = ψ̄pγ
µψp + ψ̄nγ

µψn,

NB =

∫
d3xJ0 =

∫
d3x(ψ†pψp + ψ†nψn) .

(b) It is again checked that the Lagrangian is invariant. The associated con-
served current is

Jµ =
∂L

∂(∂µψ)

δ0ψ

δε
+

∂L
∂(∂µφ)

δ0φ

δε

= ψ̄iγµ
(
−i

1 + τ3
2

ψ
)

+ ∂µφ · [−(φ× n̂3)] = ψ̄γµ
1 + τ3

2
ψ + (φ × ∂µφ)3 .

The corresponding conserved charge is

Q =

∫
d3xJ0 =

∫
d3xψ†

1 + τ3
2

ψ + (φ × φ̇)3 .

(c) In checking the Lagrangian invariance, recall that τ† = τ and tT = −t. To
the first order in ε, one has (ignoring the γµ, unimportant for the present purpose)

ψ̄′ψ′ = ψ̄ψ +
i

2
εψ̄(τ † · n − τ · n )ψ = ψ̄ψ ,

φ′Tφ′ = φTφ − iεφT (tT · n + t · n)φ = φTφ ,

ψ̄′τψ′ · φ′ = ψ̄τψ · φ + iεnaψ̄[ 1
2
(τaτb − τbτa)φb − τb(ta)bcφc ]ψ

= ψ̄τψ · φ + iεnaψ̄[ iεabcτcφb + iεabcτbφc ]ψ

= ψ̄τψ · φ .
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The conserved currents are (a = 1, 2, 3)

Jµa =
∂L

∂(∂µψ)

δ0ψ

δεna
+

∂L
∂(∂µφ)

δ0φ

δεna

= ψ̄iγµ(− i
2
τaψ) + ∂µφ[−itaφ] = 1

2
ψ̄γµτaψ − i∂µφtaφ ;

which yield the corresponding conserved charges

Qa =

∫
d3xJ0

a =

∫
d3x( 1

2
ψ†τaψ − iφ̇taφ) .

6.5 In comparison with the hyperon decays, there are at least two advantages in
studying the semileptonic decays of the kaons: first, the kaons have zero spin, which
simplifies the structure of the interaction, and, second, there is generally a larger
energy available to the decay products. In the three-body decays:

K± → π0 + `± + ν` ( or ν̄`) , (called K±`3) ,

K0 → π∓ + `± + ν` ( or ν̄`) ,

(` = e, µ), the isospin changes are |∆I| = |IK − Iπ| = 1/2 or 3/2. Assuming the
empirical rule ∆I = 1/2 to be valid, the neutral K decay modes

K0 → π+ + `− + ν̄` and K̄0 → π− + `+ + ν`

are forbidden. Then for the allowed modes one can apply the usual angular-
momentum couplings

∣∣ 1
2
, 1

2

〉
= −

√
1
3
π0K+ −

√
2
3
π+K0 ,

∣∣ 1
2
,− 1

2

〉
= −

√
2
3
π−K̄0 +

√
1
3
π0(−K−)

to obtain the theoretical ratios

Γ(K0 → π−`+ν`)

Γ(K+ → π0`+ν`)
= 2 and

Γ(K̄0 → π+`−ν̄`)

Γ(K− → π0`−ν̄`)
= 2 .

The measured rate is that of the combination K0
L = (K0 − K̄0)/

√
2,

K0
L → (π−`+ν`) + (π+`−ν̄`), (called K0

`3) .

Hence the prediction for the combination: [Γ(K0
`3)/Γ(K+

`3)] = [Γ(K0
`3)/Γ(K−`3)] = 2.

Experimental data for the neutral kaon are

Γ(K0
`3) =

{
.0474 × 108/s for ` = µ∓ ;
.0678 × 108/s for ` = e∓ .

and for the charged kaons:

Γ(K+
`3) =

{
.0258 × 108/s for ` = µ+ ;
.0389 × 108/s for ` = e+ .



628 Selected Solutions

The agreement with theoretical values is good but not perfect: there is slight vio-
lation of the ∆I = 1

2
rule in the K`3 decays.

7.2 Let S(α) and S∗(α) be representations of 3 and 3∗ of SU(3):

S = 1 + i
2αiλi + . . . , S∗ = 1 − i

2αiλ
∗
i + . . . ,

where λi (i = 1, . . . , 8) are the Gell-Mann matrices. Note that λ∗i = εiλi (no sum)
with εi = +1 for i = 1, 3, 4, 6, 8 and εi = −1 for i = 2, 5, 7. Saying that S and S∗

are equivalent means that there is some α0
1, . . . , α

0
n corresponding to S0 such that

S∗ = S0SS
†
0 , which may be expressed as

S0λiS
†
0 = −λ∗i = −εiλi (no sum) . (1)

The Gell-Mann matrices satisfy λ`λm + λmλ` = 4
3
δ`m + 2d`mnλn. Sandwiching

both sides of this relation with S0 and S†0 and using (1), one gets

4
3
δ`m + 2ε`εm d`mnλn = 4

3
δ`m − 2εn d`mnλn, (no summation over `,m).

Since all eight λn are independent, one gets d`mn = −ε`εmεnd`mn (no summation
over `, m). With known εi and d`mn, one can check that this relation does not hold
in general. It must be concluded that 3 and 3∗ of SU(3) are not equivalent to each
other.

7.5

D8 = d8ijFiFj = −1

2
√

3
FiFi +

√
3

2
(F 2

1 + F 2
2 + F 2

3 ) − 1

2
√

3
F 2

8

=
√

3
2

(
I 2 − 1

4
Y 2 − 1

3
F2
)
.

The Hamiltonian is

H = H0 +H8 = H0 − b

2
√

3
F 2 +

√
3a

2
Y +

b
√

3

2

(
I 2 − 1

4
Y 2
)
,

which leads to the mass formula for baryons

MB(I, Y ) = m0 +m1Y +m2

[
I(I + 1) − 1

4
Y 2
]
.

7.6 (a) An irreducible tensor is traceless and symmetric in its indices of the same
kind. From two irreducible tensors Ma

b and N c
d representing two octets of SU(3),

one can construct the following irreducible tensors:
1 (0,0): S = Ma

b N
b
a ,

8 (1,1): F ab = Ma
cN

c
b −Na

cM
c
b ,

8 (1,1): Da
b = Ma

cN
c
b +Na

cM
c
b − 2

3
δab S ,

10 (3,0): Tabc = Ma
i N

b
j ε
ijc + all permutations of a, b, c ,

10∗ (3,0): Tabc = M i
aN

j
b εijc + all permutations of a, b, c .

These multiplets contribute 37 components. There remain 27 which can be
accounted for by a (2,2) irreducible tensor. Consider the mixed tensor separately
symmetric in its upper indices and its lower indices:

R̃abcd = Ma
cN

b
d +Mb

cN
a
d +Ma

dN
b
c +Mb

dN
a
c .
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Its trace is R̃abcb = Da
c + 2

3 δ
a
c S. The corresponding irreducible tensor

Rabcd = R̃abcd + α(δacD
b
d + δbdD

a
c + δadD

b
c + δbcD

a
d) + β(δac δ

b
d + δadδ

b
c) S

is traceless, Rabcb = 0, provided that α = −1/5 and β = −1/6. Thus, to complete the
decomposition of 8 × 8, we have

27(2, 2) : Rabcd = R̃abcd − 1
5
(δacD

b
d + δbdD

a
c + δadD

b
c + δbcD

a
d) − 1

6
(δac δ

b
d + δadδ

b
c) S .

(b) An irreducible tensor of SU(3) is denoted by its rank (n,m). The decompo-
sition of a product of 2 irreducible tensors can be done with Coleman’s prescription,
which consists of two formulas

(n,m) ⊗ (n′,m′) =

minn,m′∑

i=0

minn′,m∑

j=0

(n− i,m − j; n′ − j,m′ − i) ,

(n, n′; m,m′) =(n+ n′,m+m′) ⊕
minn,n′∑

i=1

(n+ n′ − 2i,m+m′ + i)

⊕
minm,m′∑

i=1

(n+ n′ + j,m +m′ − 2j) .

In our case we have

(3, 0) × (0, 3) =

3∑

i=0

(3 − i, 0; 0, 3 − i)

= (3, 0; 0, 3) ⊕ (2, 0; 0, 2) ⊕ (1, 0; 0, 1) ⊕ (0, 0; 0, 0)

= (3, 3) ⊕ (2, 2) ⊕ (1, 1) ⊕ (0, 0) = 64 ⊕ 27 ⊕ 8 ⊕ 1 .

7.7 Totally antisymmetric: qAqBqC± permutations (A,B,C are all different with
values 1, . . . , 6). The possible indices are: 123, . . . , 146, 156 (for 10 components);
234, . . . , 256 (6); 345, 346, 356 (3); 456 (1); giving 20 components in all.

Totally symmetric: qAqBqC + permutations. The possibilities are: all different
indices 123, . . . , 146, 156 (10); all identical indices 111, 222, . . . , 666 (6); two identical
indices 112, 113, . . . , 664, 665 (30); giving 56 components.

Mixed symmetry accounts for the remaining 216 − 20 − 56 = 140 components.
There will be two irreducible tensors of dimensions 70.

7.8 (a) Summation over polarizations gives

∑

pol

ε∗µ(k, λ)εν(k, λ) = −gµν + (kµkν/M
2
W) .

Summation over spins (Γµ = gVγµ − gAγµγ5):

∑

ss′

ū(p)Γµu(P ) ū(P )Γνu(p) = Tr [( 6p+mq)Γµ(/P +mQ)Γν ]

= 4[(g2V + g2A)(pµPν + pνPµ − gµνP ·p) + (g2V − g2A)mqmQgµν − 2igVgAεµνρσp
ρP σ].
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Putting the two results together leads to

∑

spins

∑

pol

|M|2 = 4f2(g2V + g2A)

[
p·P +

2

M2
W

(k·p)(k·P )

]
− 12f2(g2V − g2A)mqmQ ,

(b) Decay rate (with α = 1):

Γ(Q →q + W) =
f2|p|
8πm2

Q

1

2

∑
|M|2 =

f2|p|
8πm2

Q

4 [p·P +
2

M2
W

(k·p)(k·P )] .

Kinematics gives

k·p = 1
2

(m2
Q −m2

q −M2
W), k·P = 1

2
(m2

Q −m2
q +M2

W),

p·P = 1
2

(m2
Q +m2

q −M2
W) , |p|2 =

1

4m2
Q

λ(m2
Q,m

2
q,M

2
W) .

8.2 Call U = U(h) the transformation matrix corresponding to group element h;
its dependence on x is suppressed. Similarly, U ′ = U(h′) and U ′′ = U(h′′) are the
matrix representations of h′ and h′′. We have the successive transformations

h : Aµ → A
′
µ = UAµU

† +
i

g
(∂µU)U† ,

h′ : A′µ → A′′µ = U ′A′µU
′† +

i

g
(∂µU

′)U ′† .

Therefore, A′′µ results from A′µ by application of h′h:

h′h : Aµ → A
′′
µ = U ′A

′
µU
′† +

i

g
(∂µU

′)U ′†

= U ′UAµU
†U ′† +

i

g
U ′(∂µU)U†U ′† +

i

g
(∂µU

′)U ′†

= U ′U

{
Aµ +

i

g
(U ′U)−1[∂µ(U

′U)]

}
U†U ′† .

Since for h′′ = h′h, U(h′′) = U(h′)U(h) or U ′′ = U ′U , the above relation is
equivalent to g′′ : Aµ → A′′µ = U ′′AµU

′′† + i
g
(∂µU

′′)U ′′†, which verifies the group
composition law.

8.3 (a) Assuming φi and σ are classical commuting fields, one checks by direct
calculation that δaLs = 0 for a = 1, 2, 3 in both isospin rotation and chiral trans-
formation.

(b) Isospin current: Viµ = −ωi−1πjµδiφj = −εijk(∂µφj)φk. This is a conserved
current because ∂µViµ = −εijk(∂µ∂µ)φk. From the equation of motion for φi,

∂µ∂µφi = −2φi
∂V

∂φ2
,
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it follows that εijk(∂
µ∂µφj)φk = −2εijk

∂V
∂φ φjφk = 0. Thus, ∂µViµ = 0. The

conserved isospin charge is

Qi =

∫
d3xVi0 = −εijk

∫
d3xπjφk .

Chiral current: Aiµ = −ωi−1(πjµδiφj + π4
µδiσ) = πiµσ − π4

µφi. This is again
a conserved current, ∂µAiµ = 0, for fields φi and σ satisfying their respective
equations of motion. The corresponding chiral charge is

Q5
i =

∫
d3xAi0 =

∫
d3x (πiσ − π4φi) .

The quantized fields satisfy the commutation relations at equal times:

[πi(t,x), φj(t,x
′)] = −iδijδ

3(x − x′) , [π4(t,x), σj(t,x
′)] = −iδ3(x − x′) ,

while other fields commute. From these rules, the following relations can be derived:

[Qi, Vj0] = iεijk Vk0, [Qi, Qj ] = iεijkQk ;

[Qi, Aj0] = iεijkAk0, [Qi, Q
5
j ] = iεijkQ

5
k ;

[Q5
i , Vj0] = iεijkAk0, [Q5

i , Qj ] = iεijkQ
5
k ;

[Q5
i , Vj0] = iεijk Vk0, [Q5

i , Q
5
j ] = iεijkQk .

The operators Q+
i = 1

2 (Qi +Q5
i ) and Q−i = 1

2 (Qi −Q5
i ) satisfy

[Q+
i , Q

+
j ] = iεijkQ

+
k ; [Q−i , Q

−
j ] = iεijkQ

−
k ; [Q+

i , Q
−
j ] = 0 ,

and therefore generate two independent commuting SU(2) algebras, so that the
symmetry of the model is that of a semisimple algebra, SU(2) × SU(2).

(c) The vacuum is defined by 〈φi〉 = 0 and 〈σ〉 = v =
√

−µ2/λ. Upon
substitution of σ′ = σ − v into Ls, one gets

Ls = 1
2

[(∂µσ
′)2 + (∂µφ)2 + 2µ2σ′2] + Lint ,

where Lint contains three- and four-field couplings. We thus see that the degeneracy
in mass has been removed: φi remain massless but σ′ acquires a mass of

√
−2µ2.

The symmetry algebra of the fields is determined by their commutation with the
generators. Specially noteworthy is the relation [Q5

i , φj ] = −iδij(σ
′ + v). Its VEV

for any i = j,
〈
0
∣∣ [Q5

i , φi]
∣∣ 0
〉

= −iv 6= 0 (no sum over i) , cannot be satisfied

unless Q5
i |0〉 6= 0. This means that Q5

i generates a symmetry that is broken in the
vacuum.

(d) Under isospin rotation the fermion fields change according to δiψ = 1
2
iωiτiψ

and δiψ̄ = − 1
2
iωiψ̄τi. It can be checked by direct calculation that δiLF = 0. While

under chiral transformation, δiψ = 1
2 iωi τiγ5ψ , δiψ̄ = 1

2 iωi ψ̄τiγ5 , so that the
kinetic part of the fermion Lagrangian changes as

1

ωi
δLkin =

i

2
ψ̄(iγ · ∂ −m0)τiγ5ψ +

i

2
ψ̄γ5τi(iγ · ∂ −m0)ψ

= − 1
2 ψ̄(γµγ5 + γ5γ

µ)∂µψ − im0ψ̄τiγ5ψ = −im0ψ̄τiγ5ψ .
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The coupling term is invariant. The variation of the total Lagrangian under a chiral
transformation is δ(Ls + LF) = −im0ψ̄τiγ5ψ.

Assume now m0 = 0, so that Ls + LF is invariant under both isospin rotation
and chiral transformation. For µ2 < 0, the symmetry is hidden when 〈σ〉 = v =√

−µ2/λ. By defining excitations of σ above the constant background, σ′ = σ− v,
the fermion coupling becomes Lint = −gvψ̄ψ− gψ̄(σ′+ iτ ·φγ5)ψ, and the fermion
acquires a mass, m = gv = gmσ′/

√
2λ, simultaneously with σ′ which now has a

mass of mσ′ =
√

−2µ2. The older parameters µ2, λ, and v are related to the new
parameters m, mσ′ and g by −µ2 = 1

2 m
2
σ′ , λ = 1

2 g
2m2

σ′/m2, v = m/g.

9.1 The condition kµA
µ(k) = 0 implies that in the rest frame, where kµ = (M ; 0),

A0 = 0. In general, normalize Aµ such that AµA
µ = −1. In the frame of a particle

moving in the z direction, where kµ = (ω; 0, 0, |k|) with ω =
√

k
2

+M2, the two
conditions kµA

µ = 0 and AµA
µ = −1 imply that

Aµ = Aµ‖ cos θ + Aµ⊥ sin θ ,

Aµ‖ =

(
|k|
M

; 0, 0,
ω

M

)
, Aµ⊥ = (0;Ax, Ay , 0) .

In the particle rest frame, θ is the angle between A and the z axis. Note that one
may rewrite

Aµ‖ =
kµ

M
+ aµ, aµ ≡ M

ω + |k| (−1; 0, 0, 1) .

Since the longitudinal components Aµ‖ increase with energy, so too will the
transition amplitudes involving Aµ, leading to nonrenormalizability. Hence the
necessity of suppressing these components.

For a coupling of the type jµA
µ, the first-order amplitude is M = TµA

µ, where

Tµ = 〈f | jµ | i〉. We have M =
(
kµ

M
+ aµ

)
Tµ cos θ + TµA

µ
⊥ sin θ. Since the growth

in energy of Aµ is confined to kµ/M , it is necessary to suppress this term in M,
simply by requiring kµTµ = 0. This is equivalent to ∂µj

µ(x) = 0, i.e. a conserved
current.

9.3 First, A = πα/
√

2GF = (37.3GeV)2. The boson masses are given by MW =
37.3/sW GeV and MZ = MW/cW = 74.6/ sin 2θW GeV. With MZ = 91 GeV, one
gets sin2 θW = 0.21 and MW = 81 GeV. In addition, from MW = 1

2 gv, it follows

that v = (
√

2GF )−1/2 = 246 GeV, and from Ce =
√

2me/v, one gets Ce = 3×10−6.

9.4 With the coupling by −1

2
√

2
gēγµ(1− γ5)νW

†
µ + h.c., the amplitude is given by

M =
−ig

2
√

2
ūe(P )γµ(1 − γ5)v(p) εµ(k) .

This is essentially the same amplitude as found in Problem 7.8. Neglecting the
masses of the fermions, P 2 = p2 = 0, one gets

∑

pol

∑

ss′

|M|2 = g2
[
p·P +

2

M2
W

(k·p)(k·P )

]
= g2M2

W
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with the final momentum |P | = (2MW)−1λ1/2(M2
W, 0, 0) = 1

2 MW. Thus, the decay
width for W → eν̄ is

Γ(W → eν) =
|P |

8πM2
W

1

3
g2M2

W =
g2MW

48π
=
GFM

3
W

6
√

2π
.

The factor 1
3

comes from averaging over the vector boson polarizations. The widths
for the other processes are obtained in the standard model Lagrangian,

Γ(W → eν) = Γ(W → µν) = Γ(W → τν) ,

Γ(W → ud̄′) = Γ(W → cs̄′) = 3Γ(W → eν) .

Here, the factor 3 accounts for colors; we have also used
∑

|Vuj |2 = 1. The total
decay width of W is Γtot

W = 9Γ(W → eν̄) ≈ 9 × 0.225 = 2.05 GeV.

9.5 The coupling is (−g/cW)jZµ Z
µ where the neutral current is

jZµ = 1
2
ν̄γµ(g

ν
V − gνAγ5)ν + 1

2
ēγµ(g

e
V − geAγ5)e

+ 1
2
ūγµ(g

u
V − guAγ5)u+ 1

2
d̄γµ(g

d
V − gdAγ5)d .

The amplitude for decay Z→ f f̄ is M =
−ig

2cW
ū(P )γµ(g

f
V − gfAγ5)v(p) εµ(k) . In a

similar way as in Problem 9.4, one gets Γ(Z → f f̄) = [(gfV)2 +(gfA)2] Γ0, where Γ0 =
GFM

3
Z/(6

√
2π) ≈ 0.328 GeV. The neutral weak charges are obtained from Table

9.3. Assuming s2W = sin2 θW = 0.21, one gets the following values of (gfV)2 + (gfA)2:

for νe, νµ, ντ : 1
2

= 0.5 ,

for e, µ, τ : 1
2
− 2s2W + 4s4W = 0.25 ,

for u, c : 1
2
− 4

3
s2W + 16

9
s4W = 0.3 ,

for d, s, b : 1
2
− 2

3
s2W + 4

9
s4W = 0.38 .

The process Z→tt̄ is not kinematically accessible. Taking account of the color
factor, the total decay width is Γtot

Z = 3 × (0.5 + 0.25 + 0.6 + 1.14)Γ0 ≈ 2.45 GeV.

9.6 The amplitudes for γ and Z-boson exchanges are:

Mγ = i(−ie)2 ū(k)γµv(k′) v̄(p′)γνu(p)
(−igµν

s

)
,

MZ =i
( −ig

2 cos θW

)2

[ū(k)γµ (gfV − γ5g
f
A) v(k′)] [v̄(p′)γν (geV − γ5g

e
A)u(p)]

×
(
−i[gµν − kµkν/M

2
Z]

s−M2
Z + iΓZMZ

)
; s = (p+ p′)2 .

As an example, consider e+ + e− → µ+ + µ−. Neglecting me,mµ masses and
using (4.181), one finds

dσ

dΩ
=
α2

4s

[
A0(1 + cos2 θ) + A1 cos θ

]
,
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where

A0 = 1 + 2 Re(z)g2V + |z|2(g2V + g2A)2 , A1 = 4 Re(z)g2A + 8|z|2 g2Vg2A ;

z =
s

s −M2
Z + iΓZMZ

1

(2 sin 2θW)2
, gA = − 1

2
, gV = − 1

2
+ 2sin2 θW ≈ 0 .

With σF =
∫ 1

0
[dσ/dΩ] dΩ and σB =

∫ 0

−1
[dσ/dΩ] dΩ, one finds

AFB =
3A1

8A0
≈ 3

2
Re(z)g2A .

10.1 The minus sign comes from the anticommuting property of the two nucleons.
The potential Vdir(x) has the dimension of (mass), so its Fourier transform Vdir(q)
has the dimension (mass)−2,

Vdir(q) =

∫
d3r e−iq·x Vdir(x) , Vdir(x) =

1

(2π)3

∫
d3qeiq·x Vdir(q) .

The one-particle state normalization in (4.40) is the origin of the factor (2MN)−2

for the two-nucleon system. The σ1 ·qσ2 ·q term yields the operator σ1 ·∇σ2 ·∇;
this operator applies to the potential e−mπ r/r, which gives Vdir(x).

10.2 First integrate over
∫

d3x the time (µ = 0)-component of the equation

〈
Φ(p′, s′) | Jµem(x) |Φ(p, s)

〉
= ei(p−p′)·x 〈Φ(p′, s′) | Jµem(0) |Φ(p, s)

〉
.

From the conserved current Jµem(x), Q ≡
∫

d3x J0
em(x) is time independent, then

with Q |Φ(p, s)〉 = eQ |Φ(p, s)〉, one gets

〈
Φ(p, s′)

∣∣ J0
em(0)

∣∣Φ(p, s)
〉

=
eQδs′s
(2π)3

.

We apply the above equation to spinless pion
〈
π±(p) | Jµem(0) |π±(p)

〉
. With the

standard one-particle state normalization 1/
√

2E(2π)3 , one gets Fπ(0) = 1. By the
same method, we have F p

1 (0) = 1, F n
1 (0) = F n

2 (0) = 0.

10.3 The amplitude for this reaction is

M = (−ie)2
(
−i

q2

)
v(p′)γµu(p) (k − k′)µ Fπ(q

2) .

Using (4.59), the cross-section follows. Whereas the pion form factor Fπ(q
2) is

dynamically enhanced by the ρ0 meson which has an isospin I = 1, the form
factors of the charged K, D, and B mesons would not be enhanced by the lack of
the corresponding I = 1 resonances decaying into the K, D, B pairs, similar to the
ρ0 meson decaying into a π-pair.

10.4 According to CVC, the ∆S = 0 vector currents V 1±i2
µ of the weak interaction

and the isovector component of the electromagnetic current V 3
µ form an isospin
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triplet. The corresponding Clebsch–Gordan coefficient
√

2 comes from I−(1, 0, 0) =√
2(0, 1, 0), using (6.53) and (6 .54). The amplitude is

M = 2GFVud ū(k
′)γ0(1− γ5)v(k)Mπ .

Using the three-particle phase space integration formula in the Appendix,

Γ =
G2

F|Vud|2
π3

∫ |k|max

0

d|k| |k|2(∆ −E)2 , E =
√

|k|2 +m2
e

where k is the three-momentum of the electron and ∆ = Mπ− −Mπ . Thus

Γ =
G2

F|Vud|2∆5

30π3

(
1− 3

2

∆

Mπ−

+
5m2

e

∆2
· · ·
)

= 0.393 s−1 ,

[
Γ(π+ → π0 + e+ + νe)/Γ(π+ → µ+ + νµ)

]
= 1 × 10−8 ,

which is in excellent agreement with the data.

10.5 For the π+ → e+ + νe decay amplitude, the solution is given in solution 5.3.
The ρ0(P ) → e+(k′) + e−(k) amplitude is

(−ie)2mρ fρ ε
µ(P )

(−i

P 2

)
v(k′)γµu(k) ,

with CVC, the ρ+(P ) → e+(k′) + νe(k) amplitude is

GFVud√
2

√
2mρ fρ ε

µ(P ) v(k′)γµ(1 − γ5)u(k) .

Using the two-particle phase space integration formula in the Appendix,

Γ(ρ+ → e+ + νe) =
G2

F|Vud|2
12π

m3
ρf

2
ρ

(
1 − m2

e

m2
ρ

)2

.

10.6 Using the trick e−µ r → 1 for µ → 0 as in (10.3), and the Table of Fourier
transforms in Erdelyi et. al, McGraw-Hill 1954.

10.7 Using Im G(s′) = δ(s′), write the once-subtracted dispersion relation for
G(s), note that G(0) = 0. Since the function H(z) is also analytic in the complex
z plane, we apply the Cauchy theorem on a closed contour limited by a circle of
radius |z| = ∞ and a cut above and below the real axis starting at z = 4m2

π ± iε,
and get

logFπ(s) = log |Fπ(s)|+ iδ(s) =

√
s− 4m2

π

iπ

∫ ∞

4mπ

dx
log |Fπ(x)|

(x − s)
√
x− 4m2

π

.

The absolute value |Fπ(x)| is measured by e+ + e− → π+ + π−.
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11.1 The two-pion states (either π++π− or π0+π0) have CP = +1 eigenvalues by
Bose symmetry. Any orbital angular momentum, `, between any two pions is even
by Bose symmetry. Hence the ` of the remaining pion in the π0 + π0 +π0 of the K
decay must also be even. So the overall parity of the three neutral pions emitted
in K decay has intrinsic P = −1 parity. Since the π0 has C = +1 (from π0 → 2γ),
the three π0 in K decay has CP = −1. π+π−π0 has an odd CP eigenvalue only
if these pions are in a relative (` = 0) s-state, which is strongly favored by the
angular-momentum barrier effects due to the small energy released by K → 3 π.

11.2 The easiest way to analyze strangeness decays with the ∆I = 1
2

rule is to
consider a ‘spurion’ operator Sp bearing I = 1

2
, Iz = − 1

2
. The addition of the

isospin Sp with the isospin of the decaying particles must be equal to the overall
isospin of the final state. Thus

Sp⊕ Σ+ =

√
1

3
M 3

2
+

√
2

3
M 1

2
, Sp⊕ Σ− = M 3

2
,

where M 1
2

and M 3
2

are the I = 1
2

and I = 3
2

amplitudes. On the other hand, the

isospin decomposition of the nucleon–pion states are

n+π+ =

√
1

3
M 3

2
+

√
2

3
M 1

2
, p+π0 = −

√
1

3
M 1

2
+

√
2

3
M 3

2
, n+π− = M 3

2
.

Hence

a+ =
1

3

(
M 3

2

)2

+
2

3

(
M 1

2

)2

, a0 =

√
2

3

[(
M 3

2

)2

−
(
M 1

2

)2
]
, a− =

(
M 3

2

)2

.

11.3, 11.4 The solutions can be found in Chap. 16.

11.5 Consider the color SU(3) invariant
∑8

j=1
(λj)ef (λ

j)gh. The statement of
completeness implies that it can only have the form Aδefδgh +Bδehδgf . Put f = g
and using

∑
j
(λj)eg(λ

j)gh = 16
3
δeh to get one relation between A and B. Then put

e = f and using Trλj = 0 to get a second relation. The identity (11.88) follows.

12.1 The amplitude in the most general form is M = εµ
〈
e
∣∣ V em

µ

∣∣µ
〉

=
εµ u [qν σνµ(a+ bγ5)]u. For on-the-mass-shell photon, the amplitude is a magnetic
transition. In the unitarity gauge ξ = ∞, there are three Feynman diagrams
similar to the penguin diagram (with internal ν and W in the loop), thus giving
the transition µ→ e analogous to the s→ d transition of penguin. The photon is
either emitted from the internal W or from the external fermions µ and e. Using the
leptonic mixing matrix Vlep, the coefficients a, b can be estimated to be proportional
to (m2

j/M
2
W) VµνjV

∗
νj e, where mj is the neutrino mass.

12.2 From the solar luminosity 3.86 × 1033 erg/s, and 26 MeV ≈ 4.16 × 10−5

erg, there are 9.2×1037 fusions taking place in the sun every second; each fusion
produces two neutrinos. So the flux received on earth is

Φ ≈ 1.8× 1037/s

4π(1.5 × 1013cm)2
≈ 6.4 × 1010/cm2 /s .
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12.3 From (12.10), (12.12) and (12.13), the effective mass of a neutrino in matter
is given by m2

ν = 2Eν [VN + VC] = 2EνGF[
√

2Ne −Nn/
√

2]. In the solar core, one
gets m2

ν ≈ 10−4eV2, and in a supernova core, m2
ν ≈ 108eV2.

12.4 It is obvious that by weak decay

Γw(π0 → Z0 → e+ + e−)

Γw(π+ → W+ → e+ + νe)
= O(1) .

On the other hand, the electromagnetic decay π0 → 2γ∗ → e++e− by conversion of
the two virtual photons γ∗+ γ∗ into e+ +e−, has two diagrams similar to Fig. 4.11
of the Compton scattering. The amplitude γ∗ + γ∗ → e+ + e− is proportional to
αme/Mπ. If we assume a pointlike effective coupling π0γγ, we can draw a triangle
loop with two photons and one electron propagators as internal lines, the external
lines are π0, e+ and e−. The loop integration would yield a factor log(me/Mπ). All
of these considerations yield Γ(π0 → 2γ∗ → e+ + e−) � Γw(π0 → Z0 → e+ + e−).

12.5 Combine (10.62) with (12.65) and (12.67) to derive this sum rule.

12.6 For isoscalar targets, the sea contributions cancel in the difference of the ν
and ν cross-sections. Thus

dσνNC − dσνNC

dxdy
=
G2

FME

π
xQ(x)

(
|uL|2 + |dL|2 − |uR|2 − |dR|2

)

×
[
1 − (1− y)2

]
,

where uL = 1
2 − 2

3 sin2 θW, dL = − 1
2 + 1

3 sin2 θW, uR = − 2
3 sin2 θW, and dR =

1
3

sin2 θW . This is to be compared with the corresponding CC cross-sections

dσνCC − dσνCC

dx dy
=
G2

FME

π
xQ(x)

[
1− (1 − y)2

]
.

13.1 The τ− → ντ + η + π− decay amplitude is related to the matrix element
〈η + π | vµ | 0〉, where vµ = uγµd. The G-parity of the current vµ is opposite to the
G-parity of η + π. Also η → π + π violates CP-invariance.

13.2 Use the tensor (T1)λρ in (13.8) to compute the matrix element squared.

13.6 Since the momentum transfer q in the n→ p transition is negligible, only two
form factors proportional to γµ and γµγ5 enter the decay amplitude. Use formula
(13.62) of the G(x, y) function to obtain the neutron decay rate. A comparison
with the data gives g1(0) ≈ 1.25.

13.7 The second term kµkν/M2
W in the numerator of the W propagator, when

contracted with the two currents ντγµ(1 − γ5)τ and lγν(1 − γ5)νl, yields the last
factor in (13.28) for the rate.

13.8 The squared matrix element is found to be |A|2 = 64G2
F (p1 · p2)(P · p3)

= 16G2
F(s−m2

1 −m2
2)(M

2 +m2
3 − s). Using the three-particle phase space integral

of the Appendix, one gets J(x, y, z). For (V + A) · (V − A), we only make the
interchange p1 and p3. The integrated width is equal to the (V −A) · (V −A) case.
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14.1 The traceless color matrix λj in the diagram with two emitted gluons in
Fig. 14.3b is at the origin of the noninterference between the tree and brems-
strahlung amplitudes.

14.2 Analytic expressions for F1,uv(q2) and F1,ir(q
2):

∫ 1

0

dv log

[
1− q2

4m2
(1 − v2)

]
= −2 +

√
ξ − 1

ξ
log

√
1− ξ +

√−ξ√
1− ξ −√−ξ ,

∫ 1

0

dv log

[
1− q2

4m2
(1 − v2)

]
= − 2 +

[√
η − 1

η
log

√
η −√

η − 1
√
η +

√
η − 1

+ iπ

]

= − 2 +

√
1 − η′

η′
tan−1

√
η′

1 − η′
,

where ξ = −q
4m

< 0, η = q

4m
> 1, and 0 ≤ η′ = q

4m
≤ 1.

With a small mass ζ given to the gluon to regularize the IR divergence, the
F1,ir(q

2) in (14.19) is found to be

F1,ir(q
2) =

4

3

g2s
8π2

[
J(ξ) +K(ξ) log(

m2

ζ2
)

]
−→
ξ→0

4

3

−g2s
8π2

log(
m2

ζ2
) ,

where

J(ξ) ≡−
∫ 1

0

dv(1 + 2ξ)

1 + ξ(1− v2)
log[1 + ξ(1− v2)] , 0 ≤ ξ =

q2

4m2
< 1

=
−(1 + 2ξ)√
ξ(1 + ξ)

{[
log(
√

1 + ξ +
√
ξ)
] [

log
4(1 + ξ)√
1 + ξ +

√
ξ

]

−π
2

12
− Sp

(√
ξ −√

1 + ξ√
ξ +

√
1 + ξ

)}
−→
ξ→0

−2ξ

3
(1 +

4

5
ξ) ,

Sp(z) ≡−
∫ z

0

dt
log(1 − t)

t
(Spence function or dilogarithm) ,

K(ξ) ≡
∫ 1

0

−dv(1 + 2ξ)

1 + ξ(1− v2)
=

−(1 + 2ξ)

2
√
ξ(1 + ξ)

log

√
1 + ξ +

√
ξ√

1 + ξ −√
ξ

−→
ξ→0

−(1 +
4

3
ξ) .

With dimensional regularization, the IR divergence can also be handled by keeping
ε 6= 0 everywhere, even with the UV convergent factor Γ(3 − n/2) in (14.9). The
denominator on the second line of F1(q

2) in (14.13) is [m2 − q2(1 − v2)/4]3−n/2 ≡
∆3−n/2. Then we find

F1,ir(q
2) =

4

3

g2s
8π2

[
J(ξ) −

[
log

(
µ2

m2

)
+

2

ε

]
K(ξ)

]
−→
ξ→0

4

3

g2s
4π2

[
1

ε
+ log

(
µ

m

)]
.

The IR divergence 1/ε pole is identified with log(ζ/µ).

14.4 We find

FHiggs
2 (0) =

f2
l m

2
l

8π2M2
H

∫ 1

0

dx
x2(2 − x)

1 − x+ x2m2
l /M

2
H

.



Selected Solutions 639

With f2
l =

√
2 m2

l GF, the muon anomalous magnetic moment is more sensitive to
the Higgs boson effect than the electron anomalous magnetic moment.

14.5 We compute Σ(p) by using (14.89) and find

Σ(p) =
4

3

g2s
8π2

∫ 1

0

dx [2m− 6p (1− x)] log

(
(1 − x)Λ2

m2x − p2x(1− x) + ζ2(1− x)

)
.

In (14.25) with m0 = 0, we have m = mB(m2) and the gap equation B(m2) = 1,
thus

1 =
4

3

(
−g2s
8π2

)∫ 1

0

dx (1− x) log

(
(1 − x)Λ2

m2x2 + ζ2(1 − x)

)
. (1)

In principle, the equation can be solved to obtain m in terms of Λ. However, for the
QCD interaction considered here, (1) does not possess a solution since for Λ > m,
the right-hand side of (1) is negative.

14.6 The quantity Jµν(q2) as defined by (14.54) has the most general form
Jµν(q2) = −Aq2gµν + Bqµqν when m2,m3 are nonvanishing. To compute the
coefficients A and B, multiply the left- and the right-hand sides of (14.54) first by
gµν , then by qµqν . One gets two equations for two unknowns, A and B. We find
that the two terms −q2gµν and qµqν of Jµν(q2) in (14.58) are now replaced by

−q2gµν −→ −q2gµν
[
1 − m2

2 +m2
3

2q2
− 1

2

(
m2

2 −m2
3

q2

)2
]
,

qµqν −→ qµqν

[
1 +

m2
2 +m2

3

q2
− 2

(
m2

2 −m2
3

q2

)2
] .

The (E2, E3) domain 4, restricted by (14.75) in the massless case, is now replaced
by

4(E2
2 −m2

2)(E
2
3 −m2

3) ≤
[
(
√
q2 − E2 −E3)

2 −m2
1 −E2

2 +m2
2 − E2

3 +m2
3

]2
.

15.1 From the solution Σ(p) in Problem 14.5, one gets

Z2 − 1 =
dΣ(p)

d 6p

∣∣∣∣
6p=m

=
4

3

g2s
8π2

∫ 1

0

dx

{
−(1− x) log

(1 − x)Λ2

m2x2 + ζ2(1 − x)
+

2(1 − x2)m2

m2x2 + ζ2(1 − x)

}

−→ −4

3

g2s
16π2

log
Λ2

µ2
.

The Γ(ε/2) pole in dimensional regularization is identified with the log(Λ2/µ2) of
the Pauli–Villars method.
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15.2 We start with massless fermions QED Lagrangian density L(x, t) = − 1
4 (Fµν)

2

+ψ(i 6D)ψ. Since, by definition, the energy
∫

dxL(x, t) has the mass dimension,
L(x, t) must have the dimension (mass)2. The derivative ∂µ has the (mass)1 di-
mension, so from (Fµν)

2, we deduce that the photon field is dimensionless. From
ψ(i 6D)ψ, the fermion field has the dimension (mass)1/2, and the coupling constant
e has (mass)1 dimension. Using (15.5) and (15.6) with n = 2, Trace[1] =2 in two
dimensions, we get

Πµν(q) =
(
q2gµν − qµqν

) e2

q2π
=⇒ Π(q2) =

1

q2
e2

π
=⇒ mγ =

e√
π
.

15.3 The Coulomb potential derived from the nonrelativistic Fourier transforma-
tion of e2(q2)/q2 is

V (x) =

∫
d3qeiq·x

(2π)3
e2(q2)

q2
=

∫
d3qeiq·x

(2π)3
−e2

|q|2[1 − Π̃ren(−|q|2)]

≈ −e2
∫

d3qeiq·x

(2π)3
1

|q|2
[
1 + Π̃ren(−|q|2)

]
.

For q2 � m2, (15.35) gives Π̃ren(q
2) ≈ −αq2/(15πm2) which results in the Coulomb

potential being changed into

−α
|x| =⇒ V (x) = −

[
α

|x| +
4α2δ3(x)

15m2

]
.

The effect can be measured from the shift of the hydrogen energy levels

∆E =

∫
d3x|ψ(x)|2

(
−4α2

15m2

)
δ3(x) =

−4α2

15m2
|ψ(0)|2 =

−α5m

30π
.

For q2 � m2, the 4α2δ3(x)/15m2 term is no longer valid. To perform the
Fourier transform (Chap. 10), we may replace |q|2 by |q|2 + µ2, and take the
limit µ2 → 0 after the integration has been done. Write |q| = i (2my), y > 0.

The contribution of Π̃ren(4m
2y2) to V (x) is due to its imaginary part as given by

(15.32). Let us write

V (x) =
−e2(r)

4πr
where e2(r) = e2[1 + Q(r)] ,

Q(r) =
e2

6π2

∫ ∞

1

dy

y2
e−2mry

(
1 +

1

2y2

)√
y2 − 1 .

For mr � 1 , Q(r) =
−e2
6π2

[
log(mr) + γE + 5

6
+ · · ·

]
.

For mr � 1 , Q(r) =
e2

16π
√
π

e−2mr

(mr)3/2
.
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As r decreases, Q(r) increases and so does e2(r).

15.4 Consider the two-body → two-body scattering amplitude iM of scalar fields
p1 + p2 → p3 + p4. To order λ2, there are three loop diagrams associated with the
variables s = (p1 + p2)

2, t = (p3 − p1)
2, and u = (p4 − p1)

2. For instance, in the
s-channel, the amplitude is

iMs = (−iλ)2
(

1

2

)∫
d4k

(2π)4
i

k2 −m2

i

(k + P )2 −m2
; P 2 = s ,

the factor 1
2 arises because of two identical internal φ fields in the loop. Thus,

Ms =
−iλ2

2

∫ 1

0

dx

∫
dnk

(2π)n
1

[k2 + 2xk · p+ sx−m2]2

=Γ
(
2 − n

2

)
λ2

2(4π)n/2

∫ 1

0

dx

[m2 − sx(1− x)]2−
n


=Γ(2 − (n/2))
λ2

2(4π)n/2

∫ 1

0

dx

[µ2]2−(n/2)
+ · · · .

The · · · represent irrelevant finite terms, not necessary for the computation of the β
function. The renormalization condition for the coupling constant λ requires that
the O(λ2) corrections to λ vanish at the symmetric point s = t = u = µ2, where µ
is an arbitrary scale, i.e. the vertex counterterm δλ to order λ2 exactly cancels the
sum Ms + Mt + Mu. Thus

δλ = −Γ(2 − n
2 )

3λ2

2(4π)n/2

∫ 1

0

dx

[µ2]2−
n
2

= −Γ(2 − n
2 )

3λ2

2(4π)n/2
1

[µ2]2−
n
2

; .

β(λ) = µ
∂

∂µ

[
−3λ2

2(4π)n/2
Γ(2 − n

2
)

[µ2]2−
n
2

]
=

3λ2

16π2
.

On the other hand, at one-loop level there are no corrections to the two-point
propagator, i.e. the field-strength corrections to order λ2 vanish, implying the CS
function γ(λ) = 0.

15.5 The three pure gluon loops of Fig. 15.14 yield the vertex correction

Zglu
1 = 1 +

g2s
16π2

{[
2

3
+

3

4
(1− ξ)

]
Nc

} Γ(2 − n
2
)

µ4−n .

This result, combined with δglu(µ) taken from (15.81) [without the Nf term and
with (15.83)], gives β(gs) = (−g3s /16π2) 11

3
Nc.

16.1 The penguin operator Open = [d γµ(1 − γ5)λ
b s] [q γµλb q] can be rewritten

as the product of color-singlet (V − A) × V currents 2[dj γµ(1 − γ5) qj ] [qk γ
µ sk]

− 2
3
[di γµ(1−γ5) si] [qk γ

µ qk ] using (11.88). Writing V = 1
2
(V −A)+ 1

2
(V +A) and

using the Fierz’s transformations in the Appendix, one has Open ∼ (S−P )×(S+P ).
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Taking the derivative of 〈0 | qγµγ5s |K(p)〉 ≡ 〈0 |Aµ |K(p)〉 = ifKpµ, one gets
〈0 | qγ5s |K(p)〉 ≡ 〈0 |P |K(p)〉 = fKm

2
K/(ms + mq). We get similar result for

〈π(p′) | S |K(p)〉 in terms of 〈π(p′) |Vµ |K(p)〉. With the light quark masses ms,mq

(where q = u or d quarks) in the denominators, the matrix elements of 〈ππ | Open |K〉
are enhanced and contribute to the ∆I = 1

2
rule in the right direction.

16.2 There are two charged B mesons, the B+
u (bu) and the B+

c (bc). Like fK and
fπ, the decay constants fBu , fBc associated with these B+

u and B+
c are presumably

similar. fB can be extracted from the decay rate B+
u → τ+ + ντ :

Γ(B+
u → τ+ + ντ ) =

G2
F|Vub|2m2

τMBf
2
B

8π

(
1− m2

τ

M2
B

)2

.

This rate is very small due to |Vub|2 � |Vcb|2. The corresponding branching ratio
is about 10−5. The decay B+

c → τ+ + ντ is a hundred times larger, mainly due to
|Vcb|2.
16.3 The inclusive rare decay B→ Xs+γ comes from the flavor changing b→ s +γ
which can only occur at the loop level. There are two dominant diagrams similar
to the gluonic penguin. In contrast to the gluon, the photon can be emitted either
from the internal W or from the internal u, c, t quarks. The amplitude uncorrected
by QCD is given by

M(b → s + γ) =
GF√

2

e

4π2

∑

Q=u,c,t

VQbV
∗
Qs F (xQ) qµεν [s σµν(a+ bγ5) b] ,

where xQ = m2
Q/M

2
W, a = (mb + ms), b = (mb − ms), q

µ and εν are the photon
four-momentum and polarization, and

F (x) =
x

24(x − 1)4

[
(x− 1)(8x2 + 5x − 7) + 6x(2 − 3x) log x

]

is first computed by Inami and Lim (reference in Chap. 11).
The exclusive mode B→ γ+K (more generally 0− → 0− + γ) cannot occur.

The amplitude has the form εµ(q)
〈
K(p)

∣∣V em
µ

∣∣B(P )
〉

= εµ(q) [(P + p)µf+(0) +
qµf−(0)] = ε · (P + p)f+(0), where q = P − p is the photon four-momentum with
q2 = 0. Since qµ

〈
K(p)

∣∣ V em
µ

∣∣B(P )
〉

= (M2
B −m2

K)f+(0) = 0 by the conservation
of the V em

µ current, implying that f+(0) = 0.
For 0− → 1− + γ, like B(P ) → K∗(p) + γ(q), the amplitude is of the type

iεµνρσε
µ(q)εν (p)P ρpσC, the condition qµ

〈
K∗(p)

∣∣ V em
µ

∣∣B(P )
〉

= iεµνρσε
ν (p)(P −

p)µP ρpσ = 0 is automatically satisfied without forcing C to vanish.

16.4 In the kinematic region near ‘zero recoil’ where the final state K is nearly at
rest, i.e. the momentum transfer is maximum, it is easy to see that the form factors
behave like f++f− ∼ 1/

√
MQ, f+−f− ∼

√
MQ, where Q stands for b or c quarks,

and f±(tQ) are the usual form factors that enter 〈K |Vµ |B〉 or 〈K |Vµ |D〉. Thus

fB→K
+ (tB) + fB→K

− (tB) =

√
MB

MD

[
fD→K
+ (tD) + fD→K

− (tD)
]
,

fB→K
+ (tB) − fB→K

− (tB) =

√
MD

MB

[
fD→K
+ (tD) − fD→K

− (tD)
]
,



Selected Solutions 643

where tB and tD are given in (16.129).
By factorization and using (16.96), the B(P ) → ψ(q)+K(p) amplitude is

a2
GFVbcV

∗
cs√

2
Mψfψ ε

µ(q)(P + p)µ f
B→K
+ (M2

ψ) ,

where fψ is defined by 〈0 | cγµc |ψ(q, ε)〉 = Mψfψε
µ(q), similar to the decay con-

stant fρ of the vector ρ0 meson (Chap. 10). Like ρ0 → e+ + e−, from the J/ψ →
e+ + e− rate, one deduces fψ ∼ 380 MeV. The decay width is

Γ(B → K + J/ψ) = a2
2
G2

F |VbcV
∗
cs|2

32πM3
B

f2
ψ

[
λ(M2

B,M
2
ψ,m

2
K)
]3/2 |fB→K

+ (M2
ψ)|2 .

With tB = M2
ψ, we can use (16.129) to compute the transfer tD and lastly use

(16.128) to express Γ(B → K + J/ψ) in terms of the D→ K form factors measured
in D→ K +e+ + νe.

16.5 The total width Γtot is obtained by summing the three semileptonic widths
(e, µ and τ) with the inclusive hadronic widths b→ c +q2 + q3 where q2 stands for
d and s quarks and q3 for u and c quarks. The b→ u + q2 + q3 is negligible. First
if one neglects all the final fermionic masses (including the τ and the c) and the
QCD corrections, the branching ratio is 1/9. Keeping all the fermionic masses and
the QCD corrected coefficients c±, one finds Brsl ≈ 12%, which is to be compared
with the measured value ≈ 10%.

16.6 The decay B0 → π+ + π− proceeds through the tree diagram (b→ u +
W− followed by W− → d +u) and the loop penguin b→d + g followed by g
→ uu, similarly to Fig. 16.13a, b. The tree amplitude is ∼ VubV

∗
ud ≈ λ3 ≈ (0.22)3,

whereas the penguin amplitude ∼ VtbV
∗
td is also ≈ λ3 but with an additional smaller

coefficient (αs/12π) log(m2
t/m

2
b). Hadronic uncertainties in the asymmetry between

B0 → π+ + π− and B
0 → π+ + π− arise from the mixture of a (small) penguin

contribution to the tree diagram. These contributions do not have the same phases,
in contrast to the B→ J/ψ+ K case. With only the tree diagram, the parameter ξ
for the asymmetry defined in (16.118) is

ξ =
q

p

A

A
=
VtdV

∗
tb

V ∗tdVtb

VubV
∗
ud

V ∗ubVud
= e−2iβ e−2iγ = e−2iα .

The asymmetry ∼ Imξ = sin(2α) can have either sign, depending on the shape of
the unitarity triangle.

The Bs ≡ b s meson decay mode Bs → ρ0+KS proceeds at the quark level
through b→ u + W− followed by W− → d +u by tree diagram. Like the B→
J/ψ+ KS, there is an additional (q/p)K (besides the (q/p)B) due to the K0 and K

0

mixing in KS. The corresponding ξ is

ξ =

(
q

p

)

B

(
q

p

)

K

A

A
=
VtsV

∗
tb

V ∗tsVtb

VcdV
∗
cs

V ∗cdVcs

VubV
∗
ud

V ∗ubVud
= e−2iγ .

With an additional minus sign due to the CP eigenvalue of the ρ0+KS, the asym-
metry is ∼ − sin(2γ).
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17.1 There are four tree diagrams, one with a neutrino νe exchanged in the t-
channel, and three with the photon, the Z0, and the Higgs boson exchanged in the
s-channel (e+ + e− → γ,Z0,H → W+ + W−). For longitudinally polarized W at
very high energy, where ε± → k±/MW, the Z0-exchange amplitude is

M =
−ig2

4(s −M2
Z)

v(p2)γµ(g
e
V − geAγ5)u(p1)

(
gµν − PµP ν

M2
Z

)

εα+ε
β
− [gαβ(k− − k+)ν + gαν(k+ + P )β − gβν (k− + P )α]

−→ ig2

8M2
W

s

s −M2
Z

v(p2)( 6k+− 6k−)(geV − geAγ5)u(p1) ,

where P = k+ + k− = p1 + p2, P
2 = s. At very high energy, s � (M2

Z), the
sum of the contribution to the amplitude from the photon and Z0 exchanges is
found to be M = −i

√
2GF v(p2) 6 P (1 − γ5)u(p1). This sum is canceled by the

amplitude with a neutrino νe exchanged in the t-channel, when the electron mass
is neglected. However, if me is kept nonzero, the sum of the three (ν, γ, and Z0

exchange) amplitudes is proportional to me
√
s for longitudinally polarized W–W.

This residual amplitude, growing like me
√
s, is exactly canceled by the Higgs boson

exchange, where the coefficient me arises from the He+e− coupling.

17.2 At very high energy, s,M2
H �M2

Z , the amplitude is

MLL(WL + WL → WL + WL) =
√

2GFM
2
H

[
s

s−M2
H

+
t

t−M2
H

]
.

Using the partial wave expansion MLL(s, t) = 16π
∑

J
(2J + 1)aJLL(s)PJ(cos θ)

where PJ(cos θ) is the Legendre polynomial, one finds |aJ=0
LL (s)| = GFM

2
H/4π

√
2 .

The unitarity constraint is |aJLL(s)| ≤ 1 =⇒MH < 1.2 TeV.

17.3 The amplitude is written as εµ(k1)εν(k2)I
µν(k1, k2), where Iµν(k1, k2) =

Tµν (k1, k2)+Tνµ(k2, k1) = 2Tµν (k1, k2). The tensor Tµν (k1, k2) is calculated from
a triangle loop with an internal top quark:

Tµν(k1, k2) = (−)(−igs)
2
(−igmt

2MW

)

×
∫

d4p

(2π)4
[tµν ]

i

p2 −m2
t

i

(p− k1)2 −m2
t

i

(p+ k2)2 −m2
t

,

where tµν = Tr[( 6p + mt)γ
µ( 1

2λj)( 6p− 6k1 + mt)( 6p+ 6k2 + mt)γ
ν ( 1

2λj)] . The final
result comes out to be

Iµν = A(k1, k2) [kµ2k
ν
1 − gµνk1 · k2] ,

A(k1, k2) =
4

3
g2s

(
gmt

2MW

)(
mt

2π2

) ∫ 1

0

dx

∫ 1−x

0

dy
1− 4xy

M2
Hxy −m2

t

.


