14 One-Loop QCD Corrections

Until now our calculations have been limited for the most part to the low-
est perturbative order or ‘tree’ graphs. But all processes receive higher-order
contributions — usually called radiative corrections — from diagrams that con-
tain ‘loops’, even those (such as flavor changing neutral reactions) for which
the lowest-order tree amplitudes are absent. Then new effects can only arise
from loops, some typical examples are the KO K’ mixing and the effective
AS =1 neutral current (penguin) considered in Chap. 11. Weak decays offer
an excellent opportunity for the study of radiative corrections due to either
QCD or electroweak interactions. An n-loop diagram has an implicit factor
(R)™; a tree (zero-loop) diagram has (h)°. The (k)™ factor shows that the tree
graphs are equivalent to classical (Born) approximation, whereas loops are
synonymous with quantum effects. This chapter introduces some important
concepts and basic calculational methods of quantum corrections.
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Fig. 14.1. Tree diagram of weak decay 7~ — vr +q2 + Q5

As a first illustration, let us consider the one-loop QCD corrections to
the inclusive semileptonic decay of the lepton 7 as described by 7 — v+
quark pairs. This mode has been studied in Sect. 13.4 at the tree diagram
level (Fig. 14.1). The QCD corrections to order g2 = 4mas are represented
by the five diagrams in Fig. 14.2 and Fig. 14.3.

Although the diagrams of Fig. 14.2 are plagued with ultraviolet diver-
gences due to high momenta of virtual particles in the loop integrals, these
divergences will be removed by the renormalization procedure, which ulti-
mately yields a finite (renormalized) amplitude.

To order ag, the radiatively corrected rate of 7 — v + g2 + Q3 has two
parts. One, I'y; with virtual gluons, comes from the interference between
the tree amplitude (Fig. 14.1) and the renormalized amplitude (Fig. 14.2).
The other, I'ge with real gluons, comes from the square of the bremsstrahlung



476 14 One-Loop QCD Corrections

amplitude (Fig. 14.3). Both I'y; and ', are still ill defined because of another
kind of divergence, viz. the infrared divergence, which originates from low
momenta of virtual or real massless gluons. What is well defined is the sum
I'vi + I're, in which the infrared divergences cancel each other. This chapter
shows how to deal with both ultraviolet (UV) and infrared (IR) divergences
encountered in quantum corrections and how to calculate the finite parts. We
remark that five diagrams similar to those considered here also represent the
ag-order QCD corrections to the e™ 4+ e~ — hadrons cross-section, discussed
n (13.5) and (13.65). The only difference is that a photon (connecting the
ete™ with the quark pair) replaces the W boson.
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Fig. 14.2a—c. Virtual gluon corrections to weak decay 7~ — vr +q2 + s
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Fig. 14.3a,b. Real gluon emission in weak decay 7~ — v- +q2 +q3 + g

Before computing these QCD radiative corrections, we first evaluate the
vertex function I'*(po, p3) and the quark self-energy 3(p) which represent the
essential parts of the diagrams in Fig. 14.2.
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14.1 Vertex Function

To zero order of the QCD coupling constant g5 (Fig. 14.4a), the weak inter-
action vertex W(q) — qz2(p2) + Q3(p3) can be written as v#(1 — v5) to be
inserted between the spinors @(pz2) and v(ps). The weak coupling constant
9w = —19 Vipqs/2V/2 is implicit. When effects of virtual gluons to order g2
(Fig. 14.4b) are considered, the tree-level weak vertex v*(1 — ~5) becomes
the QCD-corrected weak vertex function I'#(pg, p3). Thus

u(p2) v (1 = v5)v(ps) — a(p2) [V (1 —5) + I*(p2, p3)| v(ps) ,  (14.1)

where T'#(p2, p3) has the following expression from Feynman rules:

d*k

TH(pa, p3) = __'Spﬁ;ul_ N S
o) = [ r( i ¥) ot (= ) e
. oA i [_gpo +(1— §)kpko/k2]
X (—igsy” ) o . (14.2)
For simplicity, the quark masses are taken to be equal (mg = msg = m).
az2(p2)
dz(p2)
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Fig. 14.4. (a) Bare vertex v*(1 — 75); (b) dressed vertex function I'*(p2, p3)

The dependence of T'*(pa, p3) on the gauge-fixing term & of the gluon
propagator in fact will be canceled by the dependence of §, on ¢ [this quan-
tity d, which comes from the self-energy term X(p) of Fig. 14.2b, ¢, will be
introduced later in (40)]. Therefore, when we sum over the three diagrams
of Fig. 14.2 to obtain the ultraviolet-convergent renormalized vertex function,
the &-dependent contributions are canceled so that we can use the Feynman-—
't Hooft gauge (£ = 1) from the outset. For SU(V;) color group, using (7.45)

and (7.46), the sum over j of ()‘7])()‘2—]) in (2) yields

Aj A B NZ -1
D FF =CaNe) = N (14.3)

J

which is equal to % for N, = 3. All of these operations lead to

—4193/ d*k P (K+ v + m)y (1 = v5) (K= s +m)v, (14.4)
3 ) 2m)t (k2 42k - p2 +1in)(k% — 2k - ps +in) (k2 +1in)

I'(p2,p3) =
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When T'#(po, ps3) is inserted between @(p2) and v(ps) and the Dirac equation
T(p2)(po —m) = 0 = (p3 + m)v(ps) together with ¢ J+ } ¢ = 2a - b are
used, the numerator v (}f+ po + m)y"* (1 — v5)(k— #3 + m)y, of (4) can be
rewritten as N*(k, p2, p3) defined by

NH#(k,p2,p3) = {[—4172 -p3 + 4k - (p2 — p3)]y* + 4mkH — 4 ¥ (p2 — p3)"

+7 f k%}(l —75) +4m s (14.5)

As we will see, most of the integrals in loop diagrams diverge, we must cut off
or regularize the momentum variable to handle the infinities encountered in
the integrations. There are at least two methods: the Pauli—Villars covariant
momentum cutoff (Problem 14.5), and the dimensional regularization. The
latter, invented by 't Hooft and Veltman, also independently by Bollini and
Giambiagi and by Ashmore, is used here. No matter which regularization
method is adopted, any choice is as good as any other, provided that the
symmetries of the theory (e.g. Lorentz and gauge invariances) are preserved
throughout the calculations.

The idea of dimensional regularization is simple, and is based on the
observation that the degree of divergences of loop integrals may be decreased
by lowering the space-time dimension. Dimensional regularization amounts
to computing divergent integrals in an arbitrary space-time dimension n
smaller than 4, resulting in a finite result, as long as the parameter e =4 —n
is nonvanishing. Then the result is analytically continued to n > 4. The
original infinities in the physical n = 4 world then arise as poles at ¢, in
the form of I'(2 — %) ~ 2/¢, where I'(x) is the Euler function. Appropriate
formulas are given in the Appendix. The advantage of this scheme is that
Feynman rules and the gauge symmetry of the theory do not depend on n.

Remark. While there is no problem with the extension of v# = g+, to
arbitrary n dimensions (the metric tensor g" associated with {y*,~+"} can
be defined for p,v = 0,---n — 1), the generalization of v5 = 7> to n # 4

. . i i
Y5 = 1,.)/0 ,_Yl 72 ,.Y3 =—iyv Y2y = IE#VPUFY# ,.Yl/ ,.YP ,_YU - IE#UPUFY;L Yo Vp Yo

does present a problem, since the antisymmetric tensor €., is only defined
in 4 dimensions. One may still define the equivalent of 75 in n dimensions as

i
7= Esmmunvm et (14.6)

However, when taking the trace of products of vy, matrices and 7, one will get
into trouble. For instance, the trace Tr[y, v, ¥, Vo] which gives 4ie,,p0 # 0
for n = 4, would vanish if we use (6) for n # 4. One might worry about
the presence of 5 in our calculation. For the problem considered here, 5
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is innocuous. The trace of 7,7, - - -5 never occurs in our integral loops, it
arises only in the computation of the rate. However, for the latter, it is even
unnecessary to perform the trace with 5 because we first integrate over the
symmetric phase space [ dp,dps, such that the contributions of 5 vanish
(they are antisymmetric in p, < p3). We will explicitly show that s is
harmless in the course of the calculation.

Furthermore, the n-dimensional Dirac matrices obey Tr(y#4") = 2m/2gHV
(n even) or 2"~ 29‘“’ (n odd), however, the n dependence of 2/2 or 2”2 does
not affect the momentum integrals, these factors can be safely replaced by 4
their value at n — 4, when we compute physical quantities. As a result!, the
traces of Dirac matrices without the 75 depend only on their anticommutation
relations, and can be safely taken from the corresponding four-dimensional

formulas, for instance Tr(¢ §) = 4a - b. However, g"g,,, = of; = n. ]
With (5), the T#(pa, p3) becomes in n space-time dimensions
—4ig? [ d"k NH(k, pa, p3)
T* = 5 o . 14.7
(P2,p3) = —3 / @m)" (k2 + 2k - p2) (k2 — 2k - p3) (K?) (14.7)

In (7) and what follows, the small +in in the denominator of (4) is omitted,
although we keep in mind that the Feynman prescription +in in the propa-
gators is important for the evaluation of the d™k integrals, using the Wick
rotation (Appendix). On the second line of (5), the first term +* §v* Kv,,
which is quadratic in k makes the integral divergent as & — oo. Therefore,
we keep v* fy* kv, = (2 —n) k" K in n dimensions (Appendix), instead
of —2 jy* K, when n = 4. The difference between the (2 — n) and —2 of the
#~4* K term, when multiplied by the pole 1/e, yields finite terms as ¢ — 0.

From now on, we adopt a convenient method due to Feynman which
consists in writing every product in the denominator of a product of prop-
agators as an integral over auxiliary variables (Appendix). Accordingly, the
denominator of (7) can be written as

! 2/ d /1 ’ dy
= X
(k2 + 2k - pa) (k2 — 2k - p3) k2 0 o [K2+2k- (—psz + p2y)]3

Putting it back into (7), we have

Ag2 1-2 d"k N*(k, p2, ps)
" _ 5 Y Y
% (p2, p3) ( )/ dx/ dy/ " (k2 + 2k - (=psz + pay)]?

The [d"k of the six terms of N*(k, p2, ps)/[k* + 2k - (—psz + p2y)]® — where
NH(k,p2,p3) is given in (5) — can be read off directly from the Appendix.
For instance, we get for the first term of N*(k, p2, p3)

—4py - p3y* (1 —7s)
d"k =C
/ (k2 + 2k - (—p3z + pay)]?

x [22m® — @)y (1 —5)]

! Marciano, W., Nucl. Phys. B84 (1975) 132
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where C is an overall factor, with ¢ = (pa + p3)? > 4m?

5)
2, D(a,y) = -m*(z +y)* + 2y,
2

The result of the integration is now written as follows, with the symbol =
—Apy p3y*(1—15) = Cx [22m® — )y (1 —75)] -

In this way, the [ d"k integration of the six terms in N*(k, ps, p3) are

—Apy p3y*(1— ) = Cx [22m® — @)y (1 —5)] ,
+4k - (p2 — p3)y" (L —5) = C x [2(¢* — 4m®)(z + y)¥* (1 —75)] ,
+AmkH (1 —75) = C x [-2m(z +y)(p2 —p3)"(1 —75)] ,

-
—4 ¥(p2 — p3)" (L —75) = C x [+dm(z +y)(p2 — p3)"] |
+4m fytys = C % [—4m (z 4+ y)v* V5+8m3:p§‘~y5] ,
(2= n) k7 K1 = 35) ={ (2= ) [D(@, 57" (1 = 35) + (@ + y)*m(p2 — ps)"]
(2-n)?T'(2-%)
2 T(3-12)

D(z, y)v* (1 - 75)} x C. (14.8)

The final result is put into the form

é 1—x
re (p25p3 3 / d.I/ )g (x ynp2,p3) 3 (149)

where G*(z,y, p2, p3) is the sum of the six terms on the right-hand side of
(8), without the overall factor C. The z < y symmetry of both the de-
nominator [D(x,4)]*>~"/? and the integration domain in (9) implies that the
antisymmetric (z — y) terms in (8) vanish after the x,y integrations. These
antisymmetric (z — y) terms are therefore not shown in (8). We regroup
G*(x,y, p2, p3) into the combination

(p2 —p3)" -~ 4 P2t ps)

—_— 14.1
2m 2m %o ( 0)

g#(xa yap25p3) = a],-)/# +b

with a = 2(2m? — ¢*) + 2(¢* — 4m?)(x + y) + (2 — n)D(z, )

(2-n?TR-1)

b=2m*(z+y)2+2-n)z+vy)] , d=—-4m*(x+y) , c=a—d.

Using the Gordon decomposition, we replace (p2 — p3)* with 2m~* — ich¥q,
and group all terms on the right-hand side of (10) into two bases, the vectorial
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part v*, ic"”q, and the axial one y*~5, ¢ 75 . These sets belong to the first-
class currents with respect to the G-parity classification, like (12.52). Thus
ic"q,

2m

n
[ (payps) = 7 Fi(q*) + 5= Falq®) = |1 Gi(g) + 5 —Gala®) [ 75 (14.11)
At the tree level, the weak vertex is just a constant v*(1 — ~5). When
dressed by the gluon to order g2, the one-loop diagram of Fig. 14.4b gives
rise to the vector form factors Fi(q?) and Fy(q?) as well as to the axial
form factors G1(q?) and G3(g?). The emergence of form factors is intuitively
understandable, since surrounded by clouds of gluons and quark pairs, the
pointlike quark continuously emits and absorbs virtual particles. It behaves
physically as a composite system of virtual particles and hence develops a
structure with its own form factors. We have:

s re2-3)
Fi(¢*) = 3 47r "/2 / dx/ : 2-5

-m?(z +y)* + ¢*wy]

y Ty 2+2(x+y>+(x+y>]+q(1—x>(1—y>
Ty m?(z +y)? — ¢*xy ’
_ Tty -z —y)
Fy( q = % 7T2/ dx/ m2 @t =y
Gi1(¢?) = Fi(¢®) — 2R (¢®) 5  Gs(¢®) = 2Fs(¢%) . (14.12)

n (10) and (12), e = 4 — n # 0 is kept only for terms coming along with
the singular function I'(2 — ) = I'(¢/2). For the regular terms associated
with I'(3 — %), the hnnt e — 0 can be safely taken right away. From (3),
the typical QCD factor 5 becomes 1 in QED when the gluon in Fig. 14.4b is
replaced by a photon. Makmg the change v =z +y, wv = x — y, we obtain

Fu(q?) = %(4;"/2 (n— / L n/ (dv) 1“1(22— %_)1)2)]2%

[-m? + 1¢2(1
44 du dv =24 2u+u?] 4+ ¢*[1 —u+ Tu?(1 —v?)]
53 1P ) ’
dv m2(1 — u)
Fy(g?) = 42 : 14.13

For F»(g?), the u, v integrations are straightforward and give

2 =1 2
FQ(qQ)*% Is ! {1 ?_i_\/_—l-iw} fornzq—>1,

4m?

2 1 /1 /— 2
:% Is log nt forn <0 —>%gs ,
1672 \/77( 1) \/1 - /_ q2—0 3 872
2
9s 1 - n
=4=——tan"',/—— for0<n<1. (14.14)

872 \/n(1—n) 1—mn
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This formula is an example showing that form factors are analytic functions
in the complex ¢? plane, with cuts on the timelike axis, as mentioned in
Chap. 10. By asimple replacement 392 — €2, we recover the QED corrections

to the electron magnetic moment F2QED (0), first derived by Schwinger,
e? Qlom

BP0 =5 =2 (14.15)

The anomalous magnetic moment of the electron, i.e. the deviation from its
Bohr magneton value pie = —e/2me, is then pe(aem/27). A pointlike electron
with a unit electric form factor and a zero anomalous magnetic moment at
the tree level develops its electromagnetic form factors from QED radiative
corrections, changing 1 into 1+ F2¥P(¢?) and 0 into F 2P (¢?).

Similarly, we find that QCD generates new weak form factors for quarks.
As can be seen from (1) and (11), the modification is

1— F{(q®) = 1+ Fi(¢%) , 0= [Fa(¢?), G3(¢®)] » 1= 14 Gi(q®) .(14.16)

While quantum corrections make unambiguous finite predictions to Fb(q?)
and G3(q?), all the complexities of loop integrals are present in Fy(g?) [and
hence in G1(¢?) = Fi(q*) — 2F2(¢?)]. Since the variable of integration k2
spans the whole range from 0 to oo, a glance at (4) or (13) reveals two major
problems of radiative corrections, both present only in Fy(g?):

(i) As k? — oo, the integral diverges like d*k/k*, and this divergence
is transformed into a pole 2/¢ via the I'(2 — ) term contained in the first
line of (13). The ultraviolet divergence (UV) has its origin in the locality of
field theories (z — 0 or equivalently k& — c0); its removal is treated by the
renormalization program.

(i) At the lower limit k2 — 0 of the integration domain, the term
k? in the denominator of (4) causes a different kind of infinity called in-
frared divergence (IR). It is identified with the factor du/u of Fyi(q?) as
u — 0 in (13). Originating from the massless gluon via its propagator 1/k?,
this IR divergence will be canceled by the same IR divergence of the soft
gluon bremsstrahlung (Fig. 14.3) that accompanies all radiative processes
(Sect. 14.5).

Thus, a study of F(¢?) provides an excellent exercise for the understand-
ing of both UV and IR divergences. Looking at the numerator of (7) or at
the six terms in (8), we realize that IR and UV divergences come respectively
from the constant term —4ps - p3y* and the quadratic term (2 —n) fy* K
in the integration variable k. The four linear terms in k yield finite results.
Let us explicitly compute Fy(qg?) in order to single out these two types of
divergences.

Consider the first part of Fi(¢?) in the first line of (13), i.e. the part
that contains the singular I'(2 — %) factor, we call it Fy . (¢®). Besides
I'(2—-%)=2—~5+O0(e), where yg ~ 0.5772 is the Euler constant, we also
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expand all other terms of Fy .y (¢?) up to order ¢ such that they can cancel
the singularity 2/e when multiplied by the latter. The result is

2\ _ 4 gz ! s 2
Fun(?) =4 { - [ avtog|1- Lo -2)]

2 m2
- log(47) — 1 — log —
+2 =75 + log(4m) og#Q},

2 m?
o glg;z[ — g + log(4m) — 1 —log ] : (14.17)

On dimensional grounds, a mass scale factor ;1 must enter the denominator
AT = [-m? +¢*(1 — 02)/4]27% of (13) in order to make the latter dimen-
sionally correct for n # 4. Indeed, for small € # 0, one can always write the
term A2 as 1+ S log(A/p?) + O(e?). This arbitrary factor u? serves as a
reminder that the decomposition of a divergent integral into an infinite term
and a finite term always involves an ambiguity. Only a coherent procedure
that removes the ¢ pole and gives finite values independent of u? to physical
quantities is meaningful. This is the essence of the renormalization.

The second part of Fy(g?) on the second line of (13) — the part without
the singular I'(2 — §) — is either finite or infrared divergent. The factor du/u
is the source of IR d1vergence when v — 0. To neutralize 1/u, we group in
the numerator of the integrand all the terms which are linear and quadratic
in the variable u. They are m?(2u + u?) + ¢*(—u + u?(1 — v?)/4). These
terms cancel 1/u and yield a finite result denoted by Fy s(q?) after the u, v

integrations:
{—1 + 34 [ V- —|— iw]}
Vi —D L Vi Vi ’

592
4 s
—_— 3 . 14.1

q2—0 31672 ( 8)

The remainder (—2m? + ¢?), which cannot cancel 1/u, will give rise to an
infrared divergent term, Fy i;(¢?). We have

g2 /1d 2m2+q2 " du g [tdu
m2

g2

Fia@") = 576,2

Fiu(®) =2 ~3 '
1,1r(Q) 3352 _Zq (1_02) o uq:)() 3 4q2 0o U

(14.19)
The sum of the three contributions (17), (18), (19) at the limit ¢* = 0 gives

2 2 1
g5 2 m du
Fi(0) = %167'(2 {E —vg + log(4m) — log (,u > +4 - 4/0 o } .(14.20)

The UV and IR divergences are represented by 2/e and fol du/u respectively.
The reason for writing the explicit expression of Fy(0) will be clear later. We
have seen that I'*(p2, p3), hence Fy(q?), has two types of divergence. Let us
concentrate first on UV, leaving the treatment of IR to Sect. 14.4.
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14.2 Quark Self-Energy

To order g2 corrections to the tree vertex v*(1 — ~5), besides the diagram of
Fig. 14.2a that we have just considered, there are two more diagrams shown in
Fig. 14.2b, ¢ which also contribute. They are related to the quark self-energy
3(p), in which the generic p stands for the external momenta.

The expression for the self-energy of Fig. 14.5 can be written as

def d4k . ) i R U N U/
—12( ) /W (—1gs”yp'\7]) m (—1957 )\2—]) 72 j—pin' (14.21)
Like the vertex function I'*(ps, ps) discussed in (4), we can at the outset use
the Feynman—"t Hooft gauge £ = 1 for the gluon propagator in (21). In the
definition of —i¥(p), we note that an additional factor (—i) is included, its
convenience is clearly seen in (22). Apart from a common factor, the three
amplitudes of Fig. 14.2 can be written respectively from left to right as

*(p2, p3) i[;jx_](ij)]”y“— ZZ(_ple”y“, and ”y“%. (14.22)

A glance at the integral in (21) shows that both UV and IR divergences are
present in X(p). After writing the denominator of (21) as an integral of the
Feynman auxiliary variable x and integrating over k, we obtain

- - (n=2)(F— k)
S(p) ——%lgs/dx/ —2pkx+(p —m?)x]?’
= mA(p?*)+ pB(p*

: [ nl'(2- %) g (2
A(p2> :% ypmTyD / dx =D = %4 5 <_ + ) ,
(47) 0 [p2z(1 — ) — m2x]*" 2 T \ ¢

B(p*) —%(47f>sn/2/() dg EZMIC= U -0) e (g + ) (14.23)

[p2e(1 - x) — m2a)*~2

Besides their UV divergences with the € pole, the dimensionless quantities
A(p?), B(p?) also have their IR divergences coming from x — 0.

p—k

Fig. 14.5. Fermionic self-energy X(p)

The removal of the ultraviolet divergences in I'*(p2, p3) and X(p) is at
the heart of the renormalization program which can be stated as follows:
The ultraviolet infinities encountered in Fy(¢?) and X(p) can be consistently
removed and the final results become finite if they are expressed in terms of
the renormalized quark mass together with the renormalized quark field. We
now go further by introducing the notion of bare and renormalized quantities.
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14.3 Mass and Field Renormalization

Let us recall the relation between the propagator and the mass of a particle.
The latter is associated with the pole of the former, so the mass is the solution
of the equation obtained by setting to zero the inverse of its propagator.
How can the mass of a fermion be determined if viewed as a cloud of virtual
particles that are continuously being created and destroyed? Starting from a
bare mass mg, the fermion develops a change in mg by interacting with gluons
through loop diagrams, the simplest example ¥(p) is shown in Fig. 14.5. X(p)
is called self-energy, i.e. the extra amount of rest mass energy generated by
quantum corrections. For the moment this change is infinite. If the mass is
changed, so is the propagator. The bare fermion propagator is then replaced
by its full or dressed propagator which includes all possible loop diagrams
having two external fermion lines, also called the two-point Green’s function.

(a) (b
Fig. 14.6. (a) Irreducible 1PI diagram; ( b) reducible 1PR diagram

To compute the dressed propagator, let us define a one-particle irre-
ducible 1PI diagram to be any loop diagram that cannot be split into two
disconnected ones by cutting only a single internal line. Every diagram is
either irreducible (1PI) or reducible (1PR). An example of 1PJ is Fig. 14.6a
while Fig. 14.6b illustrates a 1 PR diagram. The reason to select 1PI is that
any 1PR can be decomposed into a set of 1PI without further loops, such
that, if we know how to handle the UV divergences in 1PI, then these UV
divergences are also under control in 1PR.

(a)

— + ’\/ \/ \/ \/ \/ + ’\/ \/ \/ \/ \/ ’\/ \/ \/ \/ \/ + -

(b)

Fig. 14.7. (a) Geometric sum of 1PI diagrams; (b) dressed propagator Sp(p)
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Dressed Propagator. A dressed propagator is an infinite geometric sum
of 1PI diagrams with two external lines (Fig. 14.7a). Each 1PI by itself is
an infinite sum of diagrams of orders g2, g - - -, the lowest 1PI starting at g2
is the diagram of Fig. 14.5 denoted by —iX(p) in (21).

To this order g2 shown in Fig. 14.7b, the dressed quark propagator Sp(p)
is obtained by summing up the geometric series of —iX(p). We have

oo Fime P

b ()i

i %(p) )\,
= Y=o 1+¢—mo+(¢—mo> "

i _ E() - i
CP—mg (1 Z/—m0> S P—mo—3(p) (14.24)

With quantum corrections, the physical mass m is now associated with the
pole of the dressed propagator Sp(p) in (24). The pole is no longer the bare
mass mg but is shifted to m, solution to the equation

Sp(p) = +

1
+ ...
mo

g—mo—X(F=m)=0, or
m = mo + S(F = m) = mg + moA(m?) + mB(m?) . (14.25)

It is important to remark that in the above equation, X(p) can be considered
as a function of p, for p? = (p)?. For instance X(m) is understood as
%(p = m). In the expressions of A(p?) and B(p?) given by (23), m must
be understood as my, since X(p) was computed with the bare mass mg. For
example the B(m?) in (25) must be read as

oy 4(2-n) g2 oy [ (1-2)
B(m?) = §WF (2—5)/0 dx —— 7 - (14.26)

1—x) —m2z]* 2

2

Close to the physical pole g = m, we write the Taylor expansion
+O(p* —m?) . (14.27)

With ¥(m) = m — mg, the denominator of Sp(p) in (24) has the following
form for ¢ = m:

~ (ﬂ—m)( - & ’,,_m> | (14.28)
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The shift of the mass mg — m = mg + X(m) not only brings a new pole at
#$ = m to the dressed propagator Sp(p) but also changes its residue at the
physical pole m:

Bare propagator Dressed propagator
i iZq
= — 14.2
]f—mo — SD(p) ]f—m ) ( 9)
where Z, is given by

1 dx

—=1- & . (14.30)
Zq d ]j p=m

The above expression for Z, is derived by comparing (28) with the inverse of
the dressed propagator given in (24). Indeed

S5'0) = (=m0~ 3(0)) = 1 (- m) (1 -T2 ) =5

Equation (30), which relates the residue Z, to the derivative of the self-
energy X(p) at the physical mass ¥ = m, is in principle formally valid when
Y(p) and its derivative are finite. However, if they are infinite, (30) might
be misleading since it would give Zq — 0 for dX(p)/d ¢ _,, — oo which is
absurd. To understand this subtlety, let us remark that without interactions,
i.e. at zero order of the coupling constant gs, Zqg = 1, X(p) = 0, which is of
course satisfied by (30). The perturbative quantum corrections start at order
g2 X(p) = 0(g2) , Zqg =1+ O(g?). Within the framework of perturbative
calculations in which Z; is derived, (30) should be correctly written as

1 Zg—1 y
— = =7Z,—-1+0 . 14.31
Zq Zq q + (gs) ( )

dX(p) 1
dy

Lf_m

The above relation satisfies the O(g2) expansion. In the spirit of perturbative
calculations, one has

dE(p)’
Zg=1+ —H
q d]f g

Let us recall that the propagator is the Fourier transform of a two-point
function. The bare propagator is associated with (0 ’ Tbo(2)1o(y)] ’ 0) of
the bare field 1o (z), the dressed propagator Sp(p) is computed from the
bare field ¢y(z) too [by summation over the geometric series in (24)].

This two-point function definition of the propagator suggests that if we
scale the bare field vy by 1/ \/Z_q and define the renormalized field ¢ by

Yo(z) = \/Zqp(x), the infinite residue Z, of Sp(p) can be absorbed by vy,

dX(p)
, Z.=1+1 221 . (14.32)
\/_q 2 d ]j sem
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and Sp(p) is promoted to the renormalized propagator Sren (p) with pole at
# = m and with residue = 1. Thus,

So(p) = [ do e (0] T(ala)To(0)) | 0) = 2%
Putting o(x) = \/Zq(z) , one has
Sintr) = [ da 7 (0] T(@T0))]0) = = (14.33)

Let us clarify again the meaning of the shift of the fields proposed in
(33). We have two quantities m and Z, governed by two equations (25)
and (31). If they can be solved, we would obtain physical quantities m and
Zq and could stop here. It must be emphasized that the renormalization
of masses and fields has nothing directly to do with infinities encountered
in the computation of the self-energy X(p). It would still be necessary even
in a theory in which loop integrals were convergent. However, since X(p) is
infinite, m cannot be computed but is only fixed by the physical mass. The
bare mass parameter mg (which is infinite) is adjusted to X(y = m) in (25) to
cancel its UV divergences and giving the physical finite mass m. Similarly,
the infinite Z, is adjusted to bare field ¥¢ (which is also infinite) to define the
renormalized field ¥ = 1o/ \/Z_q, such that the propagator of a renormalized
field has a pole at the physical mass and has a residue equal to unit, thus

Bare Interaction Dressed Renormalized
i iZ i
— Y(p — 4 — .(14.34
pr—— (p) J—m pr— ( )

The procedure by which the UV divergence in Z is removed from the theory
is referred to as the field strength renormalization or the wave function renor-
malization, likewise, the removal of the UV divergence in X(p) is referred to
as the mass renormalization. The role of Z, (and other Z; introduced later)
is essential here and in the next chapters.

The concept of removal of the infinities is not restricted to quantum
field theory. Even in classical electrodynamics, the self-energy of a pointlike
electron which interacts with its own electric field is also divergent. The idea
of subtraction of infinities — the core of the renormalization concept — was
first suggested by Kramers. He observed that although the self-energy of a
pointlike electron is infinite, actually the meaningful quantity is the difference
between the self-energy of the free electron and that of the electron bound in
an atom. Both of these self-energies diverge, but their difference is finite.

Counterterms. A counterterm is formally an infinite parameter intro-
duced in the Lagrangian to remove (or absorb) the UV divergences by ad-
justing the bare parameters. After a subtraction of the infinities, the finite
parts (also called the renormalized quantities) are constrained to obey renor-
malization conditions (also called normalization or subtraction conditions or



14.3 Mass and Field Renormalization 489

prescriptions). In the case discussed here, the renormalization conditions dic-
tate that the residue of the renormalized propagator is 1, and X (m)+mg =m
The number of counterterms must be limited, independently of the pertur-
bative orders, otherwise the theory is nonrenormalizable.

For this renormalization program to work, it is essential that the original
Lagrangian includes all interactions generated by the UV parts of Feynman
amplitudes. This is the case of the standard electroweak theory and QCD. If
for some reason, the loop integrals produce a UV term which has a covariant
structure that the original Lagrangian does not possess, this UV divergence
cannot be removed. For instance, if the magnetic moment Fy(¢?) found in
(14) were infinite, there is no way to absorb its divergence into the original
QCD or QED Lagrangian since the latter does not possess such a Pauli mag-
netic interaction (gs/m) [0, A (z) — &,Aﬁ (7)] Y(z) Aot 2b(x) from the start.
The fact that F»(q¢?) is finite is not an accident, it reveals the renormalizabil-
ity of QCD. The renormalizability of QCD and QED forbids the presence of
the Pauli magnetic interaction although Lorentz and gauge invariances allow
such a term. The magnetic interaction will provoke an avalanche of infini-
ties in loop integrals since the dimensional coupling constant gs/m implies
a momentum dependence of the vertex. In turn it makes the loop integrals
more and more divergent with increasing perturbative orders and an infinite
numbers of counterterms are needed. This interaction is nonrenormalizable.

14.3.1 Renormalized Form Factor F'*"(¢?)
Having outlined the concept of renormalization, we now apply the method
to our problem of removing the ultraviolet divergences in Fj(¢?) and X(p).
This procedure promotes Fi(g?) to the renormalized form factor FI%(q?),
and X(p) to the renormalized self-energy ,en(p); both of them are free of
UV divergences. Let us see how it works.
In the Lagrangian £, the bare quark fields ¢°(z) coupled with the boson
field W, (z) can be written as (the weak coupling constant gy is implicit)
L=, ()7 (1 =580, (2)Wyu(x) + kinetic term (14.35)
where the kinetic term 10 (z)(i § — mg)y°(x) is applied to both quark fields
0. (x) and ¥ (z). We define the renormalized fields vq, () and 1bq, (z) by
introducing the counterterms /Zy, and \/Zg,. The W boson field W, (x),
not affected by gluons, is untouched. We write

4 x):\/Z:wqj(x) 1 =23, (14.36)

Putting ¢{ (x) = \/Zq; 1q; (x) back into (35), the original £ is now split into
two parts:
L= Ercn + Ect ;

Lren = P, (2)7" (1 = 75)t0q, (2)W(2) ,
t—5‘/’q2( )V (L= 35)qy (@)W (@) 3 0q = /Zay\/Zqy — 1, (14.37)
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the kinetic term of (35), which should appear in the above equation, will be
given later in (44). The role of L is to cancel the UV divergences of Lyen.
Physical quantities, which are obtained by summing the contributions from
both L;en and L, are free of UV divergences.

To first order of §q, Lot gives a contribution dq v*(1 — 75) to the vertex
7 (1—"s5). Note that 4 is O(g2). To the same g2 order, Lyen gives I (pa, p3)
n (12) for which m is now understood as the renormalized mass. The sum of
0q v (1 —75) with T#(pa, p3) is the ultraviolet-convergent renormalized vertex

function T'%  (p2, p3) which replaces I'*(pa, ps3):

*(p2, p3) — Then(p2; p3) = I*(p2, p3) +6q V(1 —7s5) - (14.38)

Comparing (38) with (11), we get the renormalized form factor FIe®(¢2)
which replaces F(g?):

Fi(¢*) — F{*(¢%) = Fi(*) + 6 - (14.39)

Our next task is to compute d4. From (32) and (37), we have

d¥(ps)
Po=m, d s

_ dE(p)

since we take mg = mgs = m. The derivative of X(p) can be readily performed
using X(p) given by (23). We obtain

172 Td

dX(p) 2 5 dA(p?) » dB(p?)
0g = —+ =B + 2 +2m* ——=
! dy =m ) dp? p2=m? " dp? p2=m?
2 1
dx(1 — 2
—4 gsnr(2—ﬁ)/ M{—2+35+—5}.
(47)2 27 0o [—m2a2?2 x
Developing all the terms of the above equation in a series of ¢, we get
2 2 1
4 95 |2 m dx
0q =3 16,2 [? + e — log(4m) + log (F) - 4+4/0 ?] . (14.41)

Comparing (41) with F;(0) as given by (20), we get a remarkable result; to
wit, the quantity dq ezactly cancels F1(0):

S+ F(0)=0, or —2| 4+ F(0)=0. (14.42)

This important result, due to the current conservation, in fact mimics the
Ward identity in QED (Problem 14.3) according to which the apparently
unrelated quantities F1(0) and dX(p)/d pl,_,, turn out to satisfy (42). In
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the case considered here, since we take mo = ms3 = m, the weak vector
current is conserved, hence we also obtain (42). With (39), we have

Fren(¢%) = Fy(¢?) — F1(0) . (14.43)

The expression (43) is pleasantly simple. Both Fy(¢?) and Fy(0) are sepa-
rately divergent, but their difference FT"(¢?) is finite (free of UV divergences
more precisely). The 2/e pole of Fy 4, (¢?) in (17) cancels the same 2/ pole
of F1(0). The counterterm used to absorb the ultraviolet divergence in Fy(g?)
is precisely the value of F;(q?) itself at ¢> = 0.

From now on, Fy(¢?) is replaced with Fr**(¢q%) = Fy(¢%) — Fy(0). No-
tice that the equation FT®*(0) = 0 represents the renormalization condition.
When we look back at F&(q2)|ren = 1+ FF®(¢2) in (16), we realize that at
q* =0, QCD does not bring any modification to F{°"(0)]en-

14.3.2 Important Consequence of Mass Renormalization

To renormalize the quark mass, we need a counterterm Amyg to be added to
the bare mass mg to get the physical mass m, Amg + mg = m. Together
with Zg, this Amyg brings in L a new term to be added to X(p). Their sum

is the renormalized self-energy f]mn (p), which is found to be
Sren(p) = B(p) = (Zq — 1)(# — m) — Zq Amg . (14.44)

The generic p stands for ps or p3 and m stands for mo or mg. Like éq in
(37), the last two terms of (44) arise when we put 1/° = |/Z ¢ in the kinetic

expression 10 (i J—mqg)y° of £ in (35). Like (38) where I'*(pa, p3) is replaced
with fﬁcn(pg, p3), now X(p) is replaced with f]rcn(p). Thus, the amplitudes
of Fig. 14.2b, ¢ are now expressed in terms of ey (p). From (22), they are
given by

(14.45)

Now comes an important result which eliminates the contributions of both
Fig. 14.2b, ¢. The renormalization condition, which sets the pole of the
renormalized propagator Sien(p) to be m, implies that Yoy (p = m) = 0.
This equation is obtained from (25) and (44). Indeed, keeping in mind that
Zq =14 0(g?) and Amy is also O(g2), one has

Seen(B=m) = S(P=m) — ZgAmo = S(F=m) —Amg =0.  (14.46)

Not only is Sren (¥ = m) equal to zero, its derivative at ¥ = m also vanishes,
using (44) and (40) and remembering that dq = Z; — 1. We therefore have

dircn (Z/) o
—iy =0. (14.47)

y=m

ircn(ﬂz m) =0 and
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Equation (47) has an important consequence which forces (45) to vanish.

The demonstration is straightforward using the Taylor expansion similar to
(27). Indeed, when

d 2rcn (Z/) -0 , then 2rcn(7n>
dy - y—m

Seen(F=m) =0 and =0.(14.48)

From (45) and (48), we note that after the quark gets its renormalized mass,
the self-energy amplitude of each of the two diagrams (Fig. 14.2b, ¢) vanishes.
This important property, established for fermionic fields, can be generalized
to boson fields too. We arrive at the essential point: for external particles
(fermion or boson) on the mass-shell, it is not necessary to include self-energy
corrections. Via the self-energy X(p), the two diagrams in Fig. 14.2b—c have
no other role than to provide indirectly the counterterm dq to the vertex
(1 = ~5) in (38), then cease to contribute.

The detailed studies in the three previous sections can be summarized
as follows. The ultraviolet divergences of the three diagrams in Fig. 14.2 are
absorbed by the renormalization procedure into the bare parameters (fields
and masses) of the Lagrangian. It results in replacing I'“(pa, ps) with the
renormalized T¥_(ps, ps), leading to the key result Fy(¢q%) — FF*"(¢?) =

ren

Fi(q?) — F1(0) which is ultraviolet convergent.

14.4 Virtual Gluon Contributions

We have determined F' Ten(¢2), the most important quantity in the calculation
of virtual gluon corrections to the 7(P) — v (p1) + q2(p2) + G5(p3) decay
rate. As noted before, to order g2 correction to the rate, we need the sum —
denoted by My; — of the tree amplitude of Fig. 14.1 with the renormalized
loop amplitude of Fig. 14.2. Their interference in the square |My;|? is O(g2):

My; = mwma - 75)U(P){ﬂ(pz)[v“(1 —75) + Tl (po, ps)]v(ps)} :

V2

To lighten the computations of T'*(ps, p3), hence of fé‘cn(pg, p3) or My, we
assume from now on m = 0. With m = 0, the expression for T'*(ps, p3) is
considerably simpler. The vector current is conserved, and of course the Ward
identity holds in (42). Going back to (12), we see that only Fi(¢?) = G1(¢?)
survives, while F5(¢?) = G3(¢?) = 0. Then

fgcn(anpfi) = ,.Y#(l - 75)ﬁlrcn(q2) .

Until now, we have postponed the problem of infrared divergence (IR) which
occurs in F1(g?), hence in F7°"(¢?). Now is the time to treat it together with
the real gluon emission process, also called bremsstrahlung.
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The second part of Fi(¢?) in the second line of (12) — that without the
singular I'(2 — 5 ) — is free of UV divergence. It has only IR divergence. To

handle the latter, since with fol du/u in (19) we can go no further, we may
try to parameterize the IR of Fj(¢?) again as poles in &, on equal footing
with UV.

This can be done by going back to our original (9) and keeping every-
where the I'(3 — %) which is equal to 1 for n = 4.

The denominator —D(z,y) = m?(z + y)? — ¢*zy on the second line of
(12) is always written under the original form [—~D(x,4)]>~% as in (9), i.e. we
keep € # 0 even if the UV divergences are absent because we would like to
parameterize the IR divergences by the & pole too. As for the first part of
Fy(q?) appearing on the first line of (12) with T'(2— 2), we rewrite it in terms

2
of '(3— %) using I'(2 — §) = 2I'(3 — §)/(4 — n). With the relations

! a—1 —1_ T(a)T'(b) _
/0 dez®t(1—2) 1 = Tt ’ and z(z) =T(1+2), (14.49)

we get altogether from (12), with m = 0,

oy _4 g TE-HIE-DP[ -8 2 232
B = s T -2 [(4—n)2+4—n_2] (=)
= g2 A(n) (+q2)%72 exp (1 %) : (14.50)
where
ATB-IE -2 -8 2
AN = 3 T =2 2 [(4—71)2 R _2]

Due to the masslessness of both the gluon and the fermion, the double pole
1/¢2 in (50) has a pure IR origin. It comes from

1 -z n 2
1 4 I'(5 —1
/ dx/ dy = = LG5 ) .
0 0 (zy)?*~%  (4—-n)*> I'(n-3)
Since we are free to continue analytically any result to n > 4, from (50) we
find that Fy(0) = 0, and (38) becomes T'™_(pa, p3) = ¥*(1 —75)F1(¢*). Then

ren

G Vz 3 —
My = Mu(pl)w(l = 75)u(P)

V2
x {T@(p2)y" (1 — 75) [1+ Fi(®)] v(ps)} - (14.51)

Remark. As Fi(0) = 0 = 04, one may suspect that the UV divergence in
Fi(¢?) could not be removed since F1°"(q?) = Fy(¢?). In fact, F;(0) vanishes
only in the approximation m = 0. However, as explicitly written in (20),
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F1(0) contains both UV and IR divergences, its vanishing is equivalent to
the cancelation of a UV by an IR. Since these two kinds of divergence are
parameterized by the same 4 — n poles, the simple pole 2/(4 — n) in (50) is
understood as coming from an IR divergence which replaces a UV, the latter
is implicitly removed by the interchange of the UV and IR poles which is
imposed by F3(0) = 0. In other words, all the poles in (50) represent IR. W
For timelike ¢? > 4m?, the form factor Fj(g?) develops its imaginary
part, represented by exp(i ). Putting the expression of F(¢?) in (50) into
My in (51), after averagmg the spin of the initial 7 lepton state, as well as
summing the spins and colors of the final states, we obtain to order g2

1> Ml = g2 B(¢?) Te[phu P (1 —5)] Te[par® #sr” (1 —5)]

spin,color

B(¢?) =N, G2|Viyau |2 {2A(n) cos ”2_”} Tk (14.52)

This g2 order of [My;|? is the interference between the tree amplitude of
Fig. 14.1 and the renormalized loop amplitude of Fig. 14.2. Having obtained
| My;i|? in (52), we go on to compute the decay rate I'v; by using the formulas
of Chap. 4 as in 4 dimensions, with only the replacement of 4 by n for the
phase space integral. Thus,

R d"'py 2 (2m)"
Tvi= IM 9s 2F, (27_0",1 B(q ) Tr[]jlp)/,u E"YV(l - 75)] (27_02",2

dr— 1p2 dn 1p3 T u y )
e i o (1= 25)16 (02 + s — 0) - (14.53)
The double integration f [d*tpy d""ps of (53) is symmetric by inter-
changing ps and ps. Therefore the contribution of the 5 in the integrand
Tr[poy" P37 (1 —v5)] vanishes because of its po—p3 antisymmetric character.
Only terms symmetric in the py—v permutation remain. In turn, it renders
the 75 of Tr[ph v, P27, (1 — v5)] on the first line of (53) superfluous.
We compute now the double integration of (53) denoted by J#¥(¢?):

n—1 drn—
gy = [ [ S S Tl 4] 6 2+ ) (1450
First we notice that g, J" (¢*) = 0 because of m? = p3 = p2 = 0, implying
that J#*(g?) must have the structure J*(¢?) = (—g"* ¢ + ¢"q")L(q?).

Since J*(q?) is a function of ¢2, it is convenient to use the center-of-
mass frame where ¢ = p, + p; = 0. The variable ¢ is (\/_ g = 0) and
2E; = 2F3 = /2. We multiply the left and the right sides of (54) by g,
and integrate over d"~!ps to get rid of 6"~ (p2 + p3 — ¢). The result is

dnfl
— O (E Es —+\/¢?). 14.
2E, 2E35( 2+ B3 — v q?) (14.55)

(1 - n)L(g®) = 22— n) /
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As remarked before, Tr[pov* psy”| = 4 [phpl +psps — (p2-p3)g"”] for n # 4 in
(54). The n-dimensional solid angle is defined by n—1 angles: 8, 61, - -, 6,2,

g I 2m
Q":/dQ":/ do(smo)"*?/ d01(sin01)"’3-~~/ d6,_s .
0 0 0

Using (49), we now demonstrate the following useful formulas

T -k i 2 g\ E5E ' -3 =
Ikz/ df(sin 6) :/ dcosf(1 — cos”6) =2 :/ dra~2(1—2x)2
0 -1 0
D(3)C[5(k +1)]
, Io=m7 — T 1y — ™,
(k1 2)] 0 (3)=Vr
Tlin -1 T(in—(n-2 n/2
o _{w}{ﬁ (gln—(n )D}x(zw)_ 27 (14.56)
I'(3) L(zln—(n—=3)]) I'(3)
With (56), the quantity d" " !py/2F5 in (55) can be written as
d"'py B3’ dE 1 3 7T
e = S = B e dE; . (14.57)

Putting (57) back into (55), we integrate over Fs to eliminate the last function
6(2E2 — \/q?). Using (n — 1)I'[3(n — 1)] = 2T[4(n + 1)], we obtain

J,uu(q2) _ (TL — 2) Tr%

= N2 [—g* g™ +¢"q”] . 14.58
27 I (=) (@)= [ 9" + ¢"¢"] (14.58)

We now insert the above expression of J*(¢?) into (53); the product of
Tr[ph7, Py.] with the tensor [—¢* g"” + ¢*¢”] is found to be
[~a* 9" + ¢"d"] [Te[p Prw] = 2M* (1 = §)[1 + (n — 2)¢] (14.59)

where & = ¢?/M?. The remaining integral d"~1p; in (53) is simple in the
rest frame of the decaying 7 lepton. Using (P —p;1)? = (M? —2ME;) = ¢?,

/ d"!p g1 [ _ELdE 7/ E} P dE,
I(

= 1

28, 2m)n L 2F, (2m)n—t n-1) (4m) %

7 M2 1 R
)/0 de (1— €3 (14.60)

- n—1
2n—3 "5t p(n=L
92n=3 "3+ (251

Putting together (52)—(60), we get

3
FVi . [NC|Vq2q3|2 as] 255 T2t F(2 o %5)
Lo~ MEIEE-o L6 -2
)

{r(l +F%(52)E(;— 1e cos(Lme) [_;12 N 1]} , (14.61)

/0 A (1— 2“1+ (2 )¢
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where T'g = GZM?® /19273 already given in (13.21) is the QCD uncorrected
decay rate 77 — vy +q2+qy of Fig. 14.1, in which colors (of massless quarks)
are not yet summed, i.e. the factor N, is not yet included.

As we will see, the IR divergent singular € pole terms in (61) are exactly
canceled by those of the bremsstrahlung rate that we are going now to com-
pute from the two diagrams in Fig. 14.3, such that the sum of (61) and (81)
is infrared convergent. We remark further that both (61) and (81) share a
common regular term represented by the first factor, i.e. the first line on the
right hand side of (61). Therefore, we keep untouched this factor and we only
expand up to O(e?) the regular terms I'(1+ 1£)I'(1— £¢)/T'(2—¢)] x cos(3me)
in the second factor (second line) represented by the curly brackets {} of (61).
When these €2 expansions are multiplied by the poles —4/e? + 1/e —1 in {},
some finite terms emerge. This expansion of the regular terms up to second
order in ¢ is therefore mandatory. We obtain for the curly brackets [second
line of (61)] the following result

4 4yg -3 272
=-S5+ -2} +3m—4+ 4 +00), (14.62)
using (49) together with the expansion up to 2% of I'(1 + z) for z < 1,
2 2
T(1+2)—1-7p2+ GFYE% 2410 . (14.63)

14.5 Real Gluon Contributions

The amplitude of the two diagrams in Fig. 14.3 can be written as

Mo =20 (), (1= 35)u(P) (14.64)
A / Y
<) | 5 o 7 e Ay | (1= 30) o).

In (64), e*(k',4) is the gluon polarization vector associated with the eight
SU(3) color matrices A;. To simplify the trace calculation of many v matrices,
we write &y Yo = — Yo gk + 2p2 - s, and Y3 gk = — F Ps + 2ps - €, and
apply the Dirac equation to the spinors u(ps), v(ps) in (64). The transition
probability | MRe|?, summed and averaged over spins and colors in the usual
manner, can best be expressed in terms of a tensor 7" (ps, p3, k') defined
below. We find

% Z [Mgel? = g3

color,spins

T (p2, p3, k') = Tr{zfz [

(&) ' I q
< lw st Fof st v”] - 75>}<—gag>, (1465)

N, y
= GF Vazao* Telpy 770 (1= %)) T (2, ps, ),

2p8 +* K N 2p§+ Ky
D2 - K p3 - K

D2 - K p3 -k



14.5 Real Gluon Contributions 497

the factor —go.s comes from the summation over the gluon polarizations.
Using the fact that the bremsstrahlung rate is obtained by integration over
the symmetric phase space in po, p3, K/, it is easy to show that the 5 can be
dropped from T+ (ps, p3, k). Then the integration of the latter will result
in a term symmetric in g and v. This in turn renders irrelevant the ~s in
Tr[p1v, Pv. (1 — 75)] of (65). Thus both 5 can be eliminated.

14.5.1 Infrared Divergence

As explicitly shown in 7" (ps, ps, k'), the denominators ps - k' and ps3 - k'
indicate that the real gluon emission rate is divergent in the limit where the
energy-momentum &’ of the gluon tends to zero. For massless quarks, these
denominators vanish also when both the gluon and the quark are emitted
in parallel, regardless of the gluon energy. In these limits, the processes
with radiated gluons cannot be distinguished from those without gluons.
The bremsstrahlung is thus an essential part of radiative corrections in this 7
decay as well as in all other QCD (QED) reactions with real gluons (photons)
emitted. The tensor 7" (pa, ps, k') is found to be

1 8s2 8 8 t
ZT#"(pz,ps,k’):—gW [i+5+;+2(n—2) (%4'—) +4(”—4)]

ut U
16 16 8(n—4)s

Y T VN el N N V0 Bl I W 1A 27

v ) o [ ] o (S

v b 16s 8 8
+ (Pyp5 + popk) [E + =+ —]

u ot

ut t + U
8 4(n—4) 4(n

-2
+ (ph k" + pE k™) [— + + )] , (14.66)
ut u t

where the three invariants s, ¢, u are defined as follows, only two of them are
independent on account of the momentum conservation

s=2py-p3 , t=2py-k , u=2ps-k |, s+t+u=¢".

For mg = m3g = m, and a fortiori for m = 0, the conservation of the vector
current at the vertex Wqs@y in Fig. 14.3 implies that ¢, 7""(p2, ps, k') =
@ T (p2, p3, k') = 0, where ¢ = pa + ps + k’. We can verify this property by
multiplying the right-hand side of (66) by (p2 +ps +k&'),, and check that the
product effectively is equal to zero.

Using (65), the decay width T're =T(7 — vy + q2 + G5 + &) is

1 N, " 'py
I're == —G1 2 2/7T 5
R oM 3 GF |VQ2C13| 9s (27‘()"712E1 r[]jlﬁ)/# E"Y ]

(2m)" / /
— Vi k 14.
X (27_03",3 ps3 (p25p35 ) ) ( 67)
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where the three-body phase space integral is denoted by fp S50

dr— 1p2 dn 1p3 drn— lk/
o" (p2 + p3 + - q) . (14.68)
/7353 / 2F, 2F,

No matter how complicated the integration fp 3 71 (pa, p3, k') is, it results
only in a function of the momentum transfer ¢°. Moreover, this phase space
integration fp s3 7" (p2, p3, k') must have the structure —¢% g™ + q*q”, due
to ¢, T" (p2,p3, k') = . T" (p2, p3, k') = 0, so that

/ TH (p2, p3, k') = (—¢* ¢"” + ¢"¢")H(¢?) - (14.69)
PS3

To compute H(g?), we multiply the left- and the right-hand sides of (69) by
guv- Using the expression of 7 (ps, p3, k) in (66), we get

q2H(q2)_@/7353{4[52 +S + ]+(n—2) [3+£] +2(n—4)}.

—-n ut t

Since fp g3 18 completely symmetric in the three integration variables ps, ps,
and k' and all of these three particles are massless, the integration of the
three variables s,t, and u are completely equivalent because of the possible
interchange among p2, ps, and k. More precisely, we have

IRCEY MR

Then using (s + t + u) = ¢%, we obtain a simple form for H(q?):

16 n — 2 2 5q°
H(g?) = 5 = / [ Lt (=27 +(n-4)| . (14.70)
¢? n—1Jps3| ut t

Our next task is to evaluate the three-body phase space integral fp S3 -

14.5.2 Three-Particle Phase Space

It is instructive to see how fp g3 can be decomposed and computed, first
in n = 4 dimensions. By energy-momentum conservation, there are in all
3 x 3—4 =5 independent variables that describe the three-body phase space.
Since fp g3 1s a function of ¢, it may be convenient to choose the rest frame
of " Jie.q=py+p;+k =0: ¢t = (\/q_Q, 0). The three momenta ps, ps, k’
define a plane P in this frame. The vector k' is fixed by Fy, E3 and the angle
0 between p, and p;. Energy conservation restricts 6 in terms of Es, E3. So
only Fs and F3 are independent. Thus for the three massless particles:

E. = \/ES + E2 4 2E; Escosf
2F F3cos = q> + 2F5 Fs — 21/q2(Ey + E3) . (14.71)



14.5 Real Gluon Contributions 499

The three remaining independent variables can be chosen as the angular
orientation of p,,ps, and k'. For instance, two angles, denoted by € to
determine the vector p,, and one angle ® to fix the plane P around p,.
Using [ d3k" 6*(p2 + ps + k' — q) = 1, we have for my = mg = 0,

2w
E»dE, [ EsdE
/ (n:4):/dQ/ de)/ 2 2/ 8
PS3 0 2 2

+1d 9
></ o8 5(E2+E3+Ek/—\/q2) . (14.72)
_, 2En

We remove the last d-function by performing the cos 6 integration, using

d(x — xo)
| (2)|2=z0

where z = cos 0y is solution to (71) for fixed Es, E5. From (71), we have

d(cos @ — z)

o{f(x)} = " dEy/dcosd].

) (E2 4 Bs+ Ep — \/q2)

dEy  EE dcos
B 22 3:>/ s (14.73)

= By + By + Ep —/ 2)
dcos@ Ek/ 2Ek/5( 2+ B3+ Bk 4

BN

and so we obtain

1 27
/ (n=4)= 2—3/019/ de)/ dEy dE;3 = 7r2/ dEy; dE;5 . (14.74)
PS3 0 A A

Due to (71), the E2 and Fs5 integration domain A is restricted by
4> + 2E2 B3 — 20/2(E> + E3)| < 2E2E3 (14.75)

which is translated into a rectangular isosceles triangle limited by three lines
in the (Fs, E3) plane: Fy = %\/qQ, E3 = %\/qQ, and F + E3 = %\/qQ.

A digression. In the general case of a particle A decaying into 3 others,
say a1 + as + as, the squared decay amplitude multiplied by the phase space
volume (72) will give the double distribution dI'/(dE; dEy) of a;, as energies.
The kinematic result in (74) indicates that a plot of dI'/(dE; dE,) is a
powerful tool for investigating the decay dynamics, as suggested by Dalitz.
Indeed, if the amplitude is constant, the events will be uniformly dis-
tributed in the A domain according to (74). On the other hand, any dy-
namical specific structure of the amplitude will be immediately revealed by a
characteristic density of events in this plot. A concentration of events which
cluster along a line in the A domain of E;, E; corresponds to the presence
of a resonance formed by a; and a;: A — a, + B follows by B — a; + ay.
Many hadronic resonances are found by this method. The angular © and
® distributions dI'/(d2d®), on the other hand, provide useful information
on the spin and intrinsic parity of the decaying particle A, once the decay
amplitude squared is incorporated in (72). ]
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14.5.3 Bremsstrahlung Rate

Going back to our case of (68) and (70), we first integrate over the gluon
momentum d” 1k’ to get rid of the 6" 1(py + p3 + k' — q), similar to (72).
Together with (56) and (57), we write

A"lps  EPT3dEs ot T
= Q"% df(sin 6)" | with Q"2 = S _
5Es > (sin 6) , wit F(";2) ,
df(sin )" = dcosf (1 — cos ) 22 (1 + cos )2 2 . (14.76)

From the isosceles triangle in (75), one has \/¢? < 2(E3 + E3) < 24/¢?, it
proves convenient to introduce two variables x, y related to Es, F3 by

/o2 [a2(1 — 2
By = YIT ngM , dEQdEgquxdxdy, (14.77)

2 ’ N 2
then from (71), we get
2(1 - 2y(1 —
1—cosf = (1=y) , 1+cos€:u. (14.78)
1—ay 1—ay

Using (73), the remaining 6(Fy + E5+ Ejy — +/¢?) is replaced by Ey//(E2Es3)
after the cosf integration. With (57), (76), (77), and (78), the n-dimension
three-body phase space [, defined in (68) can now be written as

/ _ ang [q2]n73
pss 2" Tlz(n— D]T[(5(n - 2)]

X /0 dez" 3 (1 - x)%72/ dyly(1—y))22. (14.79)

0
Using (77) and (78), we have

s=q¢r(1—-y) , t=¢*vy , u=¢1—=z). (14.80)
With (79) and (80) plugged into (70) and using (49), we finally get

2\ _ (242 T(B)N(2—1) [(2n(n—2) n?—4
H(q") = on—>5 F(%)F(:ﬂ_ﬂ_ ){ (n —4)2 +(n_4)+(n—4)} .

2
The € = 4 — n double and simple poles in the above equation come from the
integration of 2sq? /ut and (n — 2)u/t of (70) respectively.

Putting the quantity H(g?) back into (69) and (67) and using again (59)
and (60), we obtain the bremsstrahlung rate

3
FRci[NC|VquS|20zS] 2557r§51“(2_%5) 1 e )
R T e it el ACCURUAMI R
(1—4e)[8 12
rog 52

14.81
= (14.81)
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The first factor on the first line of (81) is exactly the same as the first factor
of (61) for the virtual gluon correction rate, so we only need to expand the
regular terms in the second line of (81) up to 2. Using (63), we find

-l [s 12 4 dyp—3 19 272
¥[___+5]_5_2_7%4_27%_3%4_1—%.(14.82)

14.6 Final Result

As explicitly shown, the € poles of (82) exactly cancel those of (62), i.e. the
sum of the right-hand sides of (62) and (82) is finite and equal to —4 + 12.
The sum of virtual and real gluon corrections to the rate is now free of IR
divergences, so we put € = 0 in the first line of I'y; and TI'ge in (61) and (81).

Let us summarize. The ultraviolet divergences of loop diagrams in
Fig. 14.2 are removed by replacing Fy(q?) with the renormalized form factor
Fren(g?) = Fi(¢?) — F1(0). Both Fi(¢?) and F1(0) are UV divergent, but
their difference is free of UV divergences. The next step deals with the in-
frared divergences in both I'y; and I'ge. They are found to cancel exactly
each other to yield a finite result free of both UV and IR divergences. The
final result for the radiative corrections is the sum of (61) and (81)

Ne |quqs|2 Qs

(3T (3)
G2 M°
19273

1
Iad. =vi+Tre =T / dE(1—¢)*[1+2¢] [—4 + 14—9]
0

Qg Qg
= N.I'g |quqa |2 ? =N, |quq3 |2 ? : (14-83)

In the limit of massless quarks when the tree diagram rate I'o N [Vi,q,|? as
given by (13.60) is added to the one-loop QCD corrections (83), then together
with |Vual?+|Vas|? & 1, the inclusive semileptonic decay width of the 7 lepton
is given by

G2 M5
19273

[1 + %} . (14.84)

™

I'(t — v, + hadrons ) = N,

As already mentioned at the beginning, this QCD correction is identical to
the correction of the ratio R defined in (13.65) for e* + e~ annihilation into
hadrons. One has the same five diagrams, except that the photon replaces
the W weak boson and the vertex +* replaces v*(1 — ~5). Thus

o(et + e~ — hadrons) 9 O
_ — N, > )4 %) 14.
R olet +e= —put +p) ;QJ [ + w] (14.85)

We notice that the factor 72 in (62) and (82) comes from the second derivative
of the I'(x) function [see (63)]. In the sum I'y; 4+ I're, it happens that the
7% terms cancel out. However, there are circumstances in which the 72 term
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remains. Examples of such cases are the one-loop QED correction to muon
or tau lepton decays, as given by (13.27), and the one-loop QCD correction
to quark decays Q — qi + g2 + @5 illustrated by (16.6).

This chapter ends with a remark. When the fermionic masses mo #
mg # 0 are taken into account, calculations of radiative corrections are ex-
ceedingly complicated. We simply report the result obtained by replacing in
(83) Ty by T'g G(xa, x3), and (as/m) by (as/7) K (22, x3) where z, = m32 /M?.
Of course G(0,0) = K(0,0) = 1. The results in (83) and (84) become

G2 M> m2 m2 « m2 m2
— 2 F 2 3 S 2 3
Traa. = Ne [Vases| { 19273 (M?’ M2>} [w K (M?’ M2>]  (14.86)

2 25 2 2 . 2 2
It — v, + haLdr011s):]\]CGF G(ﬂ B) [14_0‘_[( (ﬂ &)] )
™

19273 M2’ M?

The analytic expression of G(z,y) — corresponding to the tree diagram of
Fig. 14.1, uncorrected by QCD - is already given by (13.62). Some numerical
values of K (z,x) and K(z,0) = K (0, z) together with G(x, ) and G(z,0) =
G(0,z) are given in Table 14.1. The decrease of G(x,y) is expected from
kinematic phase space effect. What is surprising in the radiative corrections
is the spectacular increase of K (x,y) with growing x and y. The mass effect
in K(z,y) finds its full application in heavy flavor physics. Its relevance to
the decay b — ¢+ s+ ¢ is an example and will be discussed in Chap. 16.

Table 14.1. G(z,0), G(z,z) and K(z,0), K(z,x)

VT 0 0.1 0.2 0.3 0.4

G(z,0) 1 093 074 052 0.32
G(z,z) 1 085 052 020 0.026
K(z,0) 1 162 28 447 7

K(z,z) 1 226 463 815 16.27

Problems

14.1 Noninterference between tree and bremsstrahlung diagrams.
To order O(g?), one can draw two diagrams similar to Fig. 14.3 with two
gluons (instead of one) emitted. We call them Fig. 14.3bis. While there is
an interference between the diagram of Fig. 14.1 and the loop diagrams of
Fig. 14.2 to obtain the O(g?) corrections to the rate, there is no interference
between Fig. 14.1 and Fig. 14.3bis for the same order g2 corrections to the
rate. Explain why.
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14.2 Analytic expressions of I . (¢?) and F} ;,(¢?). For Fy ,, compute
the integral in the second line of (17). For F} ;. in (19), the IR divergence is
symbolically written as fol du/u. There are two different ways of parameter-
izing this IR: either (i) by assigning a fictitious small mass ¢ to the gluon,
i.e. by replacing its propagator 1/k? in (4) with 1/(k? — ¢?); or (ii) by us-
ing dimensional regularization as in Sect. 14.4 so that the IR divergence is
also represented by a pole 1/e as the UV divergence. Derive an analytic
expression of F} ;,(¢?) in both cases (i) and (ii).

14.3 Fi1(0) + 44 = 0 from Ward identity. =~ We have seen the trivial
role of 75 in our QCD corrections to the rate, so let us forget it in the
expression of I'*(po, p3) as given by (4). We are considering only the vector
current, i.e. QED where photons replace gluons. Multiply ¢, = (p2 +p3),. by
T'*(p2, p3) (without ~5), and using the expression of X(p) in (21), show that

(P2 + p3)I"(p2, p3) = X(—p3) — B(p2) - (14.87)

This QED equation, known as the generalized Ward identity, was derived by
Takahashi. The original one, pioneered by Ward, can be obtained by letting
p2 tend to —ps. In this limit, we have

I(p,p) = — %2@) . (14.88)

Notice that in (4), if mae # mg, the vector current is not conserved, show that
(87) cannot hold. From (12), the left-hand side of (88) is I'*(p, p) = v* F1(0).
Its right-hand side is —~/dq, since X(p) = X(m) + (¥ — m) from (27) and
(31). Then F1(0) 4 64 = 0. In QED, the counterterm Z; is usually denoted
by Z2 =1+ J2, so the Ward identity (88) is written as F1(0) =1 — Zs.

On the other hand, the QED counterterm of the vertex denoted by Z;, which
is used to cancel the UV divergence of the form factor F;(¢?), is given by
Fi(0) = (1/Z)) — 1 =1— 21 + O(e), i.e. F1(0) =1 — Z; (see 15.26). Then
together with (88), one has Z; = Z,.

In brief, the vertex function counterterm Z; = 1 — Fy(0) in QED is equal to
the fermion field counterterm Z> = 1+ d¥(p)/d | ,_,, - As we will see in
the next chapter, the relation Z; = Zs does not hold in QCD.

14.4 F$™(0) from Higgs boson contribution. If we replace in Fig. 14.4b,
the vertex v#(1—~5) by v, and the internal gluon by an internal photon, then
we have one-loop QED corrections. We are interested in the finite form factor
F$™(0) as given by €?/(872) = aem/27 [see (14)]. The magnetic moment of
the electron is usually written as % Jlte, i.€. ¢ = 2 corresponds to its pointlike
value of pe = —e/2m,. Its anomalous magnetic moment, i.e. the deviation
from its pointlike value, is (g — 2) = aem/27.

Consider the field ¢(x) of the Higgs boson H which has an interaction with a

charged lepton field ¢(z) of mass mye: frd(x)(z)y(z). In fact, the coupling
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constant is f; = my/v where v = (v/2Gr)~'/2. Similar to Fig. 14.4b, instead
of QED corrections, the internal photon field is now replaced by H. Compute
the anomalous magnetic moment of the electron F5(0) due to this virtual
H. Experimentally, the deviation 1 (g — 2) is known to be 0.0011597 for the
electron. What limits on My can we deduce from this number?

14.5 Fermion mass generated by the gap equation. The Pauli—
Villars regularization procedure introduces a large cutoff A, i.e. the gluon
propagator 1/(k? — ¢?) is replaced by
1 1 1
k2 — 2 - k2 — 2 k2 _ A2

(14.89)

where ( is a small gluon mass introduced to regulate the infrared divergence.
Compute ¥(p) and B(m?) in terms of A. In (25), if the bare mass mq is
assumed to be zero, then the renormalized mass m in (25) obeys the gap
equation B(m?) = 1. Find m in terms of A. This mechanism of mass gener-
ation is known as the Nambu-Jona-Lasinio model.

14.6 Mass effect in two-body and three-body phase space. Using
(56) in n dimension, first compute J*¥(¢?) as defined by (54) where mz and
mg are not neglected. Compute the three-body phase space

/ d3py d®py dPps 54
9%, 2E, 2E;

(p1+p2+p3—q) (14.90)

as an integral over Ej;, E, where all the masses are # 0. Give an equivalent
of (75) with the three nonzero masses. Show that the E;, E, domain of the
Dalitz plot is no longer an isosceles triangle, but resembles an ellipse.
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