15 Asymptotic Freedom in QCD

From the Bjorken scaling of the nucleon structure functions, we learn that the
hadronic constituents probed at small distances or at high energies behave
as if they were almost noninteracting or ‘free’. We are confronted with an
apparent paradox, since in quantum field theory virtual particles exchanged
between partons can have arbitrarily high momenta, quantum fluctuations
associated with them naturally occur at short distances. Why do these fluc-
tuations turn themselves off, and the partons behave as if they were free at
high energy, whereas at low energy they are strongly bound? How can a
model of noninteracting quarks be reconciled with a force that is extremely
strong in other circumstances?

The resolution to this paradox lies in the asymptotic freedom property of
QCD. We first show that in field theory, quantum effects cause the coupling
constants to vary with energy; they are no more constant but running. In
QED we will find that the charge, i.e. the coupling becomes stronger at large
momenta and weaker at small momenta. The opposite behavior happens
in QCD, its interaction is strong at low energy and vanishes asymptotically
at infinitely high energy, hence the name of asymptotic freedom. 't Hooft,
Politzer, and Gross and Wilczek discovered that non-Abelian gauge theories
are asymptotically free. Later, Coleman and Gross show that only Yang-
Mills fields possess this unique feature in four-dimensional space-time. The
success of QCD as the fundamental theory of strong interactions is due to
this discovery. Here the Bjorken scaling finds its natural explanation: at
infinite energy, the strong coupling vanishes and the quarks are noninteract-
ing. However, the slowly logarithmic variations of the strong coupling as(q?)
should induce smooth violations of scaling since, as large as ¢? may be, as(q?)
is small but still nonzero, and perturbative calculations with the strong cou-
pling are fully justifiable. This violation, expressed by a smooth g¢?-evolution
of the structure functions, is governed by the Gribov-Lipatov-Altarelli-Parisi
(GLAP) equation. As discussed in Chaps. 14 and 16, the use of perturbative
QCD in heavy particle decays or in the e™ 4+ e~ annihilation into hadrons at
high energy is legitimate, since as(q?) is small in these reactions.

On the other hand, at low energy and for sufficiently large as(¢?), QCD
exhibits confinement of color. The only finite-energy asymptotic states of
QCD are color singlets. If one attempts to separate a color singlet state into
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its color constituents, for instance by breaking a meson into a quark and
an antiquark, a tube of gluon would form between these two color sources.
With sufficiently strong coupling, this tube would have a fixed radius, so the
energy cost of separating color sources would grow proportionally with the
separation distance. This picture is similar to that of a magnetic bar in which
the north and south poles can never be isolated.

15.1 Running Coupling Constant

We show how a coupling constant can be running by an example of the
Abelian QED interaction between the electron and the photon. The varia-
tion with energy of the coupling constant is entirely due to quantum effects
provided by loop diagrams. To lowest order of the coupling constant e > 0,
the photon—electron vertex is given by

—i(=e)u(p )y u(p) = +ieu(p )y u(p) . (15.1)

Up to order €2, four diagrams contribute to the corrections of the charge in
(1). Three of them (Fig. 15.1a—c) are similar to Fig. 14.2a—c respectively.
The new one Fig. 15.2 is related to the photon self-energy (also called the

vacuum polarization) II* (q). I
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Fig. 15.1. (a) Correction to the charge by the vertex function; (b,c) correction
to the charge by the fermion self-energy
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Fig. 15.2. Correction to the charge by the photon self-energy

The first thing to do is to calculate these four diagrams. In the first three
sections of Chap. 14, we have studied in detail the diagrams of Fig. 14.4b
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and Fig. 14.5 which are the same diagrams of Fig. 14.2a—c without the 7—v,
vertex. The result can be directly used for the three diagrams of Fig. 15.1a—c
with the replacement 3 g2 < €2, ps < p/, and ps < —p. Some formulas
for Fi(¢*) and Z,, such as (14.12), (14.14), (14.23), (14.31) and the Ward
identity (14.42), are relevant to this chapter.

The quark masses mo, m3 taken in Chap. 14 to be m are understood
here as the electron mass. There, the T'*(po, p3) is the weak current corrected
by QCD. Here, T'*(p/, p) is the electromagnetic current corrected by QED.
Besides the 5 terms in (14.11) which are absent here, formally these I'* are
identical after the replacement % g2 < e®. Also in Chap. 14, X(p) is the quark
self-energy induced by QCD, here it represents the QED corrected electron
self-energy. The Z is now denoted by Z3, a notation commonly used for the
field-strength renormalization of fermions. Zj is given by the derivative of
Y (p) taken at y = m according to (14.31). Also, d2 = Z5 — 1.

15.1.1 Vacuum Polarization

Our next step is to compute the photon self-energy II*¥(q) associated with
the diagram of Fig. 15.2. For this loop integral, Feynman rules give

LTI () 2 (= d4—k iy ie‘“—i 16”71
() 2 (1) [ G i) i)

the factor (—1) comes from the anticommuting property of the fermionic loop.
Using again dimensional regularization and Feynman auxiliary variable z for
the product of two propagators in (2), the latter can be re-expressed as

,(15.2)

! A"k 2kME” — ktq” — kVq" — g (K* — k- q — m?)
" (q) = 4ie* | d
(Q) 1€ ‘/O x/ (27‘()" [k2—2k~qx+q2x—m2]2
—4¢? n, (! N#(q, x)
=——T2-2) [ d ’ = 15.3
At D) [ (15:3)

The d"k integration gives C = i7"/2[(2 — 2)[m? — ¢?z(1 — z)]3 2 times
N (q,x), where N*”(q, x) is the sum of all the terms inside the curly brack-
ets on the right-hand sides of the following equation:

2kt 'd-3)
d"k =C {2q”q”x2 — g™ [m?® — ¢*x(1 — 2)] : } ;
/ D(k) re-3)
n _k#qy - kyq# _ n v
/d kip(k) =-C{2¢"¢"x} ,

(k. m? 9 9
/dnkg (D%I:)_ ):C{g‘”’(qx—l-m)},

with D(k) = [k? — 2k.qz + ¢*z — m?]* . (15.4)
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Grouping together all the terms of the right-hand sides of (4), we obtain

H#V(Q) —ﬁr (2 B g) Al " {23:(1 — x)[q2g,uu _ q,u%u]

[m? — ¢?x(1 — 2)]* 72

v n\T(A-%)
g [1- - Hr6E]

R T

(15.5)

The coefficient 1 — (1 — %)gg—:gg of g"” turns out to be identically zero since
aT'(a) = T'(a + 1), so the final expression of II*(g) is proportional to the
gauge-invariant tensor (¢2¢g"” —¢"q"), in accordance with the conservation of

the electromagnetic current which implies ¢, II*"(¢) = ¢, II""(¢) = 0. Thus,
1" (q) = (¢°9"" — q¢"q")11(¢*) ,

)= ot (2-5) [ ar —2;551(1_ - l)]”

2 2

—e 2 m
= 133 {g — g + log(4m) — log oz

—6/01d3: 2(1 — ) log [1 - %x(1 —3:)] +0(5)}. (15.6)

Note that

£
—e? [4m\ 2 €
1(0) = - r(—), —4-n.
0= 15z (m2> 2) 7 ° "

To arrive at the two last lines in (6), we have used

3

m? — a1 -2)) T = 1- £ 1og ™21 =0)

e +0(£?). (15.7)

log

N | ™

Like (14.17), we notice that beside the pole €, an arbitrary mass scale y must
enter in (6) to make the regular part dimensionally correct.

A nice feature of the dimensional regularization is that it automatically
satisfies the gauge invariance of the theory. Other regularizations (such as the
Pauli-Villars procedure with a covariant cutoff of the integral d*k by a large
mass A) give the same result for II*¥(q) but only after a long manipulation.
Naively the integral in (2) ~ d*k/k? ~ A?/p? ~ T'(1— %) is quadratically UV
divergent, however it disappears because it is contained in the gauge nonin-
variant g"” term, the coefficient of which is identically zero, the remaining
divergence is only logarithmic [d*k/k* ~ log(A%/u?) ~ I'(2 — 2)]. Gauge
invariance constraint usually alleviates UV divergences. Due to nonvanish-
ing fermion mass in the loop (m # 0), infrared divergences are absent in the
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vacuum polarization II*¥(g). In (6), when 2 — 0 or 1, the integral does not
blow up. Note that the pole I'(2 — %) is identified with log(A%/x?) in the
Pauli—Villars cutoff (Problem 15.1).

If we write the tree vertex of (1) as v to be inserted between +ieu(p’)
and u(p), then the corrections to v, as represented by the four diagrams of
Fig. 15.1a—c and Fig. 15.2, are respectively

(') " 3(p) I (q) v
p-m- 7 g-m 7
These four operators are also inserted between +ien(p’) and u(p); all of
them are O(e?). Here ¢ = p’ — p.

(', p)

(15.8)

15.1.2 Dressed and Renormalized Photon Propagator

In Fig. 14.7, the dressed electron propagator Sp(p) was obtained by summing
the geometric series of ¥(p). For photon, the corresponding lowest 1PI is the
vacuum polarization II*¥(¢), and the dressed photon propagator D, (¢q) can
be similarly generated by summing the geometric series of I1#¥(g). Thus

Duta) = (T2 )+ (e ) rime ) (257 ) +

" i 117 (q)] (T2 ) i) (T ) 4 (15.9)
q q q

This summation is visualized in Fig. 15.3:
MMV ++ .

Fig. 15.3. Dressed photon propagator D, (q)

The second term on the right-hand side of (9) can be written as

o

—ig q°q —i quq
qQ#p (977 — ¢ )gouH(QQ) = q_2 (g,ul/ - 221/) H(QQ) .

The third term is found to be ;—; (gm, — ‘1*:1#) I12(¢?), then

D#y(q) _ —i (gm, ;2(1#(11//(]2) [1 +H(q2) +H2(q2) 4. ] i
I (e T e I T
CUen-ne)] e (15.10)
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In any computation of physical amplitudes, the photon propagator is always
attached to at least one fermion line, so in (10), the g, and ¢, terms vanish
when they are contracted with a fermionic conserved current. Therefore we
can omit them for our purposes of calculating physical amplitudes, i.e. we
only keep —ig,,. The bare and dressed propagators can be abbreviated as

—i g

—1guw __ 9w
21 -T(g?)]

qz - D#V (Q)

(15.11)

The above equation indicates that as long as the dimensionless quantity I1(¢?)
is regular at ¢*> = 0, i.e. 1I(¢?) # Z—j, the dressed propagator D, (¢q) always
has a pole at ¢> = 0, implying that the photon remains massless. The only
source for II(¢?) to be singular at ¢ = 0 would be the existence of a single
massless particle coupled to the photon in the intermediate state. This does
not happen in any 1PI diagram, at least in four-dimensional space-time. The
photon cannot acquire mass in spite of quantum corrections in contrast to
the fermion case.

Close to the pole ¢ = 0in (11), the residue of the dressed propagator no
longer equals 1 but becomes Z3 defined below. Indeed, the analog of (14.29)
for the photon case is

Bare propagator — Dressed propagator
—1gu —1gu _ —lguw
— D, = = Zs 15.12
q? wld) =, ¢*[1 —TI(0)] 2 (15.12)

where Z3 is given by (Z3)~! = 1 —II1(0). For the same reason already ex-
plained in (14.31), the perturbative expression of Z3 is

B 1 Zz—1 .
M) = 1= 5= =5 —=Z 1+ 0(c"). (15.13)

From (6) and (13), we get

e? [4rn]2° e [2 4
Zg =1- 1972 [W] F(%E) =1- W |:g —YE + log m2 + 0(64) s
1. e [2 4 4
Zs3=1—-(3)—==|—-— 1 . 15.14
VI =1 (3) g5 |~ 6+ s 0| +0(eY) (15.14)

Let us relate the pole in I'(3¢) to the divergence log(A?/u?) found in the
Pauli-Villars procedure

4n ] 2° A2 e? A2
| T(ie) —log— Zs=1— ——log — 4 . (15.1
[mQ] (z¢) g5 » S0 Z T2 108 3 + O(c) .(15.15)
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Now from (14.36) we recall that the bare fermion field ¢ (z) is absorbed
by v/Z2 to become the renormalized field 1(z), from which the renormal-
ized fermion propagator with residue equal to 1 is built. Similarly, /Z3 is
absorbed by the bare photon field A,(z) which becomes the renormalized
Au(z). With A (x) = \/Z3A,(x), the renormalized photon propagator has
residue equal to 1 at the pole ¢2 = 0. We have

—i 73 G
Dressed propagator D, (q) = % — (0 ’ T(Ag(x) A%(y)) ’ 0) ,

Renormalized propagator LN (0]T(Au(z) Au(y))|0) . (15.16)
q

2

Now the renormalized charge e appears accompanied by Z3. As already
noted, since the fermionic charges are always attached to each end of the
photon propagator in all amplitudes, the infinite Z3 in (14) can be absorbed
by the infinite bare charge eg to become the finite renormalized charge e: ey —
e = egy/Z3. Indeed, as shown in Fig. 15.4, when a fermion line is attached
to each end of the propagator in (12), the amplitude has an additional factor
e3 or €2 times the corresponding propagator:

Bare Interaction Dressed Renormalized
—1gu o 2 —19uwZs —1guw o
2‘“”60 — I(g°) — %eo — —2“”6 . (15.17)
q q q
Z3 6(2) 32
7 ra

VZs3eq VZs3eq — € €

Fig. 15.4. Dressed and renormalized photon propagators attached to the bare and
renormalized fermion charges respectively

Note that eg1po(z) = ev(x). In spite of its apparent simplicity, the rela-
tion e = egyv/Z3 has a far-reaching consequence, since it implies that the
renormalized charge e depends only on the universal photon field-strength
renormalization Zs and not at all on other properties of the charged fermions
to which the photon is coupled. In particular, in spite of the huge mass dif-
ference between the heavy tau lepton and the electron, their renormalized
charges are identical, because they depend only on the photon Zs. If the
renormalized charge e depended also on the fermion self-energy 3(p) and
its electric form factor Fiy(g?), the universality of the renormalized charge
e would be lost. In fact, e does depend on X(p) and F;(¢?) via the three
diagrams of Fig. 15.1. To recover universality, there must exist a cancelation
among the quantities related to X(p) and Fi(¢?), so that the charge renor-
malization is only due to Z3. We now show that the cancelation indeed takes
place, due to the Ward identity.
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15.1.3 Vertex Renormalization

Mass and field renormalizations have been considered in Chap. 14. The
last but not the least important quantity to undergo renormalization is the
coupling constant. Let us proceed in three steps.

A — Similar to (14.35), we start with the bare quantities eg, mg, ¥o(x), and
AD () of the QED Lagrangian

1 —- . —
L= —Z(aﬂAg — 0, AD)? + o(i @ —mo)tho + ooy tho Al - (15.18)

Then we define the renormalized quantities e, m, ¥(z), and A,(x) by in-
troducing at first three counterterms Zs, Z3, and Amg with which we are
already acquainted in Chap. 14 and (14). Z3 and Z3 are used to cancel the
UV divergences of the fermion and photon self-energies respectively, while
Amy renormalizes the fermion mass by absorbing the bare mass my. We put

Yo(z) =/ Zab(z) , AS(z) =/Z3Au(x) , mo=m— Amg . (15.19)

Because the ¢ () and A (z) fields are scaled by \/Zy and \/Z3 respectively,
when we substitute (19) in the interaction 60@0")/“1/)0142 of (18), we have a
factor epZ24/Z3 in front of E”Y”‘/’Au- Let us multiply this factor by 1:

Z 1
14 1

=—=—+4+—=, 6 =2Z1—1, th
Zl Zl + Zl ) 1 1 ) €n
ZonN Z ZonN Z
e0ZarN/ Z3 = 60;73(1 +01) =e(l +61) ,where e = 60;73. (15.20)
1 1

We will see [the last line of (24)] that in addition to the counterterms Z, and
Z3, one more counterterm Z; is needed to subtract the UV divergence of the
QED vertex function, i.e. the UV divergence of the form factor F;(g?). The
latter has already been computed in (14.17), we only need to replace % g2 of
(14.17) by €? in our case here.

When we put (19) into (18) and use (20), the original £ in (18) can be
rewritten as a sum of two parts having exactly the same forms, differing only
in their coefficients. They are Lo, (the renormalized Lagrangian) and Le
(the Lagrangian of counterterms):

L= Ercn + Ect ;
1 _ _
Lien = _Z(auAu - &,A#)2 +Y@i g—m)y + 61/’7#1/)/1# )
1 — _
Loy = =703(0p Ay = 0,A,)" + (102 § = m)tp + ed1 7" A,
51221—1, 52522—1, 53523—1, 5mEm52—Z2Am0. (1521)

Lyien becomes formally identical to the bare one in (18) by interchanging
m,e, Y, A, withmg, eq, ¢, Ag. Therefore the quantities T (p/, p), X(p),
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and I1(¢?) that we have computed with the bare Lagrangian can be identified
with the ones derived from L,e, with the interchange (mqg, eg) < (m, e). As
for the counterterm Lagrangian L. in (21), all are of second- or higher-order
terms in e.

B — The Feynman rules with these renormalized fields are: in addition to
the familiar propagators and vertex from L,ey, all are expressed in terms of
the physical mass m and charge e, there are three contributions coming from
L. To first order in 61,92 , d3 , 0y, they can be easily obtained from the
three terms of L. and visualized in Fig. 15.5:

i(—q%g" + ¢"q¢")ds , (0 — 6m) iey s . (15.22)

MAWNRMWNY — R —

Fig. 15.5. Counterterm contributions

The counterterms of the photon self-energy, of the electron self-energy, and
of the electron—photon vertex are shown from left to right in (22). For in-
stance, the term (—g?g"” + q*q”) J3 is obtained when we integrate by parts
the kinetic term —(3)(9,4, — 9,A4,)? 65 of (21) to get (3)AL(q)(—g?g" +
q"q¢")A,(q) 63 in momentum space. Lastly, we multiply by two because of
the symmetry u, v of the two-photon line. The two other terms in (22) are
straightforward from (21). Their unique role is to cancel the UV infinities in
loop integrals computed from Lyep.

In parallel with the three quantities from left to right in (22), we have
also three corresponding terms coming from L,e,, which we have already
computed. They are given by (6), (14.23) and (14.11):

H(g*g" —¢"q")(¢%), —iX%(p), iel”(p',p). (15.23)
C — The sum of the two contributions fronj\gmn and L. are the renormal-

ized quantities Ilien(q2) , Sren(p) , and Ty (p/,p), which are free of UV
divergences. Taken from (22) and (23), they are

ﬁrcn(q2) = H(QQ) - 53 5
Sren(p) = £(p) = (#02 = 0m) = B(p) = S2(¥ = m) — ZzAmo ,
Thn(p,p) = T4, p) + 07" = F1 (%) = Fi(q%) + 61 . (15.24)

As a general rule stated in Chap. 14, these renormalized quantities obey
renormalization conditions. For Il,e,(¢?) and Y,en(p), the conditions are

-~ dircn (%)
dy
dX(p) ’ _
ar |

=0, ircn(ﬂ =m) =0, equivalently

p=m
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From left to right in (25), the first two terms fix the residues of the renor-
malized photon and electron propagators to be 1, and we recover (13) and
(14.31) respectively. The third term sets the pole of the renormalized elec-
tron propagator to be m , and as expected we recognize (14.46), remember
that Zs = 14+ O(e?) and Amg = m — mg = O(e?). See also (14.47).

Concerning the vertex part, the third line of (24) clearly indicates the
role of 1. Tt is used to cancel the UV divergence of T*(p/, p), that of F;(q?)
precisely. The renormalization condition for this vertex part is

n

Thu(p,p) =TH(p,p) + 617" =0 = F  (0) = F(0)+d; = 0.(15.26)

This condition defines the renormalized charge as the electron—photon cou-
pling at vanishing four-momentum transfer [¢* = (p' —p)* = 0], i.e. ﬁrcn((f)
must vanish at ¢> = 0. For this specific value ¢> = 0, the charge does not
receive quantum corrections, it is nonrenormalized. See also Problem 10.2.

On the other hand, direct computations — done in Chap. 14 through
(14.20), (14.41) resulting in (14.42) — give the Ward identity (see Prob-
lem 14.3):

so that with (26), we have 0; = 02 = Z; = Zs, then using (20), we have
€ =€ Zg . (1527)

These detailed studies show that Z; = Z» for any type of charged fermions.
The three diagrams of Fig. 15.1a—c do not contribute to the charge renor-
malization, the latter depends only on Z3. The Ward identity actually is a
nonperturbative result, valid for all perturbative orders.

This completes the renormalization of the coupling constant, the sum of
the four terms in (8) results in the QED renormalized electric form factor

—~ren

F;  (¢?) which is free of UV divergences, and satisfies the renormalization
condition Flrcn(()) = 0. We have from (8)

—~ren ~

Fi(¢*) = Fi(¢®) — F1(0) + Ten(?) (15.28)

the last term ILey(¢?) is given below in (29). Compared with the QCD
corrected weak form factor (14.43), the last term Il en(g?) is missing. This is
expected since the equivalent of Fig. 15.2 is absent from Fig. 14.2.
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15.1.4 Renormalized Vacuum Polarization ﬁrcn(q2)

The total Lien + Let gives us Hen(¢2) = I1(g2) — 5 written in (24). Together
with the renormalization condition II,e, (0) = 0 in (25), we get

Iien(q*) = T1(¢*) — T1(0) . (15.29)

While both I1(¢?) and I1(0) are UV divergent, their difference is unambigu-
ously finite. Indeed, from (6), Iyen(g?) is given by

o (q?) = 15 /Oldx 2(1 - ) log [1 - ;11—223;(1 —x)] . (15.30)

T o2

The renormalization condition fixes the subtraction point at ¢? = 0, i.e. we
subtract the divergence of II(¢?) by the divergence of II(0). This choice
ensures that at the g2 = 0 pole, the residue of the renormalized photon
propagator is 1. In practice, the renormalization can be seen as a simple
replacement of the divergent I1(¢?) in (6) by the finite Ien(¢?) = I1(¢?)—11(0)
in (30) symbolized by the following picture:

Dressed Propagator Renormalized Propagator

T — 7 T Tl (153
PE-U@] o P01 * @i Tu@]eo @ = o2

Analyticity of Iley(¢2). The analytic property of ILen(¢2) in (30) is illu-
minating. For spacelike photon ¢? < 0, the argument 1—q?z(1—x)/m? of the
logarithm in (30) is positive, and ILe,(g2) is real. For timelike photon, the
argument is negative for g2 > 4m? [since 0 < z(1 —z) < 1/4], hence Ien(¢?)
becomes complex with a branch cut starting at g = 4m? which is the thresh-
old for the creation of an on-shell electron—positron pair. The imaginary part
of M en(q?) can be directly obtained from that of the logarithm, using the
relation Im [log(—(X? +ie))] = Fr. We have

~ 2(Fm) (X
Im [Tlen(¢* £i€)] = () / dzz(l — x)

27T2 X-
e? 4m? 2m?
=F—y /1 — —(1 4+ —— 15.32
o i- a2, (15.32)

where X+ =1 (1 +,/1— 4;’2}2 ) This is an example of singularities or cuts

in the complex ¢? plane when the particles in any intermediate state are
on-shell. It also illustrates the analytic property of physical amplitudes from
which dispersion relations can be derived (Chap. 10).
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From (30), the real part of ILen(g2) is (with p = 4‘1—22 > 1)
. 345p 14 p—2p Ve
Re [Hrcn(q2)] =— P + p—4p \/_ p
202 | 180 12p/plp 1) VPP

For 0 < ¢? < 4m?, the explicit expression of Hrcn(q ) is found to be

. —e* [3+45n 22 —n—l [ 7 ¢
Hrcn(q2)—ﬁ{ + ! Pa— ,7’]5—2§1

187 6n+/n(1 — 1- 4m

For spacelike ¢ = —Q? < 0, we get (w1th = > 0)

i{‘3+5§ 1—5—2521 VITE+VE

} . (15.33)

1f:Ircn (QQ) =

27 | 186 2evE(lr o CVITE-VE

The two extreme limits Q2 < m? and Q2 > m?2 of IL,en(¢2) can also be easily
obtained from (30):

} . (15.34)

~ e (=¢*\ [ —a ¢¢
yen (42 — | = d 1—x)? 15.
() q:>0 272 (m2 )/0 ze’(l-g)’ = 157 m2’ (15.35)

< Oldxx(l—x) [log( 2>+10g[ (1_33)]]

2
=

e? Q2 5 +a Q2
= o2 [k’g (m—> - 5] =3l (cm2> ’ (15-36)

where C' = exp (5). The (+) sign in (36) for the asymptotic limit of the
vacuum polarization is an important property of QED. Aside the common
factor €?/2n% = 2o/, the real and imaginary parts of the function Iyey(g?)
are plotted in Fig. 15.6 for both spacelike and timelike ¢2.

0.8
Real Part —
Imaginary Part ----

06 -

04

02

Pl(g"2)

-02 -

04

-0.6

0
qr2/4m"2

Fig. 15.6. Real and imaginary parts of IL.en(¢?) (without the overall factor 2a /)
are plotted as functions of ¢? /4m2
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15.1.5 Physical Effects of ﬁrcn(q2)

We recall that a charged fermion line is always attached to each end of a
photon propagator. To lowest order of the coupling constant, the electron
scattering amplitude is given by e? times the photon propagator. How does
IIen(g?) modify this amplitude? The effect of replacing the free photon
propagator by the fully interacting photon propagator is equivalent to the
substitution of e? by e?(¢?). The latter is defined following (31):

—1629#1, . —ie? Juv _ _162(‘]2) 9uv
g q2[1 - ﬁrcn(q2)] B 7 ,
where e?(¢%) = NC%Q or a — aeg(q?) = S S— (15.37)
1-— Hmn(qQ) 1- Hrcn(q2)

At small distance or high —¢? = Q? > 0, using (36) we get

(0%

- & 10g(Q%/Cm?)

e (Q?) = , C=exp(2) . (15.38)

We can also write aeg(r) as a function of the distance r by performing a
Fourier transformation of aes(q?). Because of the minus sign in the de-
nominator of (38), the effective electromagnetic coupling constant aeg(g?)
becomes larger at higher energies or at smaller distances, as we penetrate the
screening cloud of virtual fermion pairs considered as a dielectrically polar-
ized medium filled up with effective dipoles of length ~ 1/m. An intuitive
interpretation is represented in Fig. 15.7.

et (1)

137

Fig. 15.7. (a) Screening of the bare charge eo by virtual pairs e™e™; (b) qualitative
dependence of the QED aeg(r) on the distance r
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The quantum vacuum is not empty but filled with virtual charged fermion
pairs. The introduction of a bare electron polarizes the vacuum in much the
same way as a classical charge polarizes a dielectric medium. Attracted by eg,
the virtual positrons spend more time near the negative bare charge before
annihilation, while the virtual electrons are repulsed and spend more time
away. The cloud of virtual positrons that surrounds ey screens the bare
charge and acts like a dielectric medium with a dielectric constant € > 1.
This makes the charge stronger at shorter distances.

The fact that eg is larger than the effective renormalized charge e can
be seen indirectly through e = egv/Z3 < €. In (15), we notice the sign of the
coefficient of log(A/u) in Z3 which implies v/Z5 = 1 — O(e?)log(A/p) < 1.
Its justification will be given later by the renormalization group equation.
The minus sign of the coefficient of log(A/p) is crucial to the asymptotic
behavior of the QED coupling. This minus sign is intimately related to the
anticommutation property of the fermionic loop in (2) which gives Zs.

The ¢2-dependence effect of the QED coupling aeg(q?) is experimentally
observed in high energy Bhabha scattering.! Between ¢?> = 0 and —¢? =
(30 (GeV)?, the effective coupling increases by about 5%. Also at the weak
boson Z° mass, aeg(M%) is ~ 1/128.896 > 1/137.036.

On the opposite side, for small g2 (mr > 1), the effective charge ag(r)
decreases like exp(—2mr)/(mr)3/2. It modifies the Coulomb potential and
contributes to lowering the energy levels of atomic states. This is called the
Uehling effect (Problem 15.3).

The concept of a running coupling, which is no longer constant but
energy-dependent, emerges from these remarkable quantum effects and con-
stitutes a major theme of QCD. As we will see, due to the gluonic non-Abelian
interaction, the color dielectric constant €co1or < 1 has an antiscreening effect
and makes the running QCD coupling weaker at shorter distances.

15.2 The Renormalization Group

We have illustrated the notion of the running coupling constant by the effects
of quantum corrections. The problem can be better understood in the most
generality using the remarkable renormalization group concept.

From the example in (6) we notice a crucial point already mentioned after
(14.17): there always exists an arbitrariness (via an arbitrary mass scale p1) in
the finite parts of F1(q*) and I1(g?), after their UV divergences are removed.
In fact since loops always have ¢? and m? terms in the integrals, they must be
scaled by some parameter ;2 to make the answers dimensionally correct for
e # 0. An explicit example is shown in (7). This arbitrariness is unavoidable
in any regularization method, as can be seen merely on dimensional grounds.
For example, in the Pauli—Villars regularization by a large mass A cutoff of
the divergent integrals d*k, a scale p must enter via the factors (A/u)! and

L HRS collaboration, Derrick, M. et al., Phys. Rev. D34 (1986) 3286.
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log(A/p) in order to make dimensionally correct the quantities we compute.
When A is removed by renormalization (just as the e poles are removed in
dimensional regularization), some functions of ¢/u?, m?/u?, ... in the finite
parts always remain. Of course we can take a specific choice u? = m?, but
why m? and not 8 m?? And what happens in the massless case? This case
is not merely academic, because we are considering the asymptotic behavior
of physical quantities for which m? < ¢2.

The arbitrariness associated with the mass scale p is reflected in the
renormalization conditions which fix the finite part of the renormalized phys-
ical quantity at some kinematic point chosen arbitrarily (Sect. 8.4). The
renormalization conditions for coupling constants are usually made by con-
vention, sometimes guided by experiments. For instance, the renormalization
condition (26) for the electric form factor F7*(0) = 0 is dictated by the def-
inition of the charge e as the coupling of an electron to a photon at zero
momentum transfer. This coupling is given by the Thomson formula (4.223)
of the e~y cross-section measured at ¢ = 0. But we can equally define the
charge — denoted now by €’ — as extracted for instance from the cross-section
et +e” — pt + p~ measured at ¢? # 0, say at 30 (GeV)?2, for which a pos-
teriori we know that e?/41 = a[30 (GeV)?] > «(0) = 1/137.0359895. The
cross-sections, calculated by two physicists using two different definitions of
the coupling constant, appear to be different by an overall constant. But it
is immaterial, since the coupling constant is extracted from experiments by
the value of the cross-section measured at some energy scale. In the present
state of our knowledge, we cannot calculate the coupling constant, we only
define it at some kinematic point, and then use this definition to compute

other physical quantities like decay rates, etc.
How about QCD? To obtain the coupling constant «y, it does not make

sense to measure the quark—gluon cross-section at the Thomson limit. Ob-
viously, as any dimensionless coupling constant, as needs a scale. Let us
briefly summarize the concept before considering its realization through the
renormalization group equation. We start with a bare Lagrangian, then we
compute quantum effects. To handle UV divergences in loop integrals, we
choose some regularization scheme. After the subtraction of UV infinities,
we impose renormalization conditions on the finite parts of the computed
quantities at some kinematic point. Clearly, physics should not depend on
this arbitrary choice of either the regularization procedures or the subtraction
points. Any choice is as good as any other. This apparent arbitrariness in
fact is subtle and turns out to imply powerful constraints on the asymptotic
behavior of the theory. There must exist physical quantities invariant un-
der the transformations which merely change the renormalization conditions
as well as the regularizations. This is the gist of the renormalization group
independently formulated by Callan and Symanzik in a concrete equation.
The original work went back to Stueckelberg and Petermann, and exploited
by Gell-Mann and Low to get information on the asymptotic behavior of the
photon propagator, and developed by Bogoliubov and Shirkov.
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15.2.1 The Callan—Symanzik Equation

We start by considering a bare Lagrangian with ®¢ and g as bare field and
coupling constant. ®( can be a self-interacting real scalar field with one
coupling [for instance \¢*/4!], or ®y can designate collectively many fields,
for example the fields of a charged fermion v and a photon A* in QED
(go = eo), or the fields of color quarks and color gluons in QCD. Also, gg
may generically designate one or many dimensionless couplings.

Exactly as in (14.36) and (19), we renormalize the interacting field ®¢ by
a multiplicative counterterm v/Z and get the renormalized field @, i.e. ®g =
®+/Z. If there are many different fields ¢/, there are as many Z;. By the
explicit examples of Z; and Z3 for fermion and photon fields respectively in
(14.41) and (14), we are familiar with the dependence of Z on an arbitrary
scale p. Z is also a function of gg, and we write Z(u, go).

The bare coupling constant gy accordingly becomes the renormalized
coupling constant g which is gg times a counterterm denoted by Zc,1: g =
9o Zepl. The crucial role of Z., will be clear later in the renormalization
group equation. The important point is the general formula (39) given below,
which tells us how to build Z.p. This formula is a generalization of (20) and
is illustrated in Fig. 15.8. For QED, e = eg\/Zo/Zo\/Z35/Z1, S0 Zep1 =
ZQ\/Z_g/Zl = \/Z_g (remember Zl = Z2)

(a) QED (b) ¢* (c) QCD

Fig. 15.8. Coupling constant counterterm Zp1 in (a) QED; (b) ¢*; and (c)
QCD

In general, Z.p is the product [ ], (v/ Zext) of all the external lines which
are connected to the vertex loop divided by the vertex counterterm generically
denoted by Z;. The vertex loop and its counterterm Z; naturally contribute
to the renormalized coupling constant g because the zero-loop vertex is by
definition the bare coupling constant gg.

The presence of Zl in the denominator of Z., comes about exactly as
in (20) by the trick 1 = Z1/Zy = (1/Z1) + (61/Z1). The first term (1/Z)
enters Zp) to define the renormalized coupling constant g; the second (gl / 21)
is a counterterm used to subtract the vertex loop divergence, similar to (26).
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Thus, the most general form of the renormalized coupling constant is

9=9(1) = go Zep1 (1) = %—0 11V Zex: - (15.39)
1 ext

Two more examples are shown in Fig. 15.8b, ¢ respectively for ¢* and QCD.
For the ¢* self-interacting scalar field, we have Zop, = (/Zg)* /Z¢. In non-
Abelian Lagrangian with only bosons, e.g. QCD without quarks, via the
three-boson self-coupling, we have Zep1 = (1/Zglu)? /Zlglu. Each Lagrangian
has its own Z.y and 21 to be calculated. We are not without experience of
their tedious computations in (14.41) and (14).

We go now to the next step by introducing the Green’s functions which
are convenient for the discussion of quantum loop effects. A k-point function
or Green'’s function is defined by

GH (w1, 2x) = (0| T[®(21) -~ @(21)] |0)

and its Fourier transform in momentum space is denoted by G*(p1, - -, px).
®(x) may designate a single field or many different fields.

&

NV 1T PR
~~/\ { 1P1) = +-

Fig. 15.9. QED three-point function

A typical fermion two-point function is its full (dressed) propagator, i.e. the
geometric sum of 1PI fermionic self-energy with two external fermion lines,
similar to Fig. 14.7a. Note that a 1PI self-energy is already an infinite sum of
graphs in perturbative calculations. A QED three-point function (with two
charged fermion fields and one photon field) is the full vertex function which
includes both a three-leg tree diagram and a 1PI closed loop with three
external lines, the latter are full propagators of these fields (schematically
drawn in Fig. 15.9 with e ). When these external propagators are removed,
we have an amputated three-point function.

The k-point Green’s function is defined similarly with & external prop-
agators connected to closed loops. The S-matrix element with which we
compute cross-section or decay rate is an amputated Green’s function.

As it stands, it is a herculean task to compute Green’s functions in their
most general form. In perturbative orders, the simplest Green’s functions
are the tree amplitude, the one-loop amplitude, and so on. Renormaliza-
tion group equation provides, as we will see, a powerful method for ‘partial
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summation’ over all perturbative orders; by partial summation we mean the
leading logarithm terms of Green functions.

Let us now consider a bare k-point function G&(p;, go) derived from a
bare Lagrangian. For simplicity, we take ® as a single field, for instance
the scalar field ¢ in the g¢*/4! Lagrangian. The changes ®; = ®/Z and

go = QZc; induce the change of GE(p;, go) into the renormalized Green’s

function G (pi, 1, g). After the rescaling by k powers of v/Z for ®,, and
the elimination of go in favor of g, we obtain G¥_(p;, i, g) which is numer-
ically equal to the bare G§(p;, go). The former depends explicitly and also
implicitly through g(p) on u. All of these operations are equivalent to a
reparameterization. Thus,

k
chn(pia,uﬂg) = [Z(}L,go)]iQ Glg(plagO) . (1540)

Equation (40) is the generalization of (16) from a two-point function to a
k-point function. We first remark that the bare G&(p;, go) makes no refer-
ence to the scale p, it depends only on gyp. The independence with respect
to the variable u of G§(pi, go) implies that [Z(u, g(p))]*/2 GE,, (pi, 1, g) is
independent of p too. So we have

d k E(d kl1dZ
—|z2Gk | =72 —4+==—3GF =0. 15.41
d'LL |: Grcn:| {d'LL + 2 Z d'LL } Grcn 0 ( 5 )
Applying the differentiation

A0 00w

du  Op  9dg Ou

on (41) and multiplying it by p to make operators dimensionless yields the
Callan—Symanzik (CS) equation

o 0 k] .. B
[ﬂ@ + 68_9 + 5'-)/:| Grcn(pla Hy g) =0 ’ where (1542)
p=p %9(k) ; (15.43)
8,u gofixed
_ o8 2w 90) _ (15.44)
8,u gofixed

Equation (42) expresses the fact that any change in the subtraction point
1 amounts to a change in the coupling constant and a change in the field-
strength, i.e. the physical content of the theory is not affected by a mere
change of this parameterization. For each type of Lagrangian, there exists
two corresponding functions 3 and 7, called Callan—-Symanzik functions; the
former governs the evolution of the coupling constant and the latter that of
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the field strength. The method can be easily generalized to other theories
with many fields and dimensionless couplings. For instance in QED, (42)
becomes

9 i)
{u% +h(e) 5, + 3 [Ne2(e) + Npn vg(e)]} Gh o (piyp,e) =0, (15.45)

where N, and Ny, are respectively the number of external electron and pho-
ton fields in the k-point Green’s function GX, (p;, u, €), with k = No + Npp.
As in (44), 2 and 73 are respectively the derivatives of the field-strength
counterterms Zy and Z3 of the electron and photon fields.

According to (43), the S-function represents the rate of change of g with
respect to p. A positive sign for the G-function indicates that g increases at
large momenta and decreases at small momenta, and inversely for a negative
sign of #. Therefore the S-function, in particular its sign, is of great impor-
tance for the evolutionary behavior of the coupling. Before looking for the
solution of (42), let us see how we can compute the - and ~-functions.

15.2.2 Calculation of the 3- and ~-Functions

In free field theory without interactions (¢ = 0, Z = 1), the 8 and  functions
obviously vanish. If the interacting Lagrangian represents a finite theory,
i.e. if all loop integrals were finite, then the renormalization group equation
(42) is trivial and empty. Since Z is finite, we do not need regulators and
the presence of yu is superfluous. For a finite theory, Z(u, go) and g(u) do not
depend on p, the CS functions are also identically zero.

This observation clarifies the role of counterterms, since nonzero (- and
~-functions appear when the theory, although not primitively finite, is renor-
malizable by the absorption of the counterterms. The infinities encountered
in loop integrals turn out to be providentially useful. The counterterm Z and
consequently the dimensionless g are now functions of p and of the regulator
4 —n = ¢; the latter can be replaced by a large mass scale A [the equivalence
between the pole 1/¢ and log(A/u) is explicitly written in (15)]. In fact, since
the function Z is dimensionless, its dependence on g must be through the
ratio A/u, more precisely through log(A/p).

The S-function is obtained from (39) and (43) by taking the derivative of
9 = 9o Zepi () with respect to . We immediately recognize that via the ratio
A/, the dependence of Zgp on A is essential. To compute the S-function, it
suffices to keep only the A dependence of the Zs , i.e. only their UV divergent
parts; their finite terms are irrelevant. Note that whereas Z ~ log(A/u) is
divergent, the derivative of Z is finite, so too is the [-function. Let us write

0 0 A
(,u o +A 8_A> log e 0, (15.46)
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We have from (39)

0 A 0 A
B(9) = go b5~ Zepi(—, 90) = —g0A 5+ Zepi(—, g0)
8 ’ K go,A fixed oA P Hw 9o, fixed
8 A
= log|Z. ; 15.47
Agg loelZen (o0l (15.47)

using g dlog Zep1 = go dZcp1. With Z =146 and logZ = 9, i.e. to lowest
orders in g for the S-function, we get from (39) and (47)

0 ~
B(g) = —g A(?_A —log Z1 + % ZlOchxc

ext

B}
_gu%l 611, g) + 225cxt,ug] . (15.48)

ext

The existence of 3 and its dependence on the renormalized coupling g are
due to the renormalizability of the theory. When the cutoff A goes to infinity,
Green’s functions remain finite when expressed in terms of the renormalized
parameters, in particular of the renormalized coupling g. Since the CS func-
tions [ and v are finite, they cannot depend on the cutoff A, hence they
cannot depend ezplicitly on p via the ratio A/u; they depend only on the
dimensionless renormalized coupling g, and implicitly on p via g(u).

The CS function v;(g) defined in (44) for each field ®;, can be similarly
obtained by

vi(9) =1 % 6 (1, g) - (15.49)

In brief, the computation of the 3- and y-functions reduces to the calculation
of the vertex counterterm Z; and the field-strength counterterms Zoyy.

One-Loop (- and y-Functions in QED. As the first illustration, let us
compute ((e) and y(e) in QED. From (48) and e = eg Z2\/Z3/ 71,

Ble) =ep 3(1 [ 0+ = (252 + 53)] . (15.50)

We have already computed the d; of QCD in Chap. 14 and given it in (14.41).
We now get the d; of QED by a simple substitution:
A2

2
Sl e and T (2 - g) ~ 2 el (15.51)

As for 01 and J3, they are given by (26) and (15) respectively,

2 2 2 A2

—e A . —e .
10g +(ift) , 3= 5.2 10g + (ift),
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where (ift ) means ‘irrelevant finite terms’. We get from (50)

d(363) 0 [ —e? AQ] +e3

_ BRI B PN Ll I 15.52
Ble) =e ou e“au 2472 Og,uQ 1272 (15.52)

To check that the pole T'(2 — %) can be identified with log(A?/4?) in (51),
we directly compute 3(g) from the §’s which are written in terms of I'(2 — %)
without passing by the cutoff A. With (14) for QED,

AR
ds(p) = WMT% + (ift), (15.53)
B o [-e2T2-3)] —¢ 4 n +e3
ble) =enzy [247r2 2> % ] = 2472 [(_2> WTE =) = e
Similarly, we obtain v; via (49):
o[- T(2-5%)] € e
Y2(e) = /L% [WW] T2 v3(e) = Gn2 (15.54)

As expected, the positive sign of ((e) results in an increase of the running
charge with energy.

15.2.3 Running Coupling from the Renormalization Group

Now that we know how to compute the - and ~-functions, we go further
by looking for solutions of (42). In fact, we obtain a relation connecting the
Green’s function evaluated at two different scales p; and pe, valid for all
perturbative orders (but limited only to the leading logarithmic terms).

The CS equation is an exact consequence of the renormalizability of the
theory. An amplitude computed perturbatively to a given order does not
in general satisfy (42), therefore the renormalization group equation may
complement perturbative calculations, and can be used to ‘improve’ them.
We first give the solution of (42), the demonstration will follow in the next
subsection.

We start with an amplitude A(p;, g) evaluated at the momenta p;. Then
at a different scale np; of the momenta (7 is an arbitrary number), the
amplitude A(n p;, g) is related to the initial A(p;, g) by replacing the constant
¢ with the running g(¢):

AW pi,g) = Alpi 3(1)) exp ( / (2] dt/) , where t =logr, (15.55)

where the running g(t) is a solution to the equation

dg(t
% = ((g) , with the initial condition g(0) =g . (15.56)
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In this form, (55) is easy to interpret. The effect of rescaling the momenta
p; in the amplitude is equivalent to replacing the coupling g by the running
coupling g, apart from an overall multiplicative factor represented by the
exponential of ¥(g). The latter will be defined later. So the most important
quantity is the running coupling g(¢) which can be computed from (56), once
the g-function is known.

We now discuss the physical implication of the solution (55). If n ~ O(1),
t ~ 0, (55) would essentially be the ordinary perturbative evaluation of the
amplitude. On the other hand, if > 1, the replacement of ¢ by g(¢) in
(55) is a powerful method which tells us how to sum large logarithm terms
of the amplitude. Indeed, in many circumstances, the Feynman perturbation
series depend not only on g but also on the product ¢" [log (p?/u?)])!. Even
when g is small, but log (p?/u?) large, the perturbative result is not reliable.
The result (55) of the renormalization group equation solves this problem
by reorganizing the dependence of the amplitude into a function of the run-
ning g and an exponential scale factor. The separate criteria ¢g? < 1 and
g*log (p?/pu?) < 1 — which could fail in conventional perturbation theory
when large logarithm factors appear at each order — are saved if g°(p?) < 1.
This running coupling g(p?) enables us to sum the leading logarithm terms
of Green’s functions to all perturbative orders, as illustrated in Fig. 15.10.

2 2\ 12
I {g g p e I 1+b g% log(£z) I

Fig. 15.10. The meaning of gas > gt [log(ﬁ—i)]” through the SB-function

The fact that the above equation is a geometric series in g2 log(p?/u?),
reminiscent of (38), would be impossible to verify by a direct calculation of
Feynman diagrams, while it is an elementary consequence of the renormal-
ization group equation, as we will see later.

The exponential factor of ¥(g) in (55) also has a simple interpretation.
It represents the accumulation of the field-strength rescaling from p to the
actual momentum p at which the amplitude is evaluated.

15.2.4 Solution of the Renormalization Group Equation

We first remark that the Green’s function, which is built up from coupling
constants, masses, external fields, etc., has the dimension (mass)d, where d
is the canonical or ‘naive’ dimension. For instance the naive dimension of

the strong coupling gs in QCD is d = 0, a fermion field has d = %, a boson
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field has d = 1. A two-point Green’s function of the photon field II#¥(q)
in (2) has d = 2. Its amputated two-point Green’s function, or the photon
propagator, has d = —2. A QED three-point function has d = —4; when the
three external propagators are removed, it has d = 0.

Next, to cast (42) in its most useful form, instead of varying p and fixing
pi, we change p; into np; (where 7 is an arbitrary large number) and keep
fixed in the Green’s function G(p;, i, g). One may always write

pi
G(p’ba,uag) = :ud F (ZaQ) )

where F(p;/u,g) is an arbitrary dimensionless function, and the naive di-
mension u? of G(p;, i, g) is explicit. For instance, the d = —2 propagator
i/p? can be written as

i #72;
p? (p/w)?”

and so on for other Green’s functions. Next, we have

Pi
G(npi p,9) = p'F (n W g) - (15.57)

Since the dimensionless F' depends on 7 and p only through the ratio n/p,
we can check from dimensional analysis that the following equation holds:

0 0 Di )
—4np=—| F(n=,9)=0. 15.58
[ﬂ o 77877] (nu g ( )

This familiar equation is already seen in (46). Combining (57) with (58) and
putting ¢ = logn, one finds

0 0
_u@ﬂtg—d] Gnpi,p,g9) =0,

the substitution of the above equation into (42) gives
[0 0

E B(g) 95 7(9)] Gnpi,p,9) =0, (15.59)

where J(g) = d+ £7(g), the 3(g) is called the anomalous dimension since the
amplitude has no longer the canonical naive dimension d. To find the solution
to (59) with two independent variables ¢t = logn and g, let us consider a
similar differential equation with two variables ¢ and z of a function D(¢, x),
where the initial condition D(0, z) is given. Thus
0 0 B
[g — B(z) 3_x] D(t,z) = R(z)D(t,x) . (15.60)
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The solution to the inhomogeneous differential equation (60) will immediately
follow from the solution to the corresponding homogeneous equation. To find
it, we first introduce a new variable g(¢, z) obeying

dg(t, =)
dt

= ((g) , with the initial condition g(0,z) =z . (15.61)

Then we integrate (61) with respect to ¢ and get t = ff(t’x) dy/B(y) . Next,
we differentiate both sides of the above equation with respect to =z,
dt 1 dg 1 dg

—0= — B@) L = 5@

a L _ 4
dz Ag) dz PB(x) -

dt’

which shows that, in addition to its own equation (61), g(¢, ) equally obeys
the homogeneous equation

[% — B(z) %] g(t,z)=0. (15.62)
Once §(t,x) — which is the solution to the homogeneous equation (62) — is
known, the solution to the inhomogeneous equation (60) can be derived by
replacing in the initial function D(0, x) the argument x by g. After this re-
placement, the result is multiplied by an exponential of R[g(t', )] integrated
from 0 to t. We have

D(t,z) = DI[0,g(t, x)] X exp (/0 R[g(t’,@]dt’) . (15.63)

By the substitution g < z, ¥(g9) < R(z) in (63), the solution (55) of the
renormalization group equation (42) is then obtained.

The QED Running Charge g(t). Once (3(e) is known, we determine
the running coupling &(t) of QED by solving (56) with (52):

de(t 3
219 = 3(e) , where fB(e) = 1‘;7
The solution is
de(t) _dt IR B | :—_t_>€2(t): 22(0)
e(t) 1272 eX(t) €*0) 672 1—-22(0)t/6m2 "’
tem(q?) =" for ¢ > u? | t=logn=logT, (15.64)
1 — Qem 10g(z—2) Iz

and we recover our previous result (38) if we identify y? with Cm?.



15.3 One-Loop Computation of the QCD (3-Function 529

15.3 One-Loop Computation of the QCD p-Function

We have seen in (50) that the S-function of QED is derived from the divergent
counterterms Z; (the electron—photon vertex), Z2 (the electron self-energy),
and Zs (the photon self-energy). Since the first two terms cancel each other
by the Ward identity, only Z3 contributes to the QED pS-function. In the
non-Abelian QCD case, with quark and gluon replacing electron and photon
respectively, all of these three terms contribute. Thus from (48)

) 1
Bacp(gs) = X =01 () + 0q(p) + 55g1u(u) . (15.65)

When we compute these d(u) functions separately, they depend on the gauge
parameter ¢ of the gluon propagator, however their ¢ dependences cancel
each other in their combination (65), so that 5(gs) is gauge-independent as
it should be. As in Chap. 14, we first use the £ = 1 Feynman—'t Hooft gauge,
then step by step show that the final result for Sqcp(gs) is independent of €.

15.3.1 Quark Self-Energy Counterterm Z,

The quark self-energy X(p) is given in (14.23) and its derivative éq = Zq — 1
at ¥ =m in (14.41). We now rewrite Jq as

—q2 re-2) —g2 [N2-1]T(2-%)
9s 2 9s c 2
= NC = 1 .

11) = 1oz CalNe) — = = 15 [ o ] o (15.66)
For a general ¢ gauge, in fact, we get
2 2 n

) = 15.67

q(ﬂ) 167T2 |: 2Nc §:| ,UJ47n ’ ( )

which tells us that in the Landau gauge (£ = 0), d4 vanishes at one-loop level.

15.3.2 Quark—Gluon Vertex Counterterm 7;

For the quark—gluon vertex Z;, there are two diagrams, and not only one as
in the Abelian QED case. In addition to Fig. 15.11a — for which the external
as well as the internal photons of Fig. 15.1a are replaced by gluons — there is
one more graph shown in Fig. 15.11b.

Fig. 15.11a, b. §; from quark-gluon vertex function
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The expression of the vertex function (Fig. 15.11a) can be directly ob-
tained from (14.2), with a single modification: the v*(1 — 75) in (14.2) is
now replaced by —i gs v*T;, where T; = %)\i. Because of this additional color
matrix T;, the Casimir operator 7;T; in (14.3) is now replaced by

TiTy — T; 1Ty = TiTTi + Tj[ T3, Tj) = Co(Ne) Ti +17T; fijuTh
Ne-1

2N, §NC] g

= Co(N)T; +1 fiji [51fimTi] = [

such that, after including the factor —i gs, the overall substitution is

4 N2-1 o [NZ2-1
_ g,
3~ 2N,

4 SN %Nc:| T, . (15.68)

This substitution tells us that the I'*(p2, p3) obtained previously in (14.11)
and (14.12), in particular its divergent part associated with T'(2—2) of F1(¢?),
can be immediately adapted to Iy (p',p) of Fig.15.11a by the substitution
(68). We denote it by I's (p’, p)l|aiv, where

2 2 2 n
. gs N -1 (n—2) re-2)
LA p)| g, = —ig7"T, { 2 [ - %NC] —

(47)2 2N, 4 w
2 2 n
. s Nc —1 1 F(2 B 5)
= —1gsﬂ>/'uﬂ { 1672 |: 9N, — §NC:| W . (1569)

Like (53), the denominator [—m?(z + y)? + q2xy]27% in (14.12) is simply
taken as (u2)*~2 = p*~™, since only the divergent part is needed. For later
use, we keep n # 4 in the factor I'(2 — 2)/u*™", because we will take its
derivative with respect to p to get the S-function.

The diagram of Fig. 15.11b is given, always in the Feynman—'t Hooft
gauge £ =1, by

d*pP i(P+m) —i —i

Th(p',p) = i g5 7 Th) gt (—i 957, T

B(pap) /(27‘()4( 19s7 k)PQ_mQ( 19sp J)(p_P)Q(P_p/)Q

(=9s fisi)lg"?(a—p+ P)' + g (p+p" —2P)* + g"* (P —p' — q)’] .
With fijka Tj =—i %NCE, we have

— S d"P v, (P + m)y, THP(p',p, P
F‘é(p’,p):—chn/ _ 72(}2) : e 2(p P /)2,
2 (2m) (P2 —m?)(p — P)2(P —p')

TP p, P)=[g"(q—p+ P)" +¢" (p+p —2P)* + ¢"* (P —p' — ¢)"] .

(15.70)

To compute the divergent part of I (p’, p), i.e. the coefficient of I'(2 — %), we
only need the quadratic power of the integration variable P in the numerator
of (70). This is found to be

(w Pp) 9" P” =297 PV + " PP] = 2P 4" +2(n — 2)  P" .(15.71)
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After writing the product of the three terms in the denominator of (70) as
an integration over the auxiliary Feynman variables z and y and using (71)
in the numerator, we finally get for the divergent part of [ d™P,

: 1 1—x 2 —1I(2-12 m R NO
ln/dx/ dy (- T3y - — 312 (47712)7#.
(4m)2 Jo 0 [m2(1 — z —y)? — ?zy]* 2 1672

Like (53) or (69), the denominator [m?(1 — z — y)? — q2xy]27% is taken as
p*~™ for the divergent part. With (70), we obtain

2 n
. g5 3NN\ T'(2-3%)
TPl = _lgﬂ#Ti{lﬁﬂ ( 2 ) S (15.72)

The QCD vertex function I'qp (¢, p) is the sum I (p, p) + T (p', p). By
definition, the QCD counterterm (—igsy*T;)d1 is used to cancel the diver-
gence of the vertex function Fch (', p), just as the QED counterterm iey*d;
of (22) was used to cancel the divergence of ieI'“(p’, p) in (23). Note that the
factor (—igsy*T;) already appears in (69) and (72). Thus

—igy" Ty 61 + TR (0, p)| gy + TH@ )| 4o =0,

from which we get

2 N2 n
= N, . 15.
01(p) 1672 | 2N, + ] A (15.73)
In the most general gauge parameter £, one finds
2 N2 n
—9Ys ]\]c_1 1_5 F(2_§)
= 1— N, . 15.74
) = 1 | S (105 — (1574

From (67) and (74), we notice that 0, is not equal to Jq as it is in QED.

15.3.3 Gluon Self-Energy Counterterm Z,

The self-energy of the gluon field, 6,14, remains to be evaluated. Its calcula-
tion is more involved and the corresponding diagrams are shown in Fig. 15.12.
The three diagrams Fig. 15.12a—c are evaluated from the Feynman rules given
in Chap. 8 for QCD. These rules which only involve the ‘tree’ diagrams do
not apply to Fig. 15.12d.

We are already familiar with Fig. 15.12a. Except for the additional
SU(3) color matrices T; and T} at each point where a gluon is attached to the
fermionic loop, this diagram is identical to the photon self-energy computed
in (2). We have

of d4p . i . i
i (q) < (‘U/WTY [(—lgs”Y”Ti) P—m (—igsy"T}) P—d—m
(15.75)
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So ITY"(¢q) and the corresponding QCD counterterm of Fig. 15.12a, called
5§1u (1), can be directly taken from (6) and (14) by including the trace factor
Tr[T; 1] = %5”-. Since there are N flavors of quarks in the loop integral —
all in the fundamental SU.(3) representation — their contributions must be
summed up and it results in a multiplicative factor N;. Below the threshold
of heavy quarks, Ny = 3, if we only count the u, d, s light quarks. For higher
energy, Ny = 6, which includes ¢, b, t quarks. From (6), the divergent part
of I (q) is

v 0y [—g2 T2~-3) y ,
1Ty (‘ﬂ’div = Ny 7J [12#2 (/L)Ti (g™ —q"q") . (15.76)

From (14), we deduce

Nt [—g2 T2 %)]

5§1u('“) Y [12#2 ()

Fig. 15.12a—d. dgu from gluon self-energy

The next three diagrams Fig. 15.12b, ¢, d are typically non-Abelian and
absent in QED. The diagram of Fig. 15.12b does not contribute to dg1y; this
can be seen by considering the degree of divergence of the corresponding
integral which is quadratic and not logarithmic. Indeed, besides the four-
gauge-boson coupling constant, the relevant loop integral of Fig. 15.12b is

dnk d"k . T2-3)
F:g%/mwg%v g 0frn>2. (157

we need the coefficient of I'(2 — ). It is v™ 2 which
(1),

To compute 68 5

glu
vanishes as n — 4, then 5?114(#) =0.
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With the same convention as in (75) for +iIl}”(g), the gluon self-energy
+HIIE (q) of Fig. 15.12c is obtained using Feynman rules:

a1 [ dE - i U
H# ( ) 2/ (ZW)Hﬁ(q_Fk)Q (_gsflml) (_gSmel)N# (kaq)a

where N"(k,q) = [¢"* (¢ — k)" + ¢°7 (2k + @) + ¢ (=k — 29)"]
X [0% (k — q)p + gap (—2k — q)” + 85 (k +29)a] , (15.78)

the factor % in front of the right-hand side of the above equation is due to

two identical internal bosons in the loop. We find
N™(k,q) = — g" (2k + 2k - ¢ + 5¢°) + (6 — 4n) k" k"
+ (3 —2n)(k*¢" + k"¢") + (6 — n)g"q”
After introducing the auxiliary variable z for the product k=2 (¢+k)~2 in the

denominator of (78) following Feynman, the [ d"k integration can be done,
using formulas in the Appendix. Together with fimi fimi = Ne di5, we get

pv _ N 51] _%) ny 2(1 — 2 F(l_%)
e (a) = qm_@]u{?’” (0= el = D))

+q2g‘“’[5 —2z(1—2)] —q"¢" [6(1 —z4+ 3:2) —n(l-— 23:)2] } .

Using (1 — 5)I'(1 — §) =T'(2 — %), we finally obtain

ny 7gs2Nc51J ! T F(2_2) 2 v §_(47’L—5)$(1—{E>
e (q) = =——=~ /Od el {qg [2 B ]

+q"q” [g(l —22)? =31 -z + 3:2)] },

gs2Nc5ij [9 2 “”_qu‘ql’] F(2_%) .

=g L=
C (q)’dw 1672 12(] 9 6 Iu4fn

(15.79)

For the most general £ gauge, we have for II¢ (¢)|div,

2 n
9s Ve 5ij 19 2 pv 11 wov 1 _5 2 uv wov F(2 — 5)
9s Ne 0ij ['119 = . - =32} (15
16,2 {[12q g G711 > (g q"q") i (15.80)

Gauge invariance of QCD implies that the gluon self-energy, like the photon
self-energy, must satisfy ¢, II""(q) = ¢, II"(¢) = 0, i.e. it must have the
structure TI* (q) = (¢%g" — ¢*q”)11(¢?). However, in contrast to (76), this
structure is not found in (80) for II"(¢). There must exist something new
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in the Feynman rules for non-Abelian theories when pure gluons in loops are
connected to external gluons, as in Fig. 15.12c.

A systematic solution of this problem is referred to as the Faddeev—
Popov (FP) prescription, according to which contributions of fictitious scalar
particles obeying Fermi statistics, called FP ‘ghosts’, must be included. They
only appear in closed loops with a minus sign. These color-octet ghosts couple
only to gauge bosons and not to fermions. Their Feynman rules (propagator
and coupling) are indicated in Fig. 15.13. The two-ghost—two-gluon four-
point vertex does not exist. We will come back to ghosts later.

ik J njﬂ ¢
""""" IIAVAVAVAV Vs

i5ik/P2 gsfijkP,u

Fig. 15.13. Feynman rules for FP ghosts (dotted line) coupled to gauge boson

According to this rule, the FP ghost contribution (Fig. 15.12d) to the gluon
self-energy is

o def ki i .
I (@) (1) [ g T age i) (i) (4 DR

With fiim fmji = —fimi fjmu = —Nc 65, and using formulas from the Ap-
pendix,
v 2 N 51 z(l-z)I'(2-3) ,IT1-3) ”
I (q) = : / =1 [5(129“ ra_n) 1
[¢%2(1 — x)]"" 2 2
Nc oij g™  ¢"¢"]T(2—-3)
i g =% J 2 15.81
D ( )’dw 1672 [ 12 6 Iu4fn ( 5.8 )

Adding (80) to (81), gauge invariance is restored in the sum I (¢) + 115 (¢):

2 n
v v g Nc5ij 5 1_5 F(2_§) 2
- . = 2 Byl vy
B+ T @l = e |54 1 55 e @ - )

When the above equation is added to IT}”(¢) in (76), we obtain the divergent
part of the gluon self-energy described by the four diagrams of Fig. 15.12 in
its totality. Thus,

2 n
” g5 0i; 5 1-¢ 2 re-2)
I ()], =22 (2 4+ —= ) Ne — =N | ——22 (6% g™ — ¢*¢”
gluld )’dlv 1672 [(3 + 2 gt A (g q"q") ,

from which we get

2 _n _
Sgu (1) = 1ng2 % K§ + 5) Ne — 21\&] : (15.82)
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15.3.4 The Running QCD Coupling
Plugging (67), (74), and (82) into (65), we obtain

Blgs) = 9. (EN —&> : (15.83)

1672\ 3 °° 3

As announced, the gauge-dependence ¢ disappears in (3(gs) when the vari-
ous contributions of (67), (74) and (82) are added. Furthermore, for Ny <
(11/5) N, i.e. for the number of quark species less than 16, the Callan—
Symanzik [-function is negative, then according to (43) the running cou-
pling decreases for increasing energy, and so QCD is asymptotically free.
The counterterms Z; that we have computed are summarized in Table 15.1.

Table 15.1. Coefficients of the counterterms at the one-loop level

Coefficients QCD : 1252 log 2—2 QED : 1;:2 log 2—2
01 (vertex) —I\S\;lf — (1 — %) N¢ —£

02 (fermion) — I\S\;lg —£

03 (gauge boson) (% + 1775) N, — %Nf —% Ne(1+ %NC)Jr

1 from e™ | 5= (%)2 + (*Tl)2 from u, d quarks

From (48) or (65), we infer a general rule: a negative d; just as a positive
Jext (02 and d3) would render the theory asymptotically free. Their roles
can be seen in Table 15.1. A glance at the various coefficients §; reveals
that the negative sign (—1)N, in 6, and the positive sign (+3)N, in d5 are
mainly responsible of the asymptotic freedom. This is due to the gluonic
non-Abelian character of Fig. 15.11b and Fig. 15.12c. On the other hand,
due to the fermionic loop in Fig. 15.12a, the minus sign in —(3)Ny of d5 is
the main obstacle for QCD or the Abelian QED to be asymptotically free.

Finally, we remark that for the pure Yang-Mills gauge fields, e.g. QCD
without quarks, the corresponding (3(gs) can be obtained from Fig. 15.8c.
This has no equivalent in QED, and is computed according to

) . 3.
ﬁ(gs):gsu@ —Af (1) + 50 (1)]| (15.84)

where Z8"™ = 14+ A" is the three-gluon loop vertex counterterm derived from
the diagrams of Fig. 15.14. Only pure gluon fields, and not quarks, come in
Z&M. The O (1) is taken from (82) but without the Nf term, i.e. without

Fig. 15.12a .
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ot

. . lu
Fig. 15.14a—c. Loop diagrams of the three-gluon vertex Af

(c)

The easiest way to understand asymptotic freedom is by considering the
magnetic screening properties of the vacuum.? In a relativistic theory (with
natural units ¢ = 1), the dielectric constant ¢ is equal to 1/p where p is
the magnetic permeability. In QED, all media are diamagnetic, i.e. p < 1.
The origin of the diamagnetism may be understood by the Lenz law: The
electrically charged particles in response to an external magnetic field will
set up a current which itself induces a magnetic field that acts to decrease
the external magnetic field. Then € > 1 which implies the screening effect.

However in non-Abelian QCD, paramagnetism is possible. Gluons are
color charged particles of spin one, they behave as color magnetic dipoles
that align themselves parallel to the external chromomagnetic field, thus in-
creasing its magnitude and producing pcolor > 1, hence the color charge is
antiscreened with €010y < 1. We can therefore regard the QCD vacuum as a
color paramagnetic medium, and asymptotic freedom arises if the antiscreen-
ing due to gluons overcomes the screening due to quarks.

On the other hand, as one goes toward the infrared low energy regime,
Ecolor — 0, the effective coupling strength would diverge. This would cause
an effect similar to the QED Meissner phenomenon in which the magnetic
field is repelled by the superconducting material. In QCD, it would be the
chromoelectric field that exhibits the Meissner effect. This in turn would
squeeze the chromoelectric lines of force between a quark and an antiquark
into a narrow tube, and furthermore, the energy of the tube, i.e. the quark
potential V(r) would increase proportionally to the distance r separating q
and q. This suggests confinement of quarks and gluons.

Now the QCD running coupling can be obtained by putting (83) into
(56). Exactly as in (64), the solution for gs(¢?) and as(q?) = g2/4r is

o2 11 2
as(q?) = ) ith b= 2N = 2y (15.85)
14 by 2 Jog £ 3 3

2 Nielsen, N. K., Am. J. Phys. 49 (1981) 1171; Hughes, R. J., Nucl. Phys.
B186 (1981) 376.
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Since bg is positive with N, = 3 and N; = 6, the strong coupling a(q?) de-
creases with growing g2, in opposite direction to the electromagnetic coupling
@em(q?) as given in (64). Also in contrast to QED where aepm(0) can be di-
rectly measured, for QCD the corresponding Thomson limit is not accessible:
at g2 = 0, the strong coupling g is very strong. The solution (85) only gives
us the evolution of the running coupling as a function of ¢2, but the absolute
value of oy at a certain fixed value of ¢2, i.e. the constant of integration of
the differential equation (56), must be determined by experiment.

A conventional choice is to introduce a mass parameter Ay which pro-
vides a parameterization of as(q?). By defining Agg  as follows, one can
rearrange (85) in a simple form:

- 2
bo log(q/Asrg)

Experiments (Fig. 15.15) yield a value of Ay ranging from 150 to 250 MeV,
and perturbative QCD theory is valid when ¢? is much larger than Ai/[_s'

bo 1%
1= 9528? log — = as(q)

for ¢ > Az . (15.86)
Asts

Depending on ¢?, the number of the quark flavor Nt in by is taken between 3
and 6. For instance, at the 7 lepton mass (N; = 3), then ag(M;) ~ 0.37, and
at the Z° weak boson mass (N; = 5), as(Mzo) ~ 0.12. On the other hand,
the strong interaction becomes strong at distance larger than 1/Ags which
is the size of the light hadrons.

—~ 05—
~ L *
(@] H Nf=5
‘gn R ST PTree A=350MeV % GLS(CCFR)
A=250Mev O R
#* m-yy (CLEO)
0.4 r T __________ A=150MeV & QQstates
I "'. A =100 MeV £ bbstates
o Y(1S) (CLEO)
[ ® e'e —jets
I A scale viol. (ALEPH,DELPHI)
03 * B r(z’-had) (LEP)
[ -\ : ¥ ep - jets (H1,ZEUS)
r \\ .\.
e,
N AN
N

025 D

0.1 -

Fig. 15.15. Various measurements of as(Q) from Yamauchi M., Proc. 17th Int.
Symp. on Lepton-Photon Interactions, 1995 Beijing (ed. Zheng Zhi-Peng and
Chen He-Sheng). World Scientific, Singapore 1996 (Courtesy Masanori Yamauchi)
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As an immediate application of (86), let us illustrate the implication of
the CS equation for the QCD corrected decay rate I'(7~ — v, + hadrons).
In (14.84), we have computed this quantity which depends on g, the latter
must be defined at some scale . This is in contrast to aem naturally defined
by on-mass-shell electron and photon, which is impossible for quarks and
gluons. CS equation allows us to avoid this problem.

Since TI'(M;, i, s) = I'(T~ — v; + hadrons) is a physical measurable
quantity, it is independent of any scale p and therefore obeys

Bt Blgs) | DM ) =0 (15.87)
I 995
Such physical quantities change only because of their dependence on the
coupling constant and the renormalization point, and so satisfy (87). The
corresponding CS functions  are not present for physical quantities whose
normalizations Z follow from their definitions.

On dimensional grounds, we can write I'(M, p, as) as FOF(%, as). The
above equation tells us that the dimensionless F' depends on its arguments
only through the running coupling constant as(u) evaluated at = M,. This
allows us to replace in (14.84) the fixed as with the running coupling constant
as(M;): ToNe [14 Lag(M,)] .

15.4 Ghosts

The appearance of ghosts in Fig. 15.12d and the corresponding Feynman
rules in Fig. 15.13 at first sight seem to be entirely ad hoc. It is not so. At
the origin, ghosts represent a prescription proposed by Faddeev and Popov to
cure some difficulties encountered in the quantization of massless gauge fields
(see Chaps. 2 and 8), whether the gauge symmetry is spontaneously broken
(electroweak) or not (QCD). The problem has to do with the redundant
degrees of freedom of the gauge field A4,,, its polarization vector ¢,, has only
two transverse physical components (see Sect. 2.5), whereas all of its four
components are treated covariantly in the quantization. This redundancy is
common to both massless photon and gluon fields; it must be removed.

15.4.1 The Faddeev—Popov Gauge-Fixing Method

To quantize these fields and to single out their essential difference, one could
adopt the functional path integral formulation which is not used in this book,
but some rudimentary notions would be useful. In this formalism, the key
ingredients for the quantization are the functional integrals

/ DA, exp (iS[A,]) for QED |, / DA/, exp (15[A]]) for QCD, (15.88)

where S[A,] and (S[AJ]) are the actions of the photon and gluon fields

S[A,] = / diz [~1(F,)?] . S[Ad] = / die [~1(F3,)% .
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A, j=1---8 are the gluon fields in the adjoint representation of the SU(3)
color group. As explained in Chap. 8, the transformations, parameterized by
an arbitrary function w(x) [w’(x)] applied to the field A, (z) [A], (2)]:

Au(e) — Ay(r) 4 0(0) = L) |
or A (r) — Al () + 0w (z) — gs f”kAft(x)wk (z) = A'|w](=) , (15.89)

leave F),,, (F},,) and the actions unchanged. We can use the freedom of adding
an arbitrary w(z) [w'(z)] to A, [A},] to make the latter satisfy some relations.
Choosing A, (AL) to satisfy some conditions is called fixing the gauge. In the
functional integrals (88), we redundantly integrate over an infinite number
of physically equivalent gauge field configurations A, (A7,). Without fixing
the gauge, we overquantize unphysical variables. We must remove the redun-
dancy by some gauge-fixing conditions in the course of quantization. To count
each configuration only once, Faddeev and Popov use a constraint G(AJw]) =
0 as a gauge-fixing condition. For instance G(A[w]) = 0" A,, — h(x), where
h(z) is an arbitrary function and h(z) = 0 is the familiar covariant Lorentz
gauge condition [see (2.140) for QED]. A similar condition applies to the non-
Abelian A*[w] field, cf (8.61), (8.118). We could force the integral to cover
only the configurations satisfying G(A[w]) = 0 by inserting a delta functional
d{G(A[w])} in (88). This functional change implies that a Jacobian factor
(which is the determinant det &‘2}‘”])) enters into the integrand. We omit
the Lorentz index p and the color index ¢ to simplify the notations. Since

1= /Dw(x) H{G(Aw))} detw , (15.90)
equation (88) can be rewritten as
/Dw /DA exp(i S[A]) 0{G(A[w])} detw . (15.91)

Now in the above functional integral, the only difference between QED and
QCD is that in the former, the 0G(A[w])/0w is independent of the field A,
whereas the corresponding dG(A%[w])/Ow of the non-Abelian case depends
on the field A? because of the third term f“*AJw* in (89).

In the Abelian case, we can factor the determinant of G (A[w])/0w out
of the functional integral [ DA and use a Gaussian function (weighted by
an arbitrary finite number &) to integrate exp(i S[A]) 6{G(A[w])}, the result
of the integration yields a term (1/2£)[0"A,]? to be added to the original
Lagrangian —(F,,)%. This (1/2£)[0"A,)? term coming from §{G(A[w])}
gives rise to the propagator of massless gauge fields obtained in Chap. 8. This
propagator, which depends on an arbitrary gauge parameter £, is common to
the photon and gluon:

—i nro_ (1 — 5) q"q”
q2 + ie q2
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Now comes the crucial difference between the Abelian and the non-Abelian
cases. For the latter, because the determinant depends on A}, it cannot be
put outside [ DA, therefore, after the integration has been done, we obtain

a new term in addition to (1/2¢) [0*A/,]*. This new term is
5 (=0% 6" + go f1Ik 51 AL)SF (15.92)

where s! is a scalar field obeying the anticommutation rule, like a fermionic
field, hence the name of ghost. This object is a representation of

0G(A'w])

det
¢ Ow

=det (0" D,) where D,w' = 0,w" — gsfijkAfka

:/Ds D3s exp [i/d%:E(—(?”D# )s|

using the general Gaussian integral formula involving a Hermitian matrix X
with eigenvalues x;:

detX = JJai = (H / d0§d9i> exp [—:07 z; 6]

The functional integration variable # must be a Grassmann (anticommuting)
function; if we use an ordinary commuting function, we would get the inverse
of the determinant, (det X)~!, and not det X. This may be seen by observing
the generalization of the one variable integral [ dz exp[—Az?] = \/7/A:

(detX)™ =C / DODP* exp|—P*XP|

where ® is a complex scalar field with N components. Feynman rules are
derived for closed loops of ® fields, each loop goes with a factor N. Since
we want N to be —1, our closed loops will go with a factor —1, just like the
rules for fermions.

The kinetic term 92 §¥5's* in (92) gives rise to the ghost propagator,
whereas the second term g, f7*5" §#AJ s* represents the gluon-ghost-ghost
vertex; both are displayed through the Feynman rules of Fig. 15.13. Ghosts,
derived from non-Abelian gauge fields, only couple to the latter and only
appear in loops; they do not exist as external free particles. Because of
the self-interacting three-boson coupling which is typically non-Abelian, the
ghost term (92) occurs not only in QCD but also in electroweak interactions.

In the above discussion we considered only massless gauge fields. When
these fields become massive through the Higgs mechanism, their quantization
is similar to the massless case, and ghosts are also present.

Absent at the tree level, the elastic photon—photon scattering and the
decay Z° — 3 photons are pure loop effects (Fig. 15.16). Because of the
non-Abelian YWHTW~ and Z°W+W~ couplings, ghosts appear in the loops
of y ++v — v+ and Z° — 37 processes. They are massive and charged.
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(a) (b) (c)

Fig. 15.16. Contributions to 4y — 7 scattering: (a) fermion box; (b) W-boson
box; and (c) ghost box

15.4.2 Ghosts and Unitarity

We have seen that ghosts restore the gauge-invariant structure —q?g"” +q*q"”
of the gluon self-energy TIj (¢). Next, ghosts arise from the Faddeev-Popov
gauge-fixing quantization by path integrals. Now we show that ghosts are
even more indispensable. Without them, unitarity would not be satisfied,
which would be as disastrous as a nonconservation of probability.

The amplitude of any physical process computed to some perturbative
order must satisfy unitarity to that order. The requirement of unitarity for
the S-matrix operator S ST = ST S =1 or > San Spp = dab, implies that
the matrix element of the operator 7', defined by S =1+ 17T, satisfies

2 Im <b|T|a>:Z/dpj<b|T|j><j!T*!a> !

where dp; is the phase space of the intermediate state |j). The imaginary
part of the scattering amplitude (a | T |b) is directly related to the sum over
the products of physical amplitudes connecting any intermediate state |j)
to the initial state |a) and the final state |b). For a two-body — two-body
amplitude, the unitarity constraint is expressed as

2ImAk+ K —p+p) = Z/H%@w)%‘l([qﬂ —k—k)

X Ak +E — [g;]) A"(p+p" — [g5]) (15.93)

where [g;] collectively denotes momenta of the intermediate state |j). In the
particular case of two-body forward elastic scattering k = p and k' = p/,
the right-hand side of (93) contains a squared amplitude |.A|?. To calculate a
cross-section from |.A|?, we must include the kinematic factor S/4F according
to (4.54). When we multiply this kinematic factor by both sides of (93),
we obtain the optical theorem relating the imaginary part of the two-body
forward elastic scattering amplitude to the total cross-section oo for the
production of all states. Thus,

ImAepas. (k + & — k+ k') = [2Ecm Kem) 0tot(k + ¥ — anything)
Im Acpas. (s, = 0) = \/A(s,m2,m3) orot(s) , (15.94)
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where FE.p is the total energy of the two-body system and K.y, is the mo-
mentum of either particle in the center-of-mass frame. The variables F.p.,
and K.y, are written in terms of the Mandelstam variables s and ¢ in (94).

As an application of (93), we consider the quark—antiquark scattering
where the intermediate state are two gluons, as described by Fig. 15.17.
Unitarity relates the imaginary part of the q(p1) + q(p2) — q(p3) + a(ps)
amplitude at order g2 to the q(p1)+q(p2) — g(k1)+g(k2) squared amplitude:

2ImA(q+q—q+79q) = /dpg |A(q +q — 2 gluons)|> ,  where
A3k A3k,
d 2m) 6% (k1 + ko — p1 — 15.95
/ P2 = / (27)3 2B, 27‘r)32E2( m)"0% (k1 + k2 — p1 — p2) ( )

is the two-gluon phase space integral, and the symmetry factor % on the
right-hand side of (95) is due to two identical bosons in the final state.

pr B op o ps p1 HE v ps P b P
|
: ?% l
I
—<—AANA—<— -
D2 v o1l P4 Ppa
(a)
L M D3
I
P2 y IV/ P4
(d)

Fig. 15.17a—e. The cuts (dashed lines) give the imaginary part of the amplitude
(to order of g?) for q 4+ — q + g via two-gluon exchange

The crucial point is the following: The two real gluons in the final state
(Fig. 15.18) have only physical transverse polarizations; while the wvirtual
gluons in Fig. 15.17, via their propagators with the tensor g*”, can have un-
physical nontransverse polarization states [see (99) below where g"¥ contains
nontransverse polarizations G} (k)]. How can we be sure a priori that in
(95), the unphysical polarizations of the left-hand side would disappear on
the right-hand side? If they are present, something must exist to cancel them.
Historically, by inspecting (95), Feynman recognized that unitarity hints at
a missing piece in the non-Abelian theory at one-loop level.

To verify explicitly the unitarity relation (95), let us proceed in three
steps. First, the polarizations of massless gauge particles (see also Sect. 2.5)
are discussed, next we go to the @+ q — g+ g amplitude, i.e. the right-hand
side of (95), then its left-hand side is computed lastly.
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Massless Gauge-Particle Polarizations. A massive spin-1 particle has
three polarization states, hence its polarization four-vector e*(k,o), o =
1,2,3 subject to the constraint ke’ (k,o) = 0 is well defined. On the other
hand, a massless gauge particle has only two physical polarization states
e*(k,\), A = 1,2. They are transverse k - e(k,\) = 0. These two spacelike
transverse polarization vectors satisfy

e (k, Nk (k,N) = —0an , kuet(k,A) =0. (15.96)

The first one is simply the relativistic version of e(k, A) - e*(k, \') = dxx.
The three independent vectors k#, e#(k, 1), and e*(k,2) cannot completely
span the four-dimensional space-time, i.e. the conditions (96) do not uniquely
specify the transverse polarization states. Indeed, any e#(k, \) + wk* (where
w is an arbitrary parameter) also satisfies the conditions (96). To uniquely
define the two transverse states of a massless gauge particle, one must impose
one more condition to determine w, i.e. one must fix the gauge.

To achieve an orthogonal basis, we introduce an independent lightlike
four-vector n* orthogonal to the transverse polarization vectors e (k, A). To-
gether with k¥, e#(k,1), and e*(k,2), the n* closes the basis. Since k? = 0
and n* is independent of k*, we must have 1, k" # 0. So n# satisfies

n* =0 with n,e’(k,\) =0, nk"#0. (15.97)

The two unphysical nontransverse polarization states can now be built up
from k* and n*. When we compute the right-hand side of (95), we have to
sum over the transverse polarization states. Thus, we define

g (k)= > e (kA e (kA (15.98)

A=1,2

The tensor g4 (k) which must have the form ag"” +bntn"” 4 ck"k" + dk*n” +
entk¥ is reduced to

_ K 4 R

P (k) = —g" + GI(R), where G1Y(k) = "
1N

(15.99)
using (96) and (97). The extra term G} (k) subtracts out of g"” the lon-

gitudinal and time components of e#| i.e. the two unphysical nontransverse
polarizations, called e} (k), with k,ef (k) # 0. The important thing is

kgt (k) = kgt (k) = 0 while k, G (k) = k" , k, Gt (k) = k* . (15.100)

For the problem on hand, with two gluons, a convenient choice of the non-
transverse polarizations of the first (second) gluon kq(k2) is the one in which
the vector n* could be taken as the momentum k4 (k) of the other gluon in
their center-of-mass.
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This frame is required, since according to (97), n, must be such that
nue(k,A) = 0. In this frame k1 = (Ey = |k|, k) , k2 = (Eo, —k), such
that k5e, (k1,\) = 0 = ki'e, (k2, \) for transverse e*(k, \) having zero time
component. With this choice, we have

RN KRS+ RV KSR EE RV EY

% 7712
G (ky) = 35 = Gl k). (15.101)

This explicit form of G is convenient for subsequent calculations.

The Amplitude for q(p1) +q(p2) — g(k1)+g(ks) . To order g2, there are
three diagrams drawn in Fig. 15.18 that contribute to the amplitude. Let us
write it as A = e**(k1)e*” (k2)T(p2) M u(p1), where Feynman rules give

. i . . i )

M, = (—igs 2{ I/ —m o —— T+ 3, T ———— VTJ}

pr = (—igs)™ 97 oy Tt L TR e

gz fo*yP T

+m [guu(k2 —k1)p = Gup(2k2 + k1) + gpu(2k1 + k2)u] (15.102)
Note that M, is symmetric under the interchange of the two final state
gluons (kq, p, T%) « (k2,v,T7). The two terms inside the curly brackets { }
of (102), corresponding to the two diagrams of Fig. 15.18a-b, are similar to
the et +e~ — v+~ amplitude in QED (except for the color matrices T¢ and
the coupling gs). We call this amplitude ./\/lllw. When we multiply ./\/lllw by
K" and use v(p2)[p2 + m] = 0 = [p1 — m]u(p1), we obtain

B(p2) K M, u(p1) = —igZ0(p2) W [T, T/ u(pr) = +92 f7*T*0(p2)yu(pr)

which vanishes in Abelian QED.

The last term associated with the brackets | ] of (102) corresponds to
Fig. 15.18¢c. Absent in QED, this amplitude is denoted by ./\/lf“,. When it is
multiplied by &Y', using T(p2)[k1+ Ko]u(p1) = T(p2)[#2+ prlu(p1) = 0, we get

e %)2 - %] u(pr) -

— oy g2 2 pijkyk
TR, (o) = 42T () |

The sum k' [M,, + M2, ] = kM, is

B2 )l Myu(pr) = 62 f 9TV (o) [ b o ] u(pr) = ka P, (15.103)

(k1 + k2)

where P is defined by (103), i.e.

B i) = 2 FIT(p)

— g2 fiakky 1
73 gsf 'U(pQ) (kl +k2)

ﬁu(pl).(lﬁlolﬂ
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Note that P is symmetric under the interchange of the two gluons, therefore
U(pQ)kgMuyu(pl) = klyp- (15105)
From now on, to simplify the notations, we will write k}'M,,, and k5 M,
without T(p2) and u(p1) although the insertion is implicitly understood.
We learn from this analysis that a two-photon (or two-gluon) amplitude
can always be written as e (ki, A) e (k2, A\) M. When we replace e”(ki, A)
by kY or e”(k2, ) by k%, we get
QED : KM, =0=k5M,,, QCD : kKM, #0, k5M,, #0.(15.106)
However, for QCD, from (96), (103), and (105), we have a weaker constraint
K EEM 0 = K eV (o, )M = kS e (k1, )M =0 . (15.107)

Using (103) and (105), most important is the following nonzero term for QCD

Y M, = KRS My, = Ky - kP . (15.108)
p1 k1 p1 k1 1 ks

— VW W?{i
b2 ko D2 ko P2 k2

(a) (b) (c)
Fig. 15.18a—c. Amplitude (to order g2) of 4+ G — g+ g

The Imaginary Part of A(q+q— q+q). The amplitude of Fig. 15.17
— which is constructed from the two vertices M, and M7, connected by

two gluons exchanged in the loop — can be written as [with P = 1(p1 + p2)]

Al/d%vw —i gt —ig"” ,
T2 ) @2n)tTT (K4 P)2+ie (P—K)?2+ie" MV

(15.109)

the factor % in front takes into account the two identical gluons in the loop.

The imaginary part of the amplitude is obtained — according to the
Cutkosky rules — by putting the two virtual gluons on the mass-shell, i.e. by
replacing their propagators with the delta functions

1

i — (=27m1) 6(p?) .
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d*K A4k, [ d*ks

i = 2m)2 6% (ky + ko — 2P d

Usine. [ o5e = [ e | e+ ke =28, an
dgk 4 2 .

it can be shown that when the four-dimensional integral [ d*K/(27)* in (109)
is multiplied by the two delta functions, it becomes the dimensionless two-
gluon phase space integral [ dps of (95). We find that the imaginary part of
A(q+9 — q+7), i.e. the left-hand side of (95) is

2ImA(q+q—q+q) = %/d/’2 M [g##/gyy/} ./\/l;/l,/

=4 [ doa My [ (= (k) G (1)) (=08 (1) + G ()| M
(15.110)
Equation (110) clearly shows that unphysical polarizations appear in Im A.

On the other hand, the right-hand side of (95) with real gluons, i.e. the
quantity £ [dpz|A(q+q— 2 gluons)|?, is equal to

%/dpz M, [gff“ (k1) gk (ks) M, (15.111)

As stated by (95), if unitarity is satisfied, (110) and (111) must be identical.
Actually this is the case of et + e~ — v + v in Abelian QED. Indeed, be-

cause of (106), the contraction of G‘ﬁ”/(kl) with M, M7,/ yields vanishing
result, and the same thing happens with Gf”/(kg). More generally, in Abelian
processes, we can safely take g (k) = —gh.

For QCD in (110), the cross terms gff“/ (k)G (ko) + grlf”/(kz)G‘ﬁ”/ (k1)
also vanish when they are contracted with M,, and M, due to (107).
The difference between (110) and (111) which comes from G‘ﬁ“/(kl)Gf”/(kg)
would violate unitarity if it did not vanish. Using (101) together with (107)
and (108), this difference actually is nonzero and equals to

M v v ! v v ! v’ * *
%/dpzm [kfklké‘ kY + kb RS KY } M :‘/dpg7373 . (15.112)
To cancel the right-hand side of (112), the ghost contribution coming from
the imaginary part of the amplitude Agnost(q +9 — q + q) in Fig. 15.19 is
added to (110).

n kl,a: b3
SN
ko, b

b2 : P4

Fig. 15.19. Agnost from ghost loop. The dashed line cut gives the imaginary part
of Aghost
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The imaginary part of Aghost(q + G — q + @) is calculated similarly to
(109) and (110) by the following operations:

(i) as in the case of gluons, we replace the ghost propagators with the
delta functions. After this replacement, the ghost loop integral becomes the
phase space dpy of (95).

(ii) substitute the q + @ — g+ g amplitude by the q+ G — s; +5;
amplitude. The latter is obtained from Feynman rules,

—1 o
—igs)v T* u(pr) ————5 g5 f* K] =P . 15.113
(—igs)v(p2) Y (pl)(k1+k2)2[gf 1] ( )
Because of the fermionic character of ghosts, there is a minus sign in the loop
integral, but there is no bosonic symmetry factor of % From all of these
operations, we get

2IIn-Aghost = _/dp27373* . (15114)

So (112) and (114) cancel each other. Without the ghost contribution as
given by (114), the difference between (110) and (111), i.e. (112), would not
vanish, and unitarity would be violated.

This example illustrates a general interpretation of ghosts as agents that
neutralize the unphysical polarizations of the gauge bosons. Their presence
was anticipated by Feynman well before the Faddeev—Popov quantization
method was proposed.

Problems

15.1 Computation of X(p) by the Pauli—Villars regularization. Use
the Pauli-Villars procedure (14.89) to compute the fermionic self-energy X(p)
defined in (14.21) and (14.23). As A — oo, one recovers the original the-
ory. Compute Z> and check that the pole I'(2 — %) can be identified with
log(A?/pi?).

15.2 Massive photon in space-time two dimensions. In one-space
and one-time dimension (two-dimensional QED), derive the dimensions of
the photon field, the fermion field, and the coupling e. Using (5) with n = 2,
show that the photon has a mass e//7 when it couples to massless fermions.
In two dimensions, the II(¢?) can have a pole at ¢> = 0 which arises from
the massless fermion-antifermion intermediate state. As discussed after (11),
this is the reason why the photon can be massive (Schwinger’s mechanism).

15.3 Correction to the Coulomb potential. The Uehling effect.
From (37), the running charge e is ¢? dependent. Derive the Fourier transform
of the Coulomb potential €2(q?)/q¢?, first in the nonrelativistic case ¢> < m?,
then in the ¢? > m? case. The modified Coulomb potential shifts the atomic
electron energy levels (Uehling effect).
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15.4 The (- and y-functions in \¢* at one-loop. Draw to order O()\2)
the vertex of four interacting scalar fields. There are three loop diagrams,
corresponding to the three Mandelstam variables s, ¢, u. Show that B(\) =
3X2/(167%). The one-loop O()) correction to the two-point function gives the
field-strength counterterm Zy from which is derived the CS-function 7y(\).
Show that (\) vanishes.

15.5 The pure Yang—Mills S-function by (84). Consider QCD with-
out quarks but only gluons with their three-gluon and four-gluon interactions.
Compute the Z&™ = 1 + A% from Fig. 15.14. Then show that the corre-
sponding 3-function is B(gs) = (—g2 /1672) L Ne.
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