
7 Quarks and SU(3) Symmetry

By 1960 a great number of particles (which decay weakly) and resonances
(which decay strongly) had been discovered. Some are seen in production

reactions, where they are produced along with other final-state particles (such
as the ω meson in pp̄ → π+π−ω), others in formation reactions, where they
are the only products of collisions between the incident particles (such as the
isobar resonance ∆ in πp → ∆). This proliferation of particles and resonances
calls for an organizing scheme more powerful than the Gell-Mann–Nishijima
relation – in fact, a model that could embody the main features of known
symmetry principles, establish or suggest relationships among particles, and
provide a good basis for an eventual dynamic approach.

The precursor of the modern particle models is the Fermi–Yang model
(1949) based on the fundamental set of the proton and neutron; nonstrange
mesons are then built up from combinations of a nucleon and an antinucleon.
Sakata (1956) added to this (p, n) pair the isosinglet hyperon Λ of strangeness
−1 and succeeded in giving a completely uniform treatment of all mesons,
strange and nonstrange. But this model met with serious difficulties in deal-
ing with baryons: their predicted mass spectrum is not as observed and their
spins and parities are not correctly related. Nevertheless, it inspired later
models. In terms of group theory, the Fermi–Yang model is based on the
symmetry of the unitary group SU(2) and the Sakata model on that of the
SU(3) group.

In a further extension, Gell-Mann and Ne’eman (1961) proposed the
eightfold-way model in which the basic unit is an eight-member multiplet,
or octet, of SU(3), not a triplet as in the Sakata model. The lowest-mass
baryons of spin 1/2 would then belong to an octet, and the pseudoscalar
mesons 0− to another analogous octet. All other particles and resonances
would fall into octets or multiplets that could be made from the basic octets.
This model, though remarkably successful in many practical aspects, lacks
a fundamental basis. A much deeper understanding of the physical nature
of SU(3) emerged when Gell-Mann and Zweig (1964) put forth a simple but
drastic idea that hadrons are built from three basic constituents called quarks.
The idea is simple because it retains the triplet as the basic building block
for all hadrons, and drastic because the quarks are not only novel but would
also have rather surprising properties.
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Of course, even this SU(3) model is not final. But as with any good
model, it is rich in implications and ramifications, and opens the way to
further developments. The concept of color will be introduced, and new
kinds of particles will be discovered. Still, no quark is seen. Yet the concept
of quark endures, giving us the most elegant model of particles we have, and
laying the groundwork for a theory of the fundamental interactions. These
developments in particle spectroscopy up to the detections of the τ lepton
and the c, b, and t quarks form the main topic of the present chapter.

7.1 Isospin: SU(2) Symmetry

In this section, we briefly review some of the concepts introduced in Chap. 6,
rephrasing them in a language more readily generalizable to higher-order sym-
metries. In particular, we will introduce a description of particle multiplets
by means of tensorial techniques frequently used in other fields of physics.

The conservation of baryons observed in particle physics may be thought
of as a consequence of the invariance of the theory to arbitrary phase trans-
formations of the baryon states. Taken as a typical baryon field, the neutron
field transforms as

ψn → eiαψn , (7.1)

for any arbitrary real constant α. The set of all unitary transformations
{exp iα} acting on the spinor ψn, considered for the present purpose as a
one-component object, forms a one-parameter unitary group, called U(1). It
is not a very interesting group because it cannot lead to any relations between
different fields. For this reason we seek higher-order symmetries.

Charge independence suggests that the proton (p) and neutron (n) are
in some sense interchangeable states and should be considered as parts of a
two-component spinor

ψ =

(

ψp

ψn

)

, (7.2)

with (contravariant) components ψ1 = ψp and ψ2 = ψn. These spinors may
be interpreted either as state vectors or as field operators that annihilate the
proton or the neutron. The most general linear transformation of ψ

ψa → ψ′a = Uab ψ
b (a, b = 1, 2), (7.3)

(summing over the repeated index as usual) is defined by a 2 × 2 complex
matrix U . If it is required as usual that the scalar product in this vector
space be invariant, U must satisfy the unitarity condition

U †U = UU † = 1 , (7.4)
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and can be parameterized by four real constants. All such transforma-
tions form a representation of the unitary group U(2). Unitarity (4) implies
|detU |2 = 1, so that detU = exp iα for an arbitrary real constant α. This
means that in general we can factor out the complex phase,

U = eiα S , (7.5)

and treat it separately as an element of a one-parameter gauge group rep-
resenting baryon conservation, as seen above. From now on, we shall limit
ourselves to the unitary, unimodular transformations S, for which

S†S = 1 and detS = 1 . (7.6)

They form the Lie group SU(2), the group of unitary 2 × 2 matrices of de-
terminant equal to one. The unimodular condition reduces the number of
independent real parameters to three (which defines the dimension of the
group), so that the most general such transformation may be expressed as

S = exp[− i
2 (α1τ1 + α2τ2 + α3τ3) ] , (7.7)

where αi are real constants, and τi are 2 × 2 matrices [with elements (τi)
a
b,

for a, b = 1 or 2], which must be Hermitian and traceless, as a consequence
respectively of the unitarity and unimodular conditions on S. The usual
Pauli matrices satisfy these conditions. The matrices Ii = τi/2, called the
generators of the infinitesimal transformations of the group, form a closed
algebra, i.e. the commutator of any two of them is again a member of the set,

[Ii, Ij] = iεijk Ik , (i, j, k = 1, 2, or 3) , (7.8)

where εijk are the components of the totally antisymmetric Levi-Cività ten-
sor, with ε123 = +1.

Even though these relations are obtained from the 2 × 2 matrices τi/2,
they actually hold for any representation of the generators of SU(2) and define
the Lie algebra associated with the Lie group SU(2) and characterized by the
structure constants εijk. This algebra allows only one diagonal operator,
conventionally taken to be I3. In the two-dimensional representation, I3
has diagonal elements 1/2 and −1/2, corresponding to its eigenvalues for ψ1

and ψ2, respectively. We express this fact by saying that SU(2) has rank

one. In general, the rank of a group is the number of generators that can
be simultaneously diagonalized; it gives the number of independent additive
quantum numbers whose conservation is implied by the invariance of the
theory under the transformations of the group. The three generators I1, I2
and I3 may be taken as the components of a vector called the isobaric spin
(or isospin). The expectation value of its square is written as I

2 = I(I + 1).
For the nucleon multiplet, I = 1/2.
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We are most interested in other multiplets of particles which, just like the
proton and neutron, transform among themselves, and thus must have the
same spin and parity and, at least roughly, the same mass. They constitute
the basis vectors of irreducible representations of the group.

Besides the trivial one-dimensional representation, the simplest is the
fundamental, or defining, representation formed by the set of transformations
{exp(−iα.τ /2)}, as defined above, which act on a (carrier) space of dimension
two, whose basis vectors transform under SU(2) as

ψa → ψ′a = Sab ψ
b , (a = 1, 2) . (7.9)

In order to introduce the scalar product in this vector space, it is necessary
to define the dual basis vectors, labeled by covariant (lower) indices, such
that the scalar product remains invariant to SU(2) transformations:

φ′
aψ

′a = φ′
a S

a
b ψ

b = φb ψ
b . (7.10)

Therefore, φa must transform as

φ′
a =

(

S−1
)b
a φb =

(

S†)b
a φb = (Sab)

∗
φb , (7.11)

that is, exactly as (ψa)∗, and hence give the basis of the conjugate funda-
mental representation.

All linear higher representations of a group are constructed from its funda-
mental representations by tensor multiplication. The tensors that define the
basis of their respective spaces transform by composition, that is, the upper
indices, contravariantly, and the lower indices, covariantly. For example,

T abcd → T ′ab
cd = Saa′ S

b
b′ T

a′b′

c′d′ (S†)c
′

c (S†)d
′

d . (7.12)

In words, components of any tensor transform into combinations of them-
selves and nothing else, according to rule (12).

In fact, the fundamental representation of SU(2) and its conjugate turn
out to be equivalent (meaning the two sets of transformations {S} and {S∗}
are identical), as can be seen from the simple fact that τ∗i = −τ2τiτ2 for
i = 1, 2, 3. To put it another way, a covariant vector can always be expressed
in a contravariant basis, as we will now show.

Let εab be the antisymmetric symbol defined by ε11 = ε22 = 0 and ε12 =
−ε21 = 1. Its inverse εab (ε12 = −1) satisfies

εac ε
cb = δa

b . (7.13)

The tensors with components δab, εab, and εab are invariant, in the sense
that each component transforms into itself, without mixing. Now, let χa be
a contravariant basis, and define

θa = εab χ
b . (7.14)
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Since by assumption χ transforms as a contravariant vector, the transforma-
tion for θ is

θ′a = εab χ
′b = εab S

b
c χ

c

= εab ε
dm εmc S

b
d χ

c = εab θm ε
dmSbd

= θm(S−1)ma ,

where, in the last step, we have made use of the unimodular condition

detS = −1
2 εab ε

cd Sac S
b
d = 1 . (7.15)

The result shows that εab χ
b, and hence θa, transforms as a covariant vector.

As the conjugate representation of SU(2) is equivalent to the ordinary
representation, there is no real need for tensors with covariant indices; con-
travariant tensors T a...d alone would do for the bases of linear representations
of the group. Since εab is an invariant tensor under SU(2), a contraction of a
rank-n tensor T a1...an ,

εaiaj
T a1...an , for 1 ≤ i, j ≤ n , (7.16)

may yield a nonvanishing tensor of rank n − 2 for some i, j, in which case
the tensor T a1...an is said to be reducible. If (16) vanishes for every possible
contraction, it is said to be irreducible. Thus, an irreducible tensor of rank
n is a contravariant tensor totally symmetric in its n indices. Because of
this symmetry, it has only n+ 1 linearly independent components. If n+ 1
such components are selected to form a column vector φ, then just as ψa

transforms with the matrix S, so too will φ transform according to

φ → φ
′ = V φ . (7.17)

The (n+ 1)× (n+ 1) matrix V , given by a product of matrices S, defines an
irreducible representation of the group having dimension d = n+1. A partic-
ularly interesting representation is the adjoint, or regular, representation, the
dimension of which is identical to that of the group, i.e. d = dimSU(2) = 3,
and the elements of the generator matrices are given by the structure con-
stants, (Ii)jk = −iεijk.

Each independent component T a1...an of an irreducible rank-n tensor cor-
responds to a member of an isospin multiplet, with eigenvalues

I3 = 1
2 (n1 − n2) , (7.18)

where n1 and n2 = n− n1 are the numbers of indices ai with values 1 and 2,
respectively. Since I3 has n1/2 = n/2 as its largest value and −n2/2 = −n/2
as its smallest, the multiplet has isospin I = n/2 and multiplicity (number
of its members) d = n+ 1 = 2 I + 1.
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For illustration, let us take a totally symmetric tensor of rank n = 2
as defining a basis for the adjoint representation and call it πab. Its three
independent components span a three-dimensional space and correspond to
the three isospin states I = 1, I3 = 0, ±1. The contravariant tensor πab is
equivalent to the traceless mixed tensor of second rank πab = εbc π

ac. The
latter can be expanded in terms of the three Pauli matrices (τi)

a
b with real

coefficients φi :

πab =
1√
2

3
∑

i=1

(τi)
a
b φi =

1√
2

(

φ3 φ1 − iφ2

φ1 + iφ2 −φ3

)

. (7.19)

The normalization has been chosen such that

πab π
b
a = 1

2

∑

φi φjTr(τiτj) =
∑

φ2
i . (7.20)

From (18), different elements πab have the following I3-assignments:

I3 = 0 : π1
1 = −π2

2 = π12 ,

I3 = 1 : π1
2 = −π11 ,

I3 = −1 : π2
1 = π22 . (7.21)

Therefore, the elements will be designated by the particles having the appro-
priate quantum numbers:

πab =

(

1√
2
π0 π+

π− −1√
2
π0

)

. (7.22)

As quantum operators, the fields

π0 = φ3 , π+ = 1√
2
(φ1 − iφ2) , and π− = 1√

2
(φ1 + iφ2) (7.23)

annihilate the particles whose symbols they carry.
Let us now pretend that particles of higher multiplets may be constructed

as bound states of the basic doublets ψa = (p, n) and ψa = (p̄, n̄). Their
compositions can then be determined from appropriate tensor products. For
example, states composed of a ‘nucleon’ and an ‘antinucleon’ are obtained by
rewriting the product ψaψb, in a simple process called reduction:

ψa ψb = 1
2 (ψc ψc) δ

a
b + ψa ψb − 1

2 (ψc ψc) δ
a
b , (7.24)

in terms of two irreducible tensors, one identified with the isosinglet and the
other with the isotriplet πab defined above:

σ ≡ 1√
2
(ψc ψc) = 1√

2
(pp̄+ nn̄) , (7.25)
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πab ≡ ψa ψb − 1
2

(ψc ψc) δ
a
b =

(

1
2 (pp̄− nn̄) pn̄

np̄ −1
2

(pp̄− nn̄)

)

. (7.26)

Comparing the last equation with (22), one may deduce the structure of the
composite fields

π0 = 1√
2
(pp̄− nn̄) , π+ = pn̄ , π− = np̄ . (7.27)

These are essentially the same as the corresponding relations listed in Table
6.2 obtained by other means.

Finally, let us construct states of three ‘nucleons’, an exercise as instruc-
tive as it is useful for later considerations. One begins by reducing the product
of two spinors

ψaψb = 1
2(ψaψb − ψbψa) + 1

2(ψaψb + ψbψa)

= −1
2
εabA + 1

2
Sab , (7.28)

where A ≡ εcdψ
cψd and Sab ≡ ψaψb + ψbψa. In more familiar terms, this

superposition of an invariant and a rank-2 tensor may be seen as the result
of the coupling of two isospin-1/2 states, leading to an antisymmetric I = 0
state, represented by A, and a symmetric I = 1 state, represented by Sab

(cf. Table 6.2). Now adding one more spinor to the system yields

ψaψbψc = − 1
2
εabAψc + 1

2
Sabψc

= − 1
2ε
abAψc + 1

6εed(ε
caSeb + εcbSea)ψd

+ 1
6(Sabψc + Sbcψa + Scaψb)

= − 1√
2
εabχcA + 1√

6
(εcaχbS + εcbχaS) + χabcQ , (7.29)

where three irreducible tensors, two of rank 1 and one of rank 3, have been
introduced:

χaA ≡ 1√
2
(ψ1ψ2 − ψ2ψ1)ψa ,

χaS ≡ 1√
6
εbcS

abψc ,

χabcQ ≡ 1
6(Sabψc + Sbcψa + Scaψb) . (7.30)

Thus, coupling three isospin-1/2 states produces one completely symmetric
I = 3/2 (quadruplet) state, given by χabcQ , and two I = 1/2 (doublet) states
of mixed symmetry, given by χaA and χaS, which are formed by coupling the
third spinor in two different ways, either to I = 0 (antisymmetric) or to I = 1
(symmetric) two-particle states. Note in particular the absence of a totally
antisymmetric combination of three two-component spinors.
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7.2 Hypercharge: SU(3) Symmetry

We have seen in the previous chapter that the strong interaction conserves the
electric and baryonic charges as well as isospin and strangeness. When con-
servation of strangeness is combined with conservation of the baryon number
by introducing the notion of hypercharge Y ,

Y = NB + S = 2 (Q− I3) , (7.31)

it becomes apparent that the low-lying hadrons that have the same baryon
numbers and the same spins and parities fall into regular patterns associating
together several isospin multiplets, each characterized by some value of Y
(cf. Table 6.5). This suggests a symmetry beyond isospin.

7.2.1 The Fundamental Representation

In order to incorporate conservation of both isospin and hypercharge into
a single group structure, the group must be at least of the second rank,
with one diagonalized generator related to I3 and the other to Y . In this
minimal extension, the basic spinor defining the fundamental representation
must have three components, each chosen to correspond to one of the three
characteristics of the group, namely, upness (I3 = 1/2), downness (I3 = −1/2)
and strangeness (S = −1). The up (u) and the down (d) states, both with
S = 0, are assumed to form an isodoublet, while the strangeness state (s)
is an isosinglet. Accordingly, we use the following notation for the basic
three-component spinor:

qa =





u
d
s



 . (7.32)

In a linear transformation, it obeys the rule

qa → q′a = Uab q
b . (7.33)

From our successful experience with SU(2), we again restrict considerations
to transformations defined by unitary, unimodular complex 3 × 3 matrices.
The set of all such matrices form the Lie group SU(3). The one unimodular
and nine unitarity constraints together reduce the 18 real transformation
parameters to 8, which is the dimension of the group, d(G) = 8. An arbitrary
element of the group may thus be expanded in terms of 8 real constants αi:

S = exp
[

− i
2

8
∑

i=1

αi λi

]

. (7.34)

The 3 × 3 matrices λi are generalizations of the Pauli matrices τi. From
the unitary and unimodular conditions on S, they must be Hermitian and
traceless. They may also be made orthonormal:

Tr

(

λi
2

λj
2

)

=
1

2
δij . (7.35)
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Table 7.1 displays the explicit expressions for the λi due to Gell-Mann consis-
tent with these conditions. Two of the matrices are diagonalized (the group
is of rank 2). It is evident that λ3/2 gives the I3 eigenvalues for qa, but the
physical interpretation for the other diagonal matrix, λ8, remains for now
undetermined, although the objective is to relate it to the hypercharge.

Table 7.1. Gell-Mann matrices

λ1 =

(

0 1 0
1 0 0
0 0 0

)

λ2 =

(

0 −i 0
i 0 0
0 0 0

)

λ3 =

(

1 0 0
0 −1 0
0 0 0

)

λ4 =

(

0 0 1
0 0 0
1 0 0

)

λ5 =

(

0 0 −i
0 0 0
i 0 0

)

λ6 =

(

0 0 0
0 0 1
0 1 0

)

λ7 =

(

0 0 0
0 0 −i
0 i 0

)

λ8 =
1√
3

(

1 0 0
0 1 0
0 0 −2

)

The generators of the infinitesimal transformations in the fundamental
representation, λi/2, satisfy the commutation relations

[

λi
2
,
λj
2

]

= ifijk
λk
2
, (i, j, k = 1, . . . , 8) . (7.36)

The coefficients fijk are, of course, the structure constants of the group and
can be calculated from the explicit λi. By definition fijk is antisymmetric in
the exchange of the first two indices i and j, and, for the particular choice
(35), is totally antisymmetric in all three indices, since then

fijk = − i

4
Tr ([λi, λj] λk) . (7.37)

The explicit expressions for λ1, λ2, and λ3 indicate that they have with
each other the same commutation relations as the Pauli matrices τ1, τ2,
and τ3. This means that λ1/2, λ2/2, and λ3/2 form a subalgebra of (36)
and generate a subgroup having the same structure as the isospin group.
There exist two other SU(2) subgroups of SU(3) (called the V-spin subgroup
and the U-spin subgroup) generated by λ4/2, λ5/2, and (

√
3λ8 +λ3)/4, and

by λ6/2, λ7/2, and (
√

3λ8 − λ3)/4, respectively. Just as isospin invariance
implies the existence of multiplets of different charges, e.g. (K0, K+) or
(π−, π0, π+), so does U-spin invariance the existence of multiplets of equal
charges, e.g. (K+, π+) or (K̄0, π0, K0). Many physical implications of SU(3)
invariance may be deduced from considerations of U-spin.
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7.2.2 Higher-Dimensional Representations

We now describe higher-dimensional representations of SU(3), defining their
generators, their quadratic Casimir operator, and finally the basis vectors of
their space. The generators in a given representation labeled by R will be
denoted by Fi(R), with i = 1, . . . , 8. The dimension of representation R will
be called d(R), whereas the dimension of SU(3) is d(G) = 8.

Adjoint Representation. A very special representation is the adjoint, or
regular, representation (A), in which the generators are the 8 × 8 matrices
defined by

(Fi(A))jk ≡ −ifijk . (7.38)

With the help of (36) and (38), the Jacobi identity for λi,

[λi, [λj, λk]] + [λj, [λk, λi]] + [λk, [λi, λj ]] = 0 ,

can be cast in the form

−(FjFi)km + (FiFj)km = ifijn (Fn)km .

So Fi(A) satisfy the same commutation relations (36) as λi/2:

[Fi(A), Fj(A)] = ifijkFk(A) . (7.39)

Once the normalization of the fundamental representation is fixed by (35),
the normalization of Fi(A) is not free, being determined by the trace

Tr [Fi(A)Fj(A)] = (Fi(A))km(Fj(A))mk = fikm fjkm , (7.40)

which yields, with the values of the coefficients listed in Problem 7.3,

Tr [Fi(A)Fj(A)] = 3 δij . (7.41)

More generally, the algebra of the generators of SU(3) in any representa-
tion R is defined by the commutation relations

[Fi(R), Fj(R)] = ifijkFk(R) , (7.42)

together with the normalization condition

Tr [Fi(R)Fj(R)] = C(R) δij , (7.43)

where C(R) is a constant for each representation R. From previous results,
we have C(f) = 1/2 for the fundamental representation and C(A) = 3 for the
adjoint representation.
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Quadratic Casimir Operator. We have seen that representations in
SU(2) are characterized by the eigenvalues of the total isospin I

2 = IiIi.
Similarly, we may define for any representation of SU(3) (or of any simple
Lie algebra) the operator

F 2 = FiFi . (7.44)

It is called the quadratic Casimir operator. It commutes with every generator
of the group because

[FiFi, Fj] = Fi[Fi, Fj] + [Fi, Fj]Fi = ifijk{Fi, Fk}

vanishes by the antisymmetry of fijk. Therefore F
2(R) is proportional to

the identity matrix 1R of representation R

F 2(R) = C2(R)1R , (7.45)

where C2(R) is a constant characteristic of the representation. It is related to
the normalization constant C(R) defined in (43) by a simple relation, which
may be obtained by contracting the two free labels in (43):

TrF 2(R) = C(R)δijδij = C(R) d(G) ,

and by taking the trace of (45)

TrF 2(R) = C2(R)Tr1R = C2(R) d(R) .

Therefore C2(R) and C(R) are related through

C2(R) d(R) = C(R) d(G) . (7.46)

In the fundamental representation, d(f) = 3 and C(f) = 1/2, and so the
quadratic Casimir operator is C2(f) = 4/3. In the adjoint representation,
d(A) = d(G) = 8 and C(A) = 3, and so C2(A) = C(A) = 3.

Vector Spaces of Representations. We turn now to the study of the
vector spaces that define representations R. Let ψa, φa, . . . denote various
triplets that transform as the basis of the fundamental representation:

ψa → ψ′a = Sab ψ
b , (a, b = 1, 2, 3) , (7.47)

under a transformation of SU(3) with matrix elements Sab. Covariant spinors
spanning the carrier space of the conjugate representation, which have com-
ponents labeled by lower indices, must transform so as to make the inner
product θaψ

a invariant:

θa → θ′a = (Sab)
∗θ = θb (S†)ba , (7.48)
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Spinors of the types ψa and θa are the simplest nontrivial examples of
tensors. Generally, tensors are objects whose components, carrying both
upper and lower indices, transform among themselves, with the upper indices
transforming contravariantly and the lower, covariantly. If n stands for the
number of upper indices, and m, the number of lower indices, the tensor will
be denoted by T (n,m) and its rank is defined by the ordered set of integers
(n,m). For instance, the mixed tensor of rank (1, 2) transforms as

T abc → T ′a
bc = Saa′ T

a′

b′c′ (S†)b
′

b (S†)c
′

c , (7.49)

while the tensor of rank (2, 1) transforms as

T abc → T ′ab
c = Saa′ S

b
b′ T

a′b′

c′ (S†)c
′

c . (7.50)

The interest in these examples is that T abc obeys the same transformation
rule as (T bca )∗, a result which generalizes to tensors of arbitrary ranks: a
tensor T (n,m) transforms exactly as T ∗(m, n).

There exist three invariant tensors, whose components are unchanged
under the transformations of SU(3). They are the Kronecker delta

δab =

{

1, if a = b ,
0, otherwise;

(7.51)

the totally antisymmetric covariant Levi-Cività symbol

εabc =

{

1, if a, b, c is an even permutation of 1, 2, 3 ,
−1, if a, b, c is an odd permutation of 1, 2, 3 ,

0, otherwise;
(7.52)

and the contravariant Levi-Cività symbol εabc, which is numerically equal to
εabc, so that ε123 = +1 and

εabm ε
mcd = δca δ

d
b − δda δ

c
b . (7.53)

Invariance of δab follows immediately from (49) and the unitarity of S, while
that of εabc (and similarly of εabc) may be inferred from the unimodular
condition on S written in the form

εijk Sai S
b
j S

c
k = εabc . (7.54)

In SU(3) the fundamental representation is not equivalent to its conju-
gate. This means that the set of transformations {S = exp[−iαiλi/2]} is
different from the set {S∗}, even after rearranging the order of its elements
(see Problem 7.2). Therefore, a covariant spinor θa is not linearly related to a
contravariant spinor, and vice versa. It is rather related to an antisymmetric
second-rank contravariant tensor,

θa = εabc ψ
bφc . (7.55)
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That θa is indeed a first-rank covariant tensor follows from the invariance of
εabc and from (54).

Therefore a lower index cannot be made equivalent to an upper index, as
in SU(2), and there must exist mixed tensors carrying indices of both types.
They may be reduced to tensors of lower ranks by contracting their indices
with one or other invariant tensor. Thus, starting from a tensor T a1...an

b1...bm
of

rank (n,m), we may construct tensors of ranks (n− 1, m− 1), (n− 2, m+1),
and (n+ 1, m− 2) by contractions:

δbj
ai
T a1...an

b1...bm
, for 1 ≤ i ≤ n, 1 ≤ j ≤ m ;

εaiajbm+1
T a1...an

b1...bm
, for 1 ≤ i, j ≤ n ;

εbibjan+1 T a1...an

b1...bm
, for 1 ≤ i, j ≤ m. (7.56)

When no nonvanishing tensors can be obtained in this way, the tensor T (n,m)
is said to be irreducible. Thus, irreducible tensors of SU(3) are traceless and
totally symmetric in indices of the same type. Because of these restrictions,
not all components of an irreducible tensor are linearly independent. The
number of independent components can be easily calculated by subtracting
the number of independent conditions from the total number of components.
The general formula is

d(R) = 1
2

(n+ 1)(m+ 1)(n+m+ 2) . (7.57)

As discussed in the previous section, the independent components of a
tensor form a basis of the vector space of the corresponding irreducible repre-

sentation, which will be denoted by R(n,m), the dimension of which is just
dim R(n,m) = d(R). If the representation conjugate to R is denoted by R∗,
then R∗(n,m) = R(m, n), which follows from the equivalence of T ∗(n,m)
and T (m, n). Of course, representations R(n, n) are self-conjugate; in par-
ticular, R(1, 1) corresponds to the adjoint representation. An irreducible
representation is usually labeled by its dimension, but this convenient short-
hand notation is not without ambiguities, since, for example, dim R(4, 0) =
dim R(2, 1) = 15. Some of the lower-dimensional irreducible tensors and
representations are given in the following table:

1 (0, 0) 1
T a (1, 0) 3
Ta (0, 1) 3∗

T ab (1, 1) 8
T ab (2, 0) 6
Tab (0, 2) 6∗

T abc (3, 0) 10
Tabc (0, 3) 10∗

T abcd (2, 2) 27
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7.2.3 Physical Significance of F3 and F8

What is the physical significance of the diagonalized matrices F3 = λ3/2 and
F8 = λ8/2? All we know at this point is that two components of the basic
spinor form an isodoublet (I = 1/2) and one, an isosinglet (I = 0), with
eigenvalues of F3 and F8 for the triplet qa = (q1, q2, q3) given by

F3 = (1
2
, −1

2
, 0) ,

F8 = ( 1
2
√

3
, 1

2
√

3
, − 1√

3
) . (7.58)

As the basic spinor transforms with exp(iαF3) and exp(iβF8), so does its
conjugate with exp(−iαF3) and exp(−iβF8). Hence, the conjugate triplet qa
has the same values of F3 and F8 as does qa but with reversed signs (see Fig.
7.1). Once we know this precise correspondence between the indices of the
spinor and the elements of the diagonal matrices, it is easy to calculate the
additive quantum numbers that are F3 and F8 for any components of any
given irreducible tensor. We thus have for irreducible tensor T (n,m) :

F3 = 1
2 (n1 − n2) − 1

2 (m1 −m2) , (7.59)

F8 = 1
2
√

3
(n1 + n2 −m1 −m2) + 1√

3
(−n3 +m3)

=
√

3
2

(−n3 +m3) + 1
2
√

3
(n−m) , (7.60)

where ni denotes the number of upper indices with values i, and mj , the
number of lower indices with values j.
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Fig. 7.1. Ordinary and conjugate fundamental representations of SU(3)

Since charge conservation is to be made part of the group structure, we
ought to express the charge operator Q in terms of F3, F8, and NB. Since
there should not be any distinction in group properties between meson and
baryon multiplets of the same dimensions, Q cannot vary with the baryon
number and hence should depend only on F3 and F8, i.e. should transform
as some component of an SU(3) octet:

Q = aF3 + bF8 . (7.61)
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Now, from the discussion in Sect. 7.1 we know that the pions belong to the
adjoint representation of SU(2), and from data we know that the pions are
almost degenerate with the kaons (K±, K0). We may therefore reasonably
surmise that the pions and the kaons belong to the adjoint representation of
SU(3), i.e. to an octet, denoted by the tensor Ma

b. And just as π1
2 of SU(2)

is identified with π+, so too is M1
2 of SU(3) with that same particle and,

by extension, M1
3 with K+. With these assignments, we obtain from (60),

F3 = 1, F8 = 0 for π+ and F3 = 1/2, F8 =
√

3/2 for K+, which allows us to
deduce that a = 1 and b = 1/

√
3, and thus

Q = F3 +
F8√

3
. (7.62)

Comparing this relation with Q = I3 + Y/2, it now becomes clear how F3

and F8 should be interpreted, namely,

F3 = I3 , (7.63)

F8 =
√

3
2 Y . (7.64)

For reference, we give the explicit expressions for eigenvalues of I3, Y ,
and Q in terms of the characteristics of components of an irreducible tensor
of rank (n,m):

I3 = 1
2

(n1 − n2 −m1 +m2) ,

Y = −n3 +m3 + 1
3 (n−m) ,

Q = n1 −m1 − 1
3 (n−m) , (7.65)

where ni and mi have the same meaning as in (60).
In Table 7.2 we show the values of the familiar quantum numbers for mem-

bers of the fundamental triplet; the corresponding values for the conjugate
triplet are obtained by reversing all signs. Thus, SU(3) symmetry makes the
very surprising prediction that members of the fundamental representation
have fractional charges, hypercharges, and baryon numbers. Nor is it the
only representation with such unusual properties, as (65) shows. Therefore,
assuming SU(3) symmetry valid in hadronic physics and admitting as observ-
able only particles with integral charges and hypercharges, we must conclude
that the only possible physical representations are those with a zero triality

number , that is, with

t ≡ n−m (mod 3) = 0 . (7.66)

Admissible candidates of the lower ranks are R(0, 0), R(1, 1), R(3, 0), and
R(0, 3). In the context of SU(3), the physical particles are constructed from a
triplet of fundamental particles (called quark) and its conjugate (antiquark),
belonging respectively to the fundamental representations R(1, 0) and R(0, 1)
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Table 7.2. Quantum numbers of the SU(3) fundamental triplet

I3 S Y NB Q

q1 1

2
0 1

3

1

3

2

3

q2 − 1

2
0 1

3

1

3
− 1

3

q3 0 −1 − 2

3

1

3
− 1

3

of SU(3). Since the triality of a triplet or antitriplet is 1, the physical particles
should be bound states of a quark–antiquark pair, or three quarks, or a
multiple of these. As a quark has NB = 1/3 and an antiquark NB = −1/3,
mesons must be made of a quark–antiquark pair so thatNB = 0, and baryons,
made of three quarks so that NB = 1.

Finally, if quarks were spinless, one would expect to find scalar mesons ly-
ing lowest, just below the p-wave vector mesons, in the meson mass spectrum.
This is not what is observed. On the other hand, if quarks and antiquarks are
assumed to have spin 1/2, the empirical meson spectrum can be understood
in a natural way. Similarly, the simplest way to account for the existence
of baryons of spin 1/2 is to set the spins of all quarks and antiquarks to 1/2.
Hence, quarks and antiquarks will be taken as spin-1/2 fermions.

7.2.4 3× 3∗ Equal Mesons

Group theory provides us with powerful tools to generate particle multiplets
from a quark–antiquark pair or from three quarks.

Let us begin with the first case. A quark–antiquark pair is represented
symbolically by 3 × 3∗, or more explicitly by qa qb. This tensor product is
reducible as it may be rewritten as

qa qb = 1
3δ
a
b (qcqc) + qa qb − 1

3δ
a
b (qcqc) . (7.67)

It is clear that

S = 1√
3

(qcqc) (7.68)

is invariant and corresponds to the representation R(0, 0), whereas

Ma
b = qa qb − 1

3
δab (qcqc) (7.69)

transforms under SU(3) as a tensor of rank (1, 1) and thus corresponds to
the irreducible self-conjugate representation R(1, 1). The decomposition (67)
is written symbolically as

3× 3∗ = 1 + 8 . (7.70)

Therefore, in as much as they can be viewed as quark–antiquark pairs,
mesons fall into SU(3) singlets or octets, regardless of the spatial configu-
rations of their constituents. Let us use the conventional symbols u, d, and
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s for different types, or flavors, of quarks, and (q1, q2, q3) = (u, d, s) and
(q1, q2, q3) = (ū, d̄, s̄) for their respective states. Then the quark contents
of 1 and 8 are

S = 1√
3
(uū+ dd̄+ ss̄) , (7.71)

Ma
b =





1
3(2uū− dd̄− ss̄) ud̄ us̄

dū 1
3
(−uū+ 2dd̄− ss̄) ds̄

sū sd̄ 1
3
(−uū− dd̄+ 2ss̄)



 .

(7.72)

The kinds of physical fields the tensors S and Ma
b can accommodate are

determined by the quantum numbers assigned to each component. While the
meson singlet must be completely neutral, the meson octet has the following
values for (I3, Y, Q), as calculated from (65):

(I3, Y, Q)

of Ma
b

=







(0, 0, 0) (1, 0, 1) (1
2 , 1, 1)

(−1, 0,−1) (0, 0, 0) (−1
2 , 1, 0)

(−1
2
,−1,−1) (1

2
,−1, 0) (0, 0, 0)






. (7.73)

Members of the same multiplet must of course have the same spins and
parities (conserved in strong interactions), and approximately equal masses.
To better identify the physical fields associated with tensor components, we
must have some general idea about the internal structure of the mesons. For
the lower mass particles, it is a reasonable approximation to assume that
each quark is in the same s-orbit of a common potential and that there is no
interquark interaction. This assumption implies, first, that the total angular
momentum of a meson comes just from coupling two quark intrinsic spins
1/2, leading to J = 0 or J = 1, and, second, that its parity is odd, as it should
be for a fermion–antifermion system in an s-state. So, the low-lying mesons
must be either pseudoscalar (JP = 0−) or vectorial (JP = 1−). The set of
pseudoscalar mesons shown in Table 6.5, with masses well below the mass
of the nucleon, is a clear candidate for an SU(3) octet, together with the
pseudoscalar meson η′(958) identified with the associated singlet, as in (70).
Another candidate is offered by the vector mesons, with masses around the
nucleon mass, listed in Table 7.3. These circumstantial associations of SU(3)
multiplets and spins–parities look reasonable but need further and firmer
justifications.

Table 7.3. Vector meson nonet

I Y Mass(MeV)

ρ 1 0 776

K∗ 1

2
±1 872

ω 0 0 783

φ 0 0 1019
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To be specific, let us focus on the pseudoscalar nonet, composed of a
singlet and an octet. The singlet is realized by a pseudoscalar field, φ0,
which forms the greater part of a field that annihilates an η′(958). We call
it the singlet-η, or η1,

S = φ0 = η1 . (7.74)

Its quark content is given in (71).

As for the octet, its basis, Ma
b , is a 3× 3 traceless tensor, and thus may

be expanded in terms of the generators of the fundamental representation,
λi, with real field coefficients, φi for i = 1, . . . , 8 ,

Ma
b = 1√

2

8
∑

i=1

(λi)
a
b φi , (7.75)

with the normalization chosen such that

Ma
bM

b
a = 1

2

∑

Tr(λiλj)φiφj = φ2
1 + . . .+ φ2

8 . (7.76)

Using the known expressions for λi, one gets

Ma
b =









1√
2
φ3 + 1√

6
φ8

1√
2
(φ1 − iφ2)

1√
2
(φ4 − iφ5)

1√
2
(φ1 + iφ2) − 1√

2
φ3 + 1√

6
φ8

1√
2
(φ6 − iφ7)

1√
2
(φ4 + iφ5)

1√
2
(φ6 + iφ7) − 2√

6
φ8









. (7.77)

Following the field definitions in (22) for the SU(2) case and making use
of the assigned quantum numbers in (73), we identify the physical fields with
the symbols of the particles they annihilate, and relate them to the eight
cartesian fields {φi} as follows:

π0 = φ3 ,

π± = 1√
2
(φ1 ∓ iφ2) ,

K± = 1√
2
(φ4 ∓ iφ5) ,

K0 = 1√
2
(φ6 − iφ7) ,

K̄0 = 1√
2
(φ6 + iφ7) ,

η8 = φ8 . (7.78)

The octet-η, or η8, field overlaps but does not completely coincide with the
physical meson field η(547), as we shall see shortly.
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Similar considerations apply to the vector mesons as well. The quark
flavor contents of both octets can be obtained from (72) and are given as

K+ , K∗+ = us̄ ,

K0 , K∗0 = ds̄ ,

K− , K∗− = sū ,

K̄0 , K̄∗0 = sd̄ ,

π+ , ρ+ = ud̄ ,

π− , ρ− = dū ,

π0 , ρ0 = 1√
2
(uū− dd̄) ,

η8 , ω8 = 1√
6
(uū+ dd̄ − 2ss̄) ,

η1 , ω1 = 1√
3
(uū+ dd̄ + ss̄) .

Pseudoscalar and vector mesons (shown in Y –I3 plots in Fig. 7.2a–b) have
identical quark–antiquark compositions and thus may be differentiated only
by the properties that lie outside SU(3).

7.2.5 3× 3× 3 Equal Baryons

Three quarks give NB = 1 and thus make baryons. The product of three
quark fields can be reduced in two steps to a linear combination of irreducible
tensors by simple tensor calculus,

3× 3× 3 = (3∗ + 6) × 3

= 1 + 8 + 8 + 10 . (7.79)

In the first step, a product of two quarks 3× 3 yields

qaqb = 1
2(qaqb − qbqa) + 1

2(qaqb + qbqa)

= 1
2ε
abkθk + 1

2S
ab ,

which is a combination of a 3∗ tensor and a 6 tensor:

θk = εkmnq
mqn ,

Sab = qaqb + qbqa .
(7.80)

In the second step, the products 3∗ × 3 and 6 × 3 are decomposed into the
sums 1 + 8 and 8 + 10, respectively,

θkq
c = 1

3δ
c
k(θmq

m) + [θkq
c − 1

3δ
c
k(θmq

m)] ,

Sabqc = 1
3

(

εackSbm + εbckSam
)

qn εmnk + 1
3
(Sabqc + Sbcqa + Scaqb) .

Thus, the full product qaqbqc reduces to the sum

qaqbqc = 1
2ε
abkθkq

c + 1
2S

abqc ,

= 1√
6
εabc S + 1√

2
εabdBcd + 1√

6

(

εacdN b
d + εbcdNa

d

)

+Dabc ,

(7.81)
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Fig. 7.2. (a) 0− mesons; (b) 1− mesons; (c) 1

2

+
baryons; (d) 3

2

+
baryons.

Solid lines join members of I-spin multiplets, dashed lines join members of U-spin
multiplets, and dotted lines join members of V-spin multiplets

where the irreducible tensors of ranks (0, 0), (1, 1), (1, 1), and (3, 0) are
defined as follows:

S = 1√
6
θaq

a ,

Bab = 1√
2

[

θbq
a − 1

3δ
a
b(θcq

c)
]

,

Na
b = 1√

6
εbcd S

ac qd ,

Dabc = 1
6

(

Sabqc + Sbcqa + Scaqb
)

. (7.82)

Note that the relative orders of the quark factors are important, since
the position of each factor is meant to correspond to some specific attributes
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other than flavors – coordinate or kinematic variables – of the first, second,
or third quark. For example,

B1
2 = 1√

2
θ2q

1 = 1√
2

(q3q1 − q1q3)q1

= 1√
2

[s(1)u(2) − u(1) s(2)] u(3) , (7.83)

B1
3 = 1√

2
θ3q

1 = 1√
2

(q1q2 − q2q1)q1

= 1√
2

[u(1) d(2) − d(1)u(2)] u(3) , (7.84)

N1
2 = 1√

6
ε2cd S

1cqd = 1√
6

[

(q1q3 + q3q1)q1 − 2q1q1q3
]

= 1√
6
{[u(1) s(2) + s(1)u(2)] u(3) − 2u(1)u(2)s(3)} , (7.85)

N1
3 = 1√

6
ε3cd S

1cqd = 1√
6

[

2q1q1q2 − (q1q2 + q2q1)q1
]

= 1√
6
{2u(1)u(2)d(3)− [u(1) d(2) + d(1)u(2)] u(3)} . (7.86)

Even though the two eight-dimensional representations are completely indis-
tinguishable under SU(3) transformations, they can be distinguished from
their properties outside the group, which, in this case, are symmetries under
permutations of individual quarks. Thus, the octet Bab is antisymmetric
under interchanges of the first two quarks while the octet Na

b is symmetric.
To know which one is to be assigned to which physically observed baryons,
one needs additional assumptions or information beyond SU(3) symmetry.

Ordinary baryons, which are made up of u, d, and s quarks, should occur
as SU(3) singlets, octets and decuplets (Fig. 7.2c–d). The lightest baryons
with JP = 1/2

+
, which include the neutron and the proton (Table 6.5), form

an octet. The lightest JP = 3/2
+

, which include the ∆-resonance and the Ω−

(see Table 7.4), form a decuplet.

Table 7.4. Baryon states with JP = 3/2
+, with average masses given in

the last column

Y I Masses

I3 : −3/2 −1 −1/2 0 1/2 1 3/2 (MeV)

1 3/2 ∆− ∆0 ∆+ ∆++ 1232

0 1 Σ∗− Σ∗0 Σ∗+ 1385

−1 1/2 Ξ∗− Ξ∗0 1530

−2 0 Ω− 1672

Members of the SU(3) multiplets are identified with physical baryons by
their quantum numbers, calculated from relations (65). The SU(3) singlet 1
is a uds-state (Λ1), similar in content to the Λ found in the octet; although it
may occur at a higher energy, it is forbidden in the ground state multiplet by
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Fermi–Dirac statistics (see below), and therefore cannot mix with the octet-
Λ. Nor can mixing occur among the 1/2

+
and 3/2

+
multiplets since no two

states have the same quantum numbers I, J , and Y .
The baryon octet Bab (or Na

b) is symbolically represented in terms of the
physical fields by

Bab =







1√
2
Σ0 + 1√

6
Λ0 Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ0 n

−Ξ− Ξ0 − 2√
6
Λ0






, (7.87)

where Ξ− comes with a minus sign to conform to a sign convention for ladder-
operators of the isospin subgroup. The quark contents of the baryon fields
can be inferred from (82), and their normalization is fixed by requiring

(Bab)
∗Bab =Σ+∗ Σ+ + Σ0∗ Σ0 + Σ−∗ Σ−

+ p∗p+ n∗n+ Ξ−∗ Ξ− + Ξ0∗ Ξ0 + Λ0∗Λ0 , (7.88)

where (∗) means complex conjugation.
The decuplet contains the isospin multiplets I = 0, 1/2, 1, and 3/2 corre-

sponding respectively to the tensor components D333, Di33, Dij3, and Dijk,
for i, j, k = 1, 2 . These are assigned to the lowest excited baryon states:

D111 = ∆++ , D112 = 1√
3

∆+ , D122 = ∆0 , D222 = ∆− ,

D113 = 1√
3

Σ∗+ , D123 = 1√
6

Σ∗0 , D223 = 1√
3

Σ∗− ,

D133 = 1√
3

Ξ∗0 , D233 = 1√
3

Ξ∗− ,

D333 = Ω− . (7.89)

Here (∗) refers to an excited state. Again, the numerical factors come from
the normalization condition

(Dabc)∗Dabc =

10
∑

i=1

ψ∗
i ψi , (7.90)

where ψi stand for the decuplet states ∆, Σ∗, Ξ∗, and Ω.

7.3 Mass Splitting of the Hadron Multiplets

In the final analysis, the validity of the SU(3) symmetry discussed in the
previous section rests on the presumed symmetry among the three quark
flavors u, d, and s, that is, on the flavor independence of the strong forces
and on the equality of the quark masses:

mu = md = ms . (7.91)
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However, these mass relations cannot be exact because data show that mesons
or baryons in a given SU(3) multiplet, degenerate though they may be within
the same I-spin multiplets, differ in mass by a few hundred MeV for different
values of hypercharges. From the measured masses and from the predicted
quark compositions of hadrons, it seems more realistic to assume rather that
the SU(3) symmetry of flavor is broken but in such a way as to leave the
isospin symmetry intact. This can be realized by requiring

mu = md < ms . (7.92)

Therefore, the hadronic Hamiltonian may take the form

Hst = H0 +H8 ,

where H0 is SU(3)-invariant, and H8 symmetry breaking. In the following, it
is assumed that H8 is weaker than H0 to the extent that it may be regarded
as a perturbation. (Hadron masses indicate symmetry violations of the order
of 1/10 ; cf. Table 7.4.) To zeroth order in H8, the theory is SU(3)-invariant
and the SU(3) multiplets are degenerate in mass values. If one assumes
further that the symmetry-breaking term transforms in a definite way under
SU(3) transformations, one may derive relations among the masses of the
particles belonging to a particular SU(3) multiplet. The assumption that the
part of H8 responsible for the mass splitting of hadron multiplets transforms
precisely as the T 3

3 component of an octet tensor, so that the baryon number,
charge and isospin are all conserved, has led to the famous Gell-Mann–Okubo
(GMO) mass formula,

M(I, Y ) = a + bY + c [I(I + 1) − 1
4 Y

2 ] . (7.93)

This relation proves to be in reasonably good agreement with experiment.
The underlying assumption of the GMO formula – that the symmetry-

breaking term transforms as T 3
3 – could be plausibly argued as a mere ex-

tension of the case of noninteracting quarks whose masses satisfy (92). In
this simpler situation, the mass term in the Lagrangian is given by

mu(q1q
1 + q2q

2) +msq3q
3 = m0 qaq

a +m1M
3
3 , (7.94)

where m0 = (2mu + ms)/3 and m1 = ms − mu. Thus, (94) is composed
of an SU(3)-invariant term, qaq

a, and a symmetry-breaking term, M3
3 =

q3q
3 − (qaq

a/3), which is a component of an octet tensor. To simplify, we
are ignoring Dirac γ-matrices in writing down these expressions. In what
follows, we will derive mass relations for specific multiplets from effective
symmetry-breaking mass terms, which are bilinear in the state functions and
which transform as M3

3 under SU(3).
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7.3.1 Baryons

The effective mass terms in the baryon Lagrangian are quadratic in the
baryon fields. To begin, let us consider members of the nucleon octet, and
therefore the bilinear product B̄abB

c
d, where B̄ = B†. The decomposition

of the product 8× 8 according to

8× 8 = 1 + 8f + 8d + 10 + 10∗ + 27 (7.95)

produces two types of octet [cf. (82)]: an antisymmetric, or f-type, and a
symmetric, or d-type, defined by

(BBf)
a
b = B

a

cB
c
b − B

c

bB
a
c ,

(BBd)ab = B
a

cB
c
b + B

c

bB
a
c − 2

3δ
a
b B

c

dB
d
c .

Their components of interest are

(BBf)
3
3 =p̄p + n̄n− (Ξ

−
Ξ− + Ξ

0
Ξ0) ,

(BBd)33 = 1
3(p̄p+ n̄n+ Ξ

−
Ξ− + Ξ

0
Ξ0)

+ 2
3 Λ̄Λ − 2

3 (Σ
+
Σ+ + Σ

−
Σ− + Σ

0
Σ0) ,

where ψ means ψ†. The most general mass terms for baryons that include
symmetry breaking of the kind T 3

3 are given by the linear combination

m0B
a

bB
b
a +md(BBd)33 +mf(BBf)

3
3 , (7.96)

where m0, md, and mf are free parameters, in terms of which one expresses
the masses of the members of the baryon octet:

MN = m0 + 1
3md +mf , MΣ = m0 − 2

3md ,

MΞ = m0 + 1
3
md −mf , MΛ = m0 + 2

3
md .

This yields the GMO mass relation for the baryon octet

1
2 (MN +MΞ) = 1

4 (3MΛ +MΣ) . (7.97)

The corresponding experimental values are 1129 MeV and 1135 MeV.
To construct the effective mass term for the decuplet isobars, one considers

the product reduction

10∗ × 10 = 1 + 8 + 27 + 64 , (7.98)

which contains a single octet; call itH . Thus, the only possible effective mass
term transforming like T 3

3 is

H3
3 =D3cdD

3cd − 1
3

(

DecdD
ecd
)

= 2
3 ΩΩ + 1

3(Ξ
∗−

Ξ∗− + Ξ
∗0

Ξ∗0)

− 1
3 (∆̄++∆++ + ∆̄+∆+ + ∆̄0∆0 + ∆̄−∆−) ,



7.3 Mass Splitting of the Hadron Multiplets 239

where Dabc = (Dabc)† and ψA = ψ†
A. The most general mass term, which is

m0DabcD
abc +m1H

3
3 , (7.99)

immediately yields the mass relations

MΩ −MΞ∗ = MΞ∗ −MΣ∗ = MΣ∗ −M∆ , (7.100)

to be compared with the corresponding measured mass differences: 142, 145,
and 153 MeV. This result – equal mass spacings in the decuplet – follows
from Y = 2(I − 1) which holds for this multiplet, so that the general GMO
relation reduces to a linear function of Y in this case.

7.3.2 Mesons

The meson octets can be treated in the same way as the baryon octets, with
two differences. First, since the boson mass parameters enter the Lagrangian
quadratically, the mass relations will involve squared masses rather than
simply masses. Secondly, since the meson multiplets are self-conjugate, the
antisymmetric bilinear is absent so that the mass term arises from pure d-
type coupling, MMd . The resulting mass formulas are, for the pseudoscalar
mesons,

4M2
K =3M2

η8 +M2
π , (7.101)

0.984 GeV2 0.916 GeV2

and for the vector mesons,

4M2
K∗ = 3M2

ω8 +M2
ρ . (7.102)

3.18 GeV2 3.71 GeV2

For comparison, experimental data are also shown, setting η8 = η(547) and
ω8 = φ(1019). The relations are not very well satisfied, especially for the
vector mesons. This signals the presence of another important source of
symmetry breaking. The singlet and the octet I = 0 components, while
belonging to different representations, have the same quantum numbers and
therefore could be mixed to give rise to the states that are actually observed.

To be specific, let us consider pseudoscalar mesons. The physically ob-
served η and η′ particles are linear combinations of the pure singlet and octet
I = 0 states, η1 and η8, or inversely,

η1 = η sin θ + η′ cos θ ,

η8 = −η cos θ + η′ sin θ , (7.103)

where θ is the mixing angle to be determined. The mass term in the effective
Lagrangian is

m2
0M

a
bM

b
a +m2

1 η
2
1 +m2

d (MMd)
3
3 +m18 η1M

3
3 . (7.104)
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Therefore we must have in the η1–η8 sector

m2
1 η

2
1 +M2

8 η
2
8 − 2λ η1η8 = M2

η η
2 +M2

η′ η
′2 , (7.105)

where λ = m18/
√

6. Substituting (103) into this equation, we obtain

M2
η = m2

1 sin2 θ +M2
8 cos2 θ + 2λ cos θ sin θ ,

M2
η′ = m2

1 cos2 θ +M2
8 sin2 θ − 2λ cos θ sin θ ,

0 = (m2
1 −M2

8 ) cos θ sin θ + λ (cos2 θ − sin2 θ) . (7.106)

Eliminating m1 and λ from these equations leads to

tan2 θ =
(

M2
η −M2

8

)

/
(

M2
8 −M2

η′
)

, (7.107)

where M8 = Mη8 is found in (101).
Similarly for the vector mesons, the physical φ and ω are given in terms

of the pure singlet and octet states, ω1 and ω8, by

ω1 = φ sin θ + ω cos θ ,

ω8 = −φ cos θ + ω sin θ , (7.108)

where the mixing angle is to be determined by

tan2 θ =
(

M2
φ −M2

8

)

/
(

M2
8 −M2

ω

)

, (7.109)

for M8 = Mω8
as in (102).

The observed mass values yield θ ≈ 11◦ for the pseudoscalar mesons, and
θ ≈ 47◦ for the vector mesons. Thus, while the η1–η8 mixing is relatively
small, there is a sizable ω1–ω8 mixing. To see what this large mixing may
imply, let us approximate it, in the latter case by θ ≈ 35◦, in order to have
a round number for sin θ = 1/

√
3. Then, we get from (108)

φ = 1√
3
(ω1 −

√
2ω8) = ss̄ ,

ω = 1√
3
(ω8 +

√
2ω1) = 1√

2
(uū+ dd̄) . (7.110)

In this ‘ideal mixing’, φ is made up entirely of strange quarks, and ω, of
nonstrange quarks. This may explain why ω has nearly the same mass as ρ
while φ is more massive than any other member of the vector meson octet.

A large ω1–ω8 mixing is also consistent with another observed fact. As
φ and ω have the same quantum numbers, one would expect that they have
similar strong interaction properties and, in particular, comparable strong
decay widths. Experiment shows otherwise. While ω has a width typical
of hadrons (Γω = 8.4 MeV) and decays predominantly as expected into the
π+π−π0 channel, φ has a significantly smaller width (Γφ = 4.4 MeV) and
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decays predominantly via K
0
K0 and K+ K− modes, rather than via the ener-

getically more favorable 3π channel. To explain this and other similar data,
Okubo (1963), Zweig (1964), and Iizuka (1966) independently suggested that
strong processes in which the final states can only be reached through qq̄
annihilations are suppressed (the OZI rule). This is illustrated by the quark
flow diagrams in Fig. 7.3, in which individual constituent quarks are viewed
as flowing from one hadron to another through interactions. Diagrams a and
b, which involve only internally unbroken quark lines, are allowed, whereas di-
agram c, which involves internally disconnected quark lines, is suppressed by
the phenomenological OZI rule. In the quantum chromodynamics language,
this suppression is explained in terms of multigluon exchanges in the inter-
mediate states and plays an especially important role in our understanding
of the very narrow widths of the more massive mesons composed of quark–
antiquark pairs of heavy flavors.
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ū

u

ū
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Fig. 7.3. Quark flow diagrams for ω and φ strong decays: (a) and (b) are allowed;
(c) is forbidden by the OZI rule

7.4 Including Spin: SU(6)

To make the picture of hadrons in terms of quarks more precise, one has to
introduce space-time degrees of freedom. In a nonrelativistic treatment, it
means placing quarks in a common potential of some kind and letting them
occupy the single-particle levels in this well, coupling their orbital angular
momenta to a relative L and their spins to a total S. The coupling L+S = J

gives the total angular momentum of the system which is identified with the
spin of the hadron thus formed. Disregarding for now particle statistics, the
lowest hadronic states should be generated by quarks and antiquarks sitting
on 1s levels, so that they have L = 0. Higher in the mass spectrum will
see states with L = 1, 2, . . . appearing. We shall limit our discussion to
the L = 0 states and, therefore, may concentrate on the properties that are
spin and flavor dependent. It was shown by Gürsey and Radicati (1964)
and by Sakita (1964), following an earlier work by Wigner (1937), that it is
possible to determine, through group-theoretic relations between the internal
properties and the space-time properties, the spin–parity values of the SU(3)
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multiplets. Wigner found that if the nuclear force is independent of both
charge and spin, an interesting connection exists between the spin and isospin
properties in nuclei. This assumption implies that the four possible degrees
of freedom of the nucleon, two charge and two spin states – p↑, p↓, n↑, and
n ↓ – are interchangeable in transformations of a unitary group, the SU(4)
group, and thus together form the fundamental representation of the group.
The tensor products of the spin and isospin matrices,

I′2 ⊗ σ, τ ⊗ I2, τ ⊗ σ ,

where I2 and I′
2 are 2 × 2 unit matrices in spin and isospin spaces, define

the 15 generators of the infinitesimal transformations of the group in the
basic representation. The adjoint representation is a multiplet of 15 states
characterized by I = 1 and S = 0 (the π of particle physics), by I = 0 and
S = 1 (or ω), and by I = 1 and S = 1 (or ρ). It thus provides a precise
connection between internal and external quantum numbers.

The generalization of the above idea to SU(3) will lead to SU(6). It
consists in replacing the three 2 × 2 isospin matrices τi with the eight 3 × 3
matrices λi in the definition of the generators:

λ0 ⊗ σm , λi ⊗ I2 , λi ⊗ σm , (i = 1, . . . , 8; m = 1, 2, 3) ; (7.111)

where λ0 = 2√
6
I3 (I3 is the 3 × 3 unit matrix). These are the 35 Hermitian

traceless matrices which generate the transformations in the fundamental
representation of SU(6). They act on the six-component quark, which spans
the six-dimensional representation 6,

qA =















q1↑

q1↓

q2↑

q2↓

q3↑

q3↓















=















u↑

u↓

d↑

d↓

s↑

s↓















;
A = a, α

(a = 1, 2, 3 α = 1, 2) ;
(7.112)

and its conjugate qA, which defines the 6∗ representation. If the forces re-
sponsible for the quark binding depend weakly on SU(2) and SU(3) spins,
hadrons made up of quarks and antiquarks may be considered as SU(6)-
invariant and their states can be identified with irreducible representations
of this larger group. This group contains SU(3) ⊗ SU(2) as a subgroup, so
that the flavor and spin content of any SU(6) representation can be seen
from its reduction to representations of the subgroup SU(3)⊗ SU(2). This is
how, by a symmetry principle, spins and parities pair up with various flavor
multiplets.
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7.4.1 Mesons

First, consider the qq̄ system, represented by qAqB. This tensor product may
be rewritten as

qAqB = 1
6
δAB q

CqC + (qAqB − 1
6
δAB q

CqC) , (7.113)

or symbolically as 6×6∗ = 1+35. That is, it reduces to the sum of a singlet,

S =
1√
6
qAqA , (7.114)

and a 35 (or adjoint) representation,

MA
B = qAqB − 1

6
δAB q

CqC . (7.115)

Whereas the singlet is clearly a scalar in both SU(3) and SU(2), the ad-
joint representation acts variously under SU(3) and SU(2) as shown by its
decomposition

MA
B ≡Maα

bβ = 1
3δ
a
bM

cα
cβ + 1

2δ
α
β M

aγ
bγ

+
[

Maα
bβ − 1

3δ
a
bM

cα
cβ − 1

2δ
α
β M

aγ
bγ

]

, (7.116)

which is a sum of tensor products of representations of SU(3) and SU(2):

35 = (1, 3) + (8, 1) + (8, 3) .

As for any other adjoint representation, 35 may be expanded in terms of
the group generators,

MA
B =

1

2

{

δαβ (λi)
a
b Pi + (σm)αβ [(λ0)

a
bSm + (λi)

a
b Vim]

}

=
1√
2
δαβP

a
b +

1√
3
δab S

α
β + V aαbβ . (7.117)

The fields are normalized such that

MA
BM

B
A =

8
∑

i=1

(Pi)
2 +

3
∑

m=1

(Sm)2 +

8
∑

i=1

3
∑

m=1

(Vim)2 . (7.118)

This result tells us that the lowest-mass qq̄ states include, in addition to
the singlet S, an SU(3) octet of spin 0, an octet of spin 1, and a singlet of
spin 1. As L = 0 by assumption, the parity is negative in all cases. Therefore,
the 35 multiplet gathers in a single supermultiplet all the known low-lying
boson states with the correct combinations of SU(3) quantum numbers, spins,
and parities.
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Vector mesons differ from pseudoscalar mesons by more than just their
spins. As seen in the previous chapters, ρ0 and φ have negative charge
conjugation parities, in contrast to π0 and η; and similarly, ρ0,± have positive
G-parities, while φ has a negative G-parity, opposite in sign to those of π0,±

and η, respectively. Such characteristics can be readily incorporated into the
quark wave functions. Under C-conjugation,

C : u→ ū , d→ d̄ ,

uū→ ūu , dd̄→ d̄d , ss̄→ s̄s ;

while under G-conjugation,

G : u → −d̄ , d→ ū , ū → −d , d̄ → u ,

uū → d̄d , dd̄→ ūu , ss̄→ s̄s ,

ud̄→ −d̄u , dū→ −ūd .

Therefore, symmetric and antisymmetric combinations of qaq̄b and q̄bqa have
opposite C-parities and opposite G-parities. The qq̄ combinations with well-
defined C- and G-parities are found in Table 7.5.

Table 7.5. Quark–antiquark combinations of good C- and G-parities

0− 1− C G

K+ K∗+ 1√
2
(us̄± s̄u)

K0 K∗0 1√
2
(ds̄± s̄d)

K− K∗− 1√
2
(sū± ūs)

K̄0 K̄∗0 1√
2
(sd̄± d̄s)

π+ ρ+ 1√
2
(ud̄± d̄u) ∓

π− ρ− 1√
2
(dū± ūd) ∓

π0 ρ0 1

2
[(uū− dd̄) ± (ūu− d̄d)] ± ∓

η8 ω8
1

2
√

3
[(uū+ dd̄− 2ss̄) ± (ūu+ d̄d − 2s̄s)] ± ±

η1 ω1
1√
6
[(uū+ dd̄+ s)̄ ± (ūu+ d̄d + s̄s)] ± ±

More generally, if L is the relative orbital angular momentum of the
quark–antiquark pair, the parity of the meson is P = (−1)L+1 and its spin
J = |L−S|, . . . , L+S, where S = 0 or 1. A state composed of a quark and its
own antiquark is also an eigenstate of charge conjugation, with C = (−1)L+S .
When new flavors of quarks (see below) are included, nearly all known mesons
can be described as bound states of a quark and an antiquark. These new
possibilities all occur in the upper parts of the mass spectrum and will not
be considered here.
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7.4.2 Baryons

Let us turn now to the tensor product qAqBqC for A,B, C = 1, . . . , 6. It can
be shown (see Problem 7.7) that it reduces to one completely antisymmetric
tensor of dimension 20, one completely symmetric tensor of dimension 56,
and two tensors of mixed symmetry, both of dimension 70:

6× 6× 6 = 20 + 70 + 70 + 56 , (7.119)

to be compared with the reduction 3× 3× 3 = 1 + 8 + 8 + 10 in SU(3).
At first, one would expect the antisymmetric 20 representation to give a

good description of the lowest baryons as s-wave three-quark bound states.
Its reduction under SU(6) → SU(3)×SU(2) is 20 = (8, 2)+(1, 4). It contains
a spin-1/2 octet of baryons but just one spin-3/2 state, not enough to account

for the rich 3
2

+
spectrum that is observed. Besides, the magnetic moments

for the (8, 2) are completely wrong, not only in magnitude but also in sign,
i.e. they point in the wrong direction. As seen in previous sections, the
totally symmetric representation 56 should be more interesting for the baryon
ground states and thus deserves closer scrutiny. In reducing it to irreducible
representations of flavor and spin, it is perhaps evident that only three kinds
of combination of SU(3) representations with SU(2) representations can lead
to a completely symmetric representation of SU(6) : a completely symmetric
representation with a completely symmetric representation, a representation
of mixed symmetry with a representation of similarly mixed symmetry, and
finally, a completely antisymmetric representation with a completely anti-
symmetric representation. Since no SU(2) singlet can be built from three
two-component spinors, the latter possibility is closed, and the reduction
must be 56 = (10, 4) + (8, 2). Algebraically, it is equivalent to writing the
completely symmetric tensor as

ΨABC ≡Ψaα,bβ,cγ = Dabc,αβγ

+
1

3
√

2

[

εabdεαβ N c,γ
d + εbcdεβγ Na,α

d + εcadεγαN b,β
d

]

. (7.120)

The tensor Dabc,αβγ , symmetric in SU(3) labels a, b, c and equally in spin
indices α, β, γ, has ten components Dabc appearing in four spin states; it is
the (10, 4). The Na,α

b is an SU(3) octet appearing in two spin components
α = 1, 2; it is the (8, 2). In terms of the SU(2) and SU(3) tensors defined in
Sects. 7.1–7.2, they read

Dabc,αβγ = Dabc χαβγQ , (7.121)

Na,α
b = 1√

2
(Na

b χ
α
S +Bab χ

α
A) . (7.122)

They represent a 10 of spin 3/2 and an 8 of spin 1/2, both of positive parities.
Note that now both Na

b and Bab come together in the wave functions of
the spin-1/2 baryons. Thus, the two familiar SU(3) baryon multiplets fit
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neatly into a single SU(6) supermultiplet with the correct spin and parity
assignments.

To end this discussion, a few brief remarks on higher-energy states. In
the spirit of the potential model, excited states of baryons are obtained by
letting one or several quarks occupy higher and higher single-particle levels;
their angular momenta are determined by the usual vector coupling, and their
parities, by the values of their orbital angular momenta. Thus, for example,
one expects the excited states lying just above the ground states to have the
following configurations:

(1s)2 (1p) (JP = 1
2

−
, 3

2

−
, 5

2

−
) ;

(1s)2 (1d) (JP = 1
2

+
, 3

2

+
, 5

2

+
, 7

2

+
) ;

(1s)2 (2s) (JP = 1
2

+
, 3

2

+
) ;

(1s) (1p)2 (JP = 1
2

+
, 3

2

+
, 5

2

+
, 7

2

+
) .

To narrow down the possibilities, one assumes further that each baryon com-
posed of three quarks must be in a state completely symmetric in the com-
bined space and SU(6) degrees of freedom, i.e. it must belong to a symmetric
SU(6) × O(3) representation, O(3) being the orthogonal rotational group of
coordinate space. This assumption means that the SU(6) and O(3) substates
have matching permutation symmetries; it is the basis of the symmetric quark

model . States assigned to the different SU(6) representations of three quarks,
56, 70, and 20, emerge with assigned spins and parities. Most of the ob-
served excited states can be identified with one or another predicted state.
For example, the negative-parity states around 1.5–1.7 GeV would belong to
a 70, while many positive parity resonances around 1.9–2.0 GeV would be
candidates for slots in an excited 56.

7.4.3 Application: Magnetic Moments of Hadrons

As a simple application, let us calculate the magnetic moments of the proton
and the neutron. The proton wave function with spin Sz = +1/2 is given by
(122):

|p↑〉 = N1,1
3 = 1√

2
(B1

3 χ
1
A +N1

3 χ
1
S) , (7.123)

where, it is recalled,

χ1
A = 1√

2
(↑↓ − ↓↑)↑ , χ1

S = 1√
6

[2 ↑↑↓ −(↑↓ + ↓↑)↑ ] ,

B1
3 = 1√

2
(ud− du)u , N1

3 = 1√
6
[2uud− (ud+ du)u ] .

Assuming L = 0, the spatial part may be suppressed in the wave function as
well as in the magnetic moment operator. This operator therefore includes
just contributions from the spins:

[µz]op = µ0

3
∑

i=1

ei σ
(i)
z , (7.124)
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where the sum is over the three quarks on which it operates; ei is the charge
number of quark i, and µ0 a constant. By symmetry, the magnetic moment
of the proton is

µp =
〈

p↑
∣

∣

∣ [µz]op

∣

∣

∣p↑
〉

= 3µ0

〈

p↑
∣

∣

∣ e3 σ
(3)
z

∣

∣

∣p↑
〉

= 3
2µ0

[〈

B1
3 χ

1
A

∣

∣

∣ e3 σ
(3)
z

∣

∣

∣B1
3 χ

1
A

〉

+
〈

N1
3 χ

1
S

∣

∣

∣ e3 σ
(3)
z

∣

∣

∣N1
3 χ

1
S

〉]

.

The matrix elements needed are
〈

χ1
A

∣

∣

∣ σ(3)
z

∣

∣

∣χ1
A

〉

= 1 ,
〈

χ1
S

∣

∣

∣ σ(3)
z

∣

∣

∣χ1
S

〉

= −1
3 ,

〈

B1
3 | e3 |B1

3

〉

= eu ,
〈

N1
3 | e3 |N1

3

〉

= 1
3(eu + 2ed) .

Therefore, the magnetic moment of the proton is

µp = µ0
1
3 (4eu − ed) . (7.125)

For the neutron, it suffices to interchange u and d quarks to get

µn = µ0
1
3 (4ed − eu) . (7.126)

Since eu = 2/3 and ed = −1/3, the ratio of the two nuclear magnetic moments
is µp/µn = −3/2 , which is in excellent agreement in magnitude and sign
with data, µp/µn = 2.79/(−1.91) = −1.46 .

The individual nuclear magnetic moments agree with data as well if each
of the three constituent quarks contributes an effective magnetic moment

µi = 2.79
eh̄

2Mpc
ei , i = u, d, (7.127)

so that µp = 2µu + µd . A quark would have such a magnetic moment if it
acts as a Dirac particle with an effective mass

mq = Mp/2.79 ≈ 336 MeV/c2 . (7.128)

Thus, each constituent u or d quark would effectively have about one third
of the proton mass.

These results give indirect but convincing evidence that L = 0 in proton
and neutron. The orbital three-quark wave functions of the nucleon and other
ground state baryons are symmetric. So too are their spin and flavor wave
functions. Therefore, the total (space, spin, and flavor) wave functions of
ground state baryons are completely symmetric under the interchange of any
two quarks. This symmetry persists in excited states as well. On the other
hand, experiments show complete accord with spin-1/2 quarks. We are thus
faced with the paradox of having particles of half-integral spins described
by symmetric wave functions, in violation of the Fermi–Dirac statistics. So,
either the quarks have unusual particle statistics, or they obey conventional
statistics but have some unsuspected degrees of freedom alongside the existing
ones. Of these two possibilities, the more conservative solution would be sim-
ply to introduce a new degree of freedom without giving up well-established
statistics.
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7.5 The Color of Quarks

The new degree of freedom is called ‘color ’. If we assume that each flavor
of quark comes in different colors, then three quarks in, say, the proton may
be in the same single-particle state without violating the generalized Pauli
principle as long as they all have different colors. This requires at least
three colors. But if there are exactly three colors, more can be said. We
can then assume that nature is invariant under color change, defined by a
color-generated SU(3) group and labeled SUc(3), which acts on color space.
Exact SUc(3) implies in particular degeneracy in energy for different colors of
quark, to be contrasted with the symmetry breaking in flavor. In addition, to
agree with current observations, we may also adopt a working rule that only

color-neutral, or SUc(3)-singlet, states are physically observable. This means
in particular that no isolated quarks can be seen. Nor can colored hadrons.
Color nonsinglets, if they exist, must have very high or infinite masses. The
ultimate objective is to deduce this rule from a gauge theory based on color
– quantum chromodynamics (QCD).

The space of the color fundamental representation is spanned by the quark
spinor qAk, which carries, along with the usual flavor–spin index A, the ad-
ditional color index, k = 1, 2, 3, or R (red), B (blue), and G (green). The
quark index A transforms according to SU(6) [or SU(6) × O(3)] and index
k according to SUc(3). The antiquark qAk carrying negative color generates
the conjugate representation.

Baryons therefore must belong to completely antisymmetric representa-
tions of SU(6)×O(3)× SUc(3) if the generalized Pauli principle is to be sat-
isfied. With the flavor–spin state function symmetric, the three-color state
function must be an antisymmetric color-singlet. For example, the complete
wave function for the proton is obtained by multiplying (123) by a space
s-wave part ψs(r1, r2, r3) and a color-singlet part given by

1√
6
εklmχ

kχlχm =
1√
6

[

(χRχB − χBχR)χG

+ (χBχG − χGχB)χR + (χGχR − χRχG)χB
]

, (7.129)

where χk is a three-component color spinor.
As for mesons, their complete wave functions are obtained by multiplying

their SU(6) × O(3) wave functions by the color-singlet combination

1√
3

(

χRχR + χGχG + χBχB

)

. (7.130)

If mesons were not color-neutral, there would be nine possible varieties of
mesons, corresponding to nine possible color combinations of the same quark–
antiquark flavors. The failure to see nine colored pions makes the color-singlet
assignment for physical hadrons all the more credible.
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Fig. 7.4. (a) One-photon exchange diagram for e+e− → e+e−, µ+µ−; hadronic
productions from e+e− annihilations can proceed through (b) vector meson res-
onances V= ρ, ω, φ, ψ, . . ., or (c) quark–antiquark pair pointlike production fol-
lowed by fragmentation

Experimental data definitely supports the idea that quarks exist in three
colors. The most direct evidence comes from measurements of the total
cross-sections for the annihilation of electron–positron pairs in colliding beam
experiments. The reactions occur predominantly through the annihilation of
the incoming pair into a single virtual photon, which then materializes as a
lepton or quark pair (see Fig. 7.4). At high energy, the total cross-section for
each channel depends on the channel only through the square of the electric
charge of particle being pair-produced, and thus is directly related to the
cross-section for e+e− → µ+µ− (see Sect. 4.7):

σ(e+e− → µ+µ−) =
4πα2

3s
,

where s = E2
c.m.. If hadrons are considered composites of pointlike quarks,

we expect that, again at large s, processes e+e− → hadrons take place via
e+e− → qq̄ and e+e− → heavy leptons (if any exist), and these reaction
products subsequently emerge through some unspecified mechanism as the
observed hadrons:

σ(e+e− → hadrons) =
∑

q

(e+e− → qq̄) +
∑

L

(e+e− → LL̄)

= σ(e+e− → µ+µ−)
∑

i

e2i

=
4πα2

3s

∑

i

e2i . (7.131)

Therefore, the all-inclusive cross-section, subtracted of resonances and final-
state interactions, should be proportional to the sum of squared charges of all
the leptons and quarks that can be energetically pair-produced. The result
can be expressed as the ratio

R ≡ σ(e+e− → hadrons)

σ(e+e− → µ+µ−)
=
∑

i

e2i . (7.132)
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The e− and µ− charges are not included in the sum, but heavier lepton final
states, if any, are, provided they can decay into hadrons. At each production
threshold, when a pair of new quarks or leptons appears, R increases by
the squared charge of the new particle. In between thresholds, R remains
constant with increasing energy, and its magnitude directly measures the
sum of the squared charges of the fundamental fermion fields present at that
energy. Below the center-of-mass energy of 3 GeV, only u, d, and s quarks
contribute, and one would expect

R =

(

2

3

)2

+

(

−1

3

)2

+

(

−1

3

)2

=
2

3
for uncolored u, d, s . (7.133)

The measured ratio turns out to be constant, as expected of pointlike quarks,
but at a value larger than predicted, rather closer to 2, within errors. The
value of R = 2 is precisely what would come out of a three-flavor quark model
with quark charges of 2/3, −1/3, and −1/3, each flavor present in three colors.
Once this is accepted, any sudden increase in R at an energy beyond 3 GeV
should be viewed as the opening up of a new degree of freedom. By 1973,
data accumulated at various laboratories indicated a jump in R to a value of
about 4.5 at energy of 4 GeV, an unmistakable signal of the appearance of a
new quark or a new lepton.

7.6 The New Particles

In November 1974, a resonance with a mass of 3.1 GeV and a very narrow
width was observed. It was immediately understood that it involved a new
type of quark. This remarkable discovery launched an exciting period in the
history of particle physics marked by the opening of a new generation of
particle accelerators and detectors and the observations and identifications
of a whole new generation of fundamental particles.

7.6.1 J/ψ and Charm

The resonance at 3.1 GeV (dubbed J/ψ or simply ψ) was observed in two
different experiments. In one, performed at the Brookhaven National Labo-
ratory’s alternating-gradient synchrotron (Aubert et al., 1974), it appeared
as a narrow enhancement in the electron–positron pair invariant mass distri-
bution in collisions of 28 GeV protons on a beryllium target,

p + Be → e+e− + anything . (7.134)

In the other, performed at the Stanford Linear Accelerator Center’s electron–
positron storage ring SPEAR (Augustin et al., 1974), it showed up as a very
sharp peak in the total cross-section for

e+e− → hadrons

→ e+e− , µ+µ− . (7.135)
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In addition to ψ, a second resonance ψ′ at energy 3.7 GeV, almost as narrow,
was also observed in this first series of experiments at SPEAR. In both cases,
the extremely small widths, already remarkable in themselves, become even
more intriguing in view of the very high energy involved.

The reported experimental width of about 2 MeV at 3.1 GeV, which
results from the spread in energy of the electron and positron beams or of
the secondary electrons, cannot be identified with the ψ-resonance width
itself. The true width, which is much smaller, can however be determined
from the total reaction rate and the leptonic branching ratio, both of which
have been measured. The resonance cross-section for ψ production in e+e−

annihilations at center-of-mass energy E, leading to any final observed state
f, is given by the Breit–Wigner formula

σ(e+e− → ψ → f;E) =
2J + 1

(2s1 + 1)(2s2 + 1)

π

p2

Γin Γout

[ (E −ER)2 + Γ2/4 ]
, (7.136)

where the incoming particles have spins s1 = s2 = 1/2 and momentum p in
the center-of-mass system, with p ≈ ER/2 near resonance. The resonance
has spin J , energy ER, and full width Γ. The in-channel width, Γin = Γee, is
the electronic width for e+e− → ψ, and Γout = Γψ→f is the partial width for
the decay of ψ to some final state f. The total reaction rate is given by the
area under the cross-section curve (assuming Γ � ER):

Area =

∫ ∞

0

σ(E)dE =
2J + 1

(2s1 + 1)(2s2 + 1)

2π2 Γin Γout

p2 Γ
. (7.137)

Assuming that the observed resonance has spin J = 1 and energy ER = Mψ ,
we get

Area =
6π2

M2
ψ

Γin

Γ

Γout

Γ
Γ . (7.138)

The area under the resonance curve for e+e− → hadrons measured at
SPEAR is about 10 nb GeV. The branching ratio for e+e− decay has been
measured with the result

Γee

Γ
= (6.02± 0.19)% . (7.139)

Assuming Γµµ = Γee, the ratio for decays to hadrons should be ≈ 88% . From
(138), the full width of the ψ resonance then comes out to be Γ = 78 keV
(close to the current value of 87 ± 5 keV), an astonishingly small value for a
particle weighing as much as 3098 MeV, and about a thousand times smaller
than what one would have a priori anticipated for a hadronic resonance of
that mass. For comparison, the isobar resonance ∆(1232) has a width of 115
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MeV. In contrast, the electronic width of the resonance, Γee = 5.2 keV, is
typical of vector mesons (cf. Table 7.7).

That ψ is indeed a vector meson, as we have assumed, can be established
by observing the shape of the resonance curve for e+e− → µ+µ−, which
displays a pattern characteristic of the interference of two processes: one in-
volving the ψ resonance in the intermediate state and the other, the exchange
of a virtual photon. The interference of these two processes means that ψ
must have the same quantum numbers as the photon, i.e. JPC = 1−− . Its G-
parity is odd because it decays predominantly to states with odd numbers of
pions. Since isospin is related to G-parity and C-parity through G = C (−1)I ,
ψ must have an even isospin. The specific assignment I = 0 is established
from the equal branching ratios (4.2 × 10−3) of ψ decays to various charge
states, ψ → ρ+π−, ρ0π0, ρ−π+, and from the coupling coefficients of two
isospins I = 1 to I = 0. In summary, the quantum numbers of ψ are IG = 0−

and JPC = 1−− .

An extremely narrow width for such a massive state as ψ is very difficult
to understand in terms of the known light (u, d, and s) quarks alone, without
invoking new quantum numbers or new selection rules. Some years before,
Glashow, Iliopoulos, and Maiani (1970) introduced a new type of quark to
explain the very puzzling fact that the rate of K+ → π+e+e− was 10−5 times
smaller than the rate of the similar decay K+ → π0e+ν , which is an example
of the general observed suppression of the charge-preserving but strangeness-
changing weak processes (cf. Sects. 6.6 and 9.4). This new flavor, called c
for charmed quark, carries a new quantum number, C for charm, which, like
strangeness, would be conserved in strong and electromagnetic interactions.
The charmed quark, invented in response to a problem in weak interactions,
will play an essential role in the structure of the unified electroweak inter-
action and will make a considerable impact on strong interaction physics.
(It is hoped that the context will tell the reader what C refers to, charm or
charge conjugation parity). Just before the discovery of ψ, Appelquist and
Politzer (1975) were investigating the binding of a charmed and anticharmed
quark in the framework of QCD. They found that – just as in the positro-
nium but at a completely different energy scale – there would be a series of
bound states with very small widths. Thus, there would exist spectroscopic
levels n 2S+1LJ at various energies corresponding to pseudoscalar states with
JP = 0−, vector states with JP = 1−, and so on.

The cc̄ (charmonium) bound states 1 3S1 and 2 3S1 were immediately
considered as the leading candidates for the observed resonances ψ and ψ′.
Following an intensive spectroscopic search, other resonances were seen as
well and identified with other cc̄ bound states, some with the pseudoscalar
states ηc or vector states ψ, the others with the p-wave states χc (see Table
7.6). Specially noteworthy are the ψ states above 3750 MeV, which are no
more exceptionally narrow, a sign that they now have access to some new
strong decay modes. These results give us a lot of confidence in the validity
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Table 7.6. Some of the observed cc̄ bound states

Name Mass(MeV/c2) Γ(MeV) Γee(keV)

1S0(0
−−) :

1 1S0 ηc 2979.8 ± 2.1 13.2 ± 3.8

3S1(1
−−) :

1 3S1 ψ 3096.88 ± 0.04 0.087 ± 0.005 5.26 ± 0.37

2 3S1 ψ′ 3686.00 ± 0.09 0.277 ± 0.031 2.14 ± 0.21

3 3S1 ψ 4040. ± 10 52 ± 10 0.75 ± 0.15

1 3PJ(J++) :

3P0 χ0 3415.1 ± 1.0 14 ± 5

3P1 χ1 3510.53 ± 0.12 0.88 ± 0.14

3P2 χ2 3556.17 ± 1.0 2.00 ± 0.18

3D1(1
−−) :

1 3D1 ψ 3769.9 ± 2.5 23.6 ± 2.7 0.26 ± 0.04

of the potential quark model. If this picture is indeed valid, the c quark mass
must be of the order of 1/2Mψ = 1.5 GeV.

In addition to the uncharmed u, d, and s, we now have a fourth quark with
isospin and strangeness zero and carrying one unit of charm. If we ignore,
for the sake of the argument, the mass differences between flavors, the four
quarks u, d, s, and c form the fundamental quartet representation 4 of the
flavor symmetry group SUf(4), illustrated by the weight diagram in Fig. 7.5.
Exactly as in SUf(3), the mesons are built up from qq̄, i.e. from the tensor
product

4× 4̄ = 1 + 15 , (7.140)

leading to seven new states, which are
– three states with charm C = 1, forming a 3̄ of subgroup SU(3):

cū (D0 or D∗0), cd̄ (D+ or D∗+), cs̄ (D+
s or D∗+

s ); (7.141)

– three states with charm C = −1, forming a 3 of subgroup SU(3):

c̄u (D̄0 or D̄∗0), c̄d (D− or D∗−), c̄s (D−
s or D∗−

s ); (7.142)

– a state with charm zero, C = 0, which is a singlet of subgroup SU(3):

cc̄ (ηc or ψ) . (7.143)

The pseudoscalar mesons are shown in Fig. 7.5b.
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Fig. 7.5. SUf(4) group: (a) the fundamental representation made up of quarks u,
d, s, and c; and (b) the 16-plet for the pseudoscalar mesons

In SUf(3) the qqq baryons form multiplets with dimensions

3× 3× 3 = 1 + 8 + 8 + 10 .

A parallel construction in SUf(4) leads to four multiplets,

4× 4× 4 = 4 + 20 + 20 + 20 .

There are now four possible antisymmetric states forming 4 in place of the
single one in SUf(3). Each of the old octets gains twelve charmed members
while the symmetric decuplet admits another ten. Figure 7.6a shows the 20
containing the familiar baryon octet and multiplets with C = 1 and C = 2.
Figure 7.6b shows the SUf(4) 20 baryon multiplet that has as its ground level
the SUf(3) decuplet containing the ∆(1232) and succeeding higher levels with
C = 1, 2, and 3.

Charmed pseudoscalar mesons D and their antiparticles, charmed vector
mesons D∗, mesons with both charm and strangeness Ds, and even charmed
baryons that contain only one charmed quark each, all have been discovered.
Of the charmed mesons, the lightest is the D0 at 1865 MeV, followed by the
D± at 1879 MeV. If the positively charged D+ is indeed a combination of cd̄,
as the SUf(4) classification indicates, the c quark must have electric charge
ec = 2/3 . This assignment is certainly consistent with the electronic width of
ψ, Γee = 5.2 keV, which can be seen as follows.

In the nonrelativistic quark model, ψ is described by a charm–anticharm
s-state, with radial wave function ϕ(r). The partial width Γ(ψ → e+e−) is
given by Γ = σ%v, where σ is the total cross-section for cc̄ → e+e−, v is
the relative velocity of cc̄, and % the target density, % = |ϕ(0)|2. We may
assume that the quarks are nonrelativistic and take the low energy limit of
the cross-section for e+e− → µ+µ−, derived in Sect. 4.7 and appropriately
modified for this case:

σ(cc̄ → e+e−) = 3 × 2πα2e2c
sβ

, (7.144)
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Fig. 7.6. SUf(4) multiplets of baryons: (a) the 20-plet with an SUf(3) octet, and
(b) the 20-plet built on an SUf(3) decuplet

where β = 1
2
v is the velocity of the quark or antiquark in the center-of-mass

frame; s the square of the CM energy; and ec the electric charge number of
c. The factor 3 accounts for the three colors. The cross-section (144) already
includes the averaging over the four possible quark spin states. Particle ψ
is a spin triplet, S = 1, and so may annihilate through a virtual photon to
e+e−. The cross-section for its decay is therefore just 4/3 of the averaged
cross-section. The final expression for the electronic width reads

Γ(ψ → e+e−) =
16πα2e2c
M2
ψ

|ϕ(0)|2 . (7.145)

By a mild modification, one obtains a more general formula for the lep-
tonic decay width of any vector meson decaying to a lepton pair via the
exchange of a single virtual photon:

Γ(V → `+`−) =
16πα2Q2

M2
V

|ϕ(0)|2 . (7.146)

The assumption here is that the quark and antiquark in the meson are in a
relative s-state, possibly in different flavor mixtures ai, so that the squared
sum of the charges of the quarks in the meson V is Q2 = |∑aiei |2.

The qq̄ pair must come together to annihilate into the virtual photon, and
the probability for this to occur is given by |ϕ(0)|2. The radial wave function
at the origin ϕ(0) cannot be calculated in perturbation theory because the
mean radius of the qq̄ system is in the order of one fermi, a distance scale at
which the effective coupling for the binding has already become large. There-
fore ϕ(0) must be determined by the nonperturbative, long-range part of the
qq̄ potential. From various potential model studies of the lower-mass vector
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Table 7.7. Leptonic widths of vector mesons

ρ ω φ ψ Υ

1√
2
(uū − dd̄) 1√

2
(uū + dd̄) ss̄ cc̄ bb̄

Γtot(MeV)a 150 8.43 4.43 0.087 0.052

Γee(keV) 6.77 0.60 1.37 5.26 1.32

Q2 1

2

1

18

1

9

4

9

1

9

Γee/Q
2 13.54 10.8 12.33 11.83 11.88

a The total widths are given for reference.

mesons, ρ0(770), ω(782), and φ(1020), it appears that the ratio |ϕ(0)|2/M2
V

has similar values for these mesons, as indicated by the rather good agreement
of data with the predicted relative leptonic branching ratios

Γ(ρ→ e+e−) : Γ(ω → e+e−) : Γ(φ→ e+e−) = 9 : 1 : 2 .

If this observation may apply to other, heavier s-wave mesons as well, we
can get an indication of the charges of their constituent quarks. With the
measured values of Γee and the assumed quark contents of the vector mesons,
the ratios Γee/Q

2 are calculated with results shown in Table 7.7. We have
considered ψ(cc̄), assuming ec = 2/3, and an even more recent meson Υ(bb̄),
assuming eb = −1/3 (of which more will be said below). To put it in another
way, assuming known x ≡ 16πα2|ϕ|2/M2

V ≈ 12.2 from averaging its values
for ρ, ω, and φ, one can estimate the squared charges of c quark and b quark:

Q2(ψ) =
Γee(ψ)

12.2
≈ 0.43 , compared with

(

2

3

)2

≈ 0.44 ;

Q2(Υ) =
Γee(Υ)

12.2
≈ 0.11 , compared with

(

1

3

)2

≈ 0.11 .

Now that the c quark is shown to exist with charge 2/3, isospin and
strangeness both zero, and charm C = 1, the extreme narrowness of the
resonance ψ(3100) can be readily understood in terms of the OZI rule. Ac-
cording to this rule, the decay ψ → D+D− is preferred but not allowed by
energy conservation, leaving the decay to uncharmed mesons energetically
allowed but strongly suppressed by the OZI rule. This is also the case of
all charmonium states below threshold 2MD = 3730 MeV. Higher-energy res-
onances, such as ψ(3770) and ψ(4040), can decay into DD̄ and hence have
much larger widths.

The empirical OZI rule can best be explained in terms of QCD, the theory
based on the interaction between the quark colors via gluons, much like QED
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Fig. 7.7. OZI-suppressed hadronic decay of a quarkonium below flavor threshold:
(a) for C = + (QQ) states; (b) for C = − (QQ) states; (c) decay of quarkonium
above flavor threshold into mesons carrying flavor of heavy quark Q

is based on the interaction between electron charges via the photon. Whereas
the photon is a single vector field, gluons come as a set of eight Lorentz
vectors forming an SUc(3) octet. The hadronic decay of a meson can thus
proceed by an exchange of gluons between the quark constituents. Now,
consider the decay of ψ(3100), a color-singlet with charge conjugation parity
−1. Since charge conjugation is a symmetry of strong interactions, its (C)
parity is preserved throughout the process and, therefore, the number of
gluons exchanged must be odd. The least number of gluons that can form
a color-singlet state with odd charge conjugation parity is three. Therefore
the simplest nonelectromagnetic annihilation process that can lead ψ into
hadrons is through an exchange of three gluons (Fig. 7.7b). The rate for the
decay of a vector meson to hadrons through three gluons is similar to that
for the decay of (ortho)positronium into three photons and is given to lowest
order by

Γ(V → ggg → hadrons) =
160

81
(π2 − 9)

[

αs(M
2
V)
]3 |ϕ(0)|2

M2
V

, (7.147)

where the quark–gluon coupling strength αs is defined at the meson mass.
We want to make rough estimates of αs from the expression

α3
s =

81 πα2Q2

10(π2 − 9)

Γ(V → ggg → hadrons)

Γ(V → ee)
. (7.148)

Results for φ, ψ, and Υ are listed in Table 7.8. In the case of φ, the electronic
branching is calculated relative to the OZI-forbidden decays ρπ and πππ
only (which together amount to 15.6% of all decays). Note that αs is not
a constant, it decreases with increasing energy, reflecting a general result of
QCD (see Chap. 15). The OZI suppression is therefore due to the exchange
of three ‘hard’ gluons associated with high-momentum transfer and a weak
coupling parameter; this also explains why state ψ is much more narrow than
φ. In contrast, the OZI-allowed decay mode ψ(3770) → DD̄, which involves
the exchange of a single ‘soft’ gluon carrying low momentum (Fig. 7.7c),
proceeds far more intensely and has a much larger width.
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Table 7.8. Quark–gluon couplings in vector mesons

Meson Q2 Γee/Γtotal αs

φ(1020) 1/9 2 × 10−3 0.44

ψ(3100) 4/9 6 × 10−2 0.21

Υ(9460) 1/9 2.5 × 10−2 0.18

7.6.2 The Tau Lepton

Shortly after the discovery of charmonium states, an important new and
unexpected particle was added to the list of known particles. The first evi-
dence for the existence of the τ lepton was obtained (Perl et al., 1975) at the
SPEAR e+e− storage ring. The observation was confirmed soon afterward
by experiments again at SPEAR and at the DORIS e+e− storage ring of the
Deutsches Elektronen Synchrotron (DESY). Examining the massive amount
of data from the annihilation e+e− process, Perl and collaborators found re-
actions of the form e+ + e− → e± + µ∓+ missing energy, in which no other
charged particles or photons were detected. Most of these events occurred at
or above 4 GeV. They concluded that these events arose from the production
and subsequent decay of a pair of unidentified objects, each having a mass
in the range of 1.6 to 2 GeV (which coincidentally includes the D mesons).
The production and decay sequence they had in mind was

e+ + e− → γ → τ+ + τ− ;

τ+ → e+ + νe + ν̄τ , µ
+ + νµ + ν̄τ ,

τ− → e− + ν̄e + ντ , µ
− + ν̄µ + ντ . (7.149)

The e±µ∓ pairs were the only detected particles in the events and, with
their characteristic two-pronged signature and total zero charge, led to the
discovery of τ .

The mass of the new particle can be determined by measuring the thresh-
old for e+ + e− → τ+ + τ−. The current value is

mτ = 1777 ± 0.30 MeV .

To qualify as a lepton, a particle should not interact through the strong
interaction but only through the weak interaction and, if charged, through
the electromagnetic interaction; in addition, it should have no evidently ob-
servable structure and preferably should have spin 1/2. Experiments have
established that the τ lepton has all these basic properties.

For spin 0 or 1/2, the electromagnetic production process for pointlike
particles (149) is well understood from quantum electrodynamics; its cross-
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section at the Born level (cf. Sect. 4.7) is

σ(e+e− → τ+τ−) =
πα2β3

3s
for spin 0 , (7.150)

σ(e+e− → τ+τ−) =
4πα2

3s

β(3 − β2)

2
for spin 1/2 , (7.151)

where β = p/E and E are the velocity and energy of the τ− or τ+, and
s = E2

cm = 4E2. It has become customary to remove the 1/s dependence of
cross-section by defining the ratio

Rτ ≡ σ(e+e− → τ+τ−) / σ(e+e− → µ+µ−) . (7.152)

Then

Rτ = 1
4β

3 for spin 0 , (7.153)

Rτ = 1
2β(3 − β2) for spin 1/2 . (7.154)

For spin 1 and higher integral spins, Rτ has a β3-dependence. As E rises
above the τ threshold, β → 1 and Rτ tends to a simple (upper) limit whose
value depends on the τ spin:

Rτ → 1
4 for spin 0 ; Rτ → 1 for spin 1/2 . (7.155)

If τ has internal structure, (151) is modified by a form factor F (s) to

σ(e+e− → τ+τ−) =
4πα2

3s

β(3 − β2)

2
|F (s)|2 . (7.156)

A pointlike τ has F (s) = 1 for all s, but the presence of an internal structure
will cause F (s) and the cross-section to fall quickly to zero when Ecm � 2mτ ,
just as it happens in pair production of hadrons such as e+e− → pp̄.

The measured value of Rτ has a maximum of 1, hence spin 0 is excluded.
The observed behavior of σ(e+e− → τ+τ−) near threshold excludes a β3

behavior and hence spin 1 or higher integral spins. While spin 3/2 or higher
half-integral spins cannot be ruled out at the present time if τ has a structure,
all observed behavior of τ seems consistent with spin 1/2 and no structure.
Therefore, spin 1/2 is the currently accepted assignment.

τ is the only lepton heavy enough to decay through a hadronic mode.
Besides the two leptonic modes shown in (149), it also decays through quark
emission, τ− → d + ū + ντ (in 3 quark-color states), so that the hadronic
decay branching is

Γ(τ → hadrons)

Γ(τ → all)
=

3

5
,

which is in good agreement with the measured ratio, 0.64.
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From experiments, one infers that the associated neutrino, ντ , has spin
1/2 and a vanishingly small mass less than 19 MeV, even though the particle
itself has not yet been directly detected. The τ–ντ current is of the V–A type
(see Chap. 5). In parallel with the decay rate for µ− → νµ + e− + ν̄e

Γ(νµe
−ν̄e) =

G2
Fm

5
µ

192π3
, (7.157)

the decay rate for τ− → ντ + e− + ν̄e can be calculated as

Γ(ντe
−ν̄e) =

GeGτm
5
τ

192π3
. (7.158)

The electron mass is neglected in both cases; GF = Ge = Gµ is the Fermi
coupling, and Gτ is the corresponding τ–ντ coupling. Taking into account
its branching, this decay rate yields the τ lifetime:

Tτ =
B(ντ e

−ν̄e)

Γ(ντe−ν̄e)
= B(ντ e

−ν̄e)
Ge

Gτ

m5
µ

m5
τ

Tµ , (7.159)

where B(ντ e
−ν̄e) is the branching ratio for τ− → ντ + e− + ν̄e and Tµ is the

µ lifetime. Using the data

Tµ = 2.2× 10−6 s and B(ντ e
−ν̄e) = 0.18 , (7.160)

the expression (159) predicts that

Tτ = 2.7× 10−13 s if Gτ = Ge , (7.161)

which agrees quite well with the current measured value of 2.91 × 10−13 s.
This result therefore confirms that Gτ = Ge and hence e–µ–τ universality

(more details in Chap. 13). More recent values of the τ mass, lifetime, and
electronic branching fraction allow a test of the weak interaction universality
with improved precision; the ratios of the couplings found are

Gτ
Gµ

= 0.981± 0.014 ,
Gτ
Ge

= 0.992± 0.018 . (7.162)

7.6.3 From Bottom to Top

The newly found charmed quark completed a set of fermions (νµ, µ; c, s),
replicating the pattern of the first, (νe, e; u, d). The discovery of the τ
lepton and its neutrino seemed to signal the formation of a new generation,
and immediately intensified the search for its prospective new quark mem-
bers. The search was carried out using again e+e− annihilation and hadronic
production of lepton pairs. These efforts were rewarded in mid-1977 with the
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discovery by Lederman and co-workers of two narrow resonances at 9.44 and
10.17 GeV (called respectively Υ and Υ′) in the cross-section of collisions of
400 GeV protons on nuclear targets, p + (Cu, Pt) → µ+µ− + . . . .

These events were confirmed a year later by two groups at the DORIS
e+e− storage ring at DESY. The mass of the resonance was determined with
improved precision, MΥ = 9.46 ± 0.01 GeV, and the partial width for Υ →
e+e− was calculated, as for ψ, from the area under the resonance curve with
the result Γee = 1.32± 0.03 keV. We have already seen that it is possible to
infer from Γee the electric charge of the new quark, which turns out to be
−1/3 (see Table 7.7). The new quark is called the b or bottom quark, a name
that reflects its charge of −1/3 and its place ‘beneath’ an anticipated quark of
charge 2/3 (which therefore would be called top). Soon after, other resonances
were seen at 10.35, 10.58, 10.86, and 11.02 GeV. They are identified with
other bb̄ bound states, exactly as the ψ-family was with a set of cc̄ levels. The
Υ(9460), Υ′(10 023), and Υ′′(10 355) have extremely narrow widths, which
implies that their decays to the already established particles are energetically
possible but OZI-suppressed, and therefore that the b quark must have a new
quantum number, called bottom or beauty, B = −1. (The sign is conventional,
as it is also in I3 = −1/2 for the d quark and in S = −1 for the s quark.)
On the other hand, the Υ′′′(10 580) resonance is much broader and so must
lie above the threshold for bottom-flavored meson pair production, BB̄. A
bottom-flavored meson B is composed of a b̄ quark and a u or d quark; its
mass, MB is such that MΥ′′ ≤ 2MB ≤ MΥ′′′ . The families of pseudoscalar
and vector mesons with B = ±1 and S = 0, and many other mesons with
B = ±1 but S = ±1 have been identified.
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Fig. 7.8. Lowest-order mechanisms for hadronic production of heavy quark–anti-
quark pairs: (a) qq̄ annihilation; (b)–(c) gluon–gluon fusion

Meanwhile the standard model of particles has been fully developed and
has enjoyed an outstanding success for two decades. Yet one of its key pre-
dictions, the existence of the top quark, remained unfulfilled. The top quark
is considered in the standard model as the (weak isospin) partner of the b
quark, and is required to account for the absence of flavor-changing, charge-
preserving weak decays of b. As a member of the third family of quark, it
provides the simplest explanation for CP violation by the weak interaction.
Its existence is crucial lest quantum corrections break the symmetries of the
theory, leaving it internally inconsistent. The standard model does not pre-
dict its mass, and the experimental lower limit kept climbing with the years,
from 23 to 50 GeV, then to 91, 131, and 175 GeV.
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The long search finally bore fruit: evidence for the elusive quark was re-
ported in 1994 by two groups working at the Fermilab Tevatron pp̄ collider,
in which a beam of 900 GeV protons collides with a beam of 900 GeV an-
tiprotons. In pp̄ collisions, top–antitop pairs are expected to appear following
gluon–gluon fusion and qq̄ annihilation, the latter mode being dominant for
a top mass above 100 GeV (see Fig. 7.8). In the standard model, the top
quark decays into a bottom quark and a W boson (which is the charged gauge
boson of the weak interaction). The b quark’s lifetime, about 1.5 picosec-
onds, is long enough for it to find an ordinary quark and together form a B
meson. The W boson lives for a fraction of 10−24 s. Two-thirds of the time,
it decays into a quark–antiquark pair, which manifests itself in two jets, or
narrow spurts of hadrons moving nearly in the directions of the quarks. The
remaining third of W decays produce a lepton pair, a high-energy charged
lepton accompanied by an invisible neutrino.

The search for the t quark was carried out in channels where both W
bosons decayed leptonically (eµ+jets, ee+jets, and µµ+jets) and in chan-
nels where just one W boson decayed leptonically (e+jets and µ+jets) – see
Fig. 7.9. The data established the existence of tt̄ production in pp̄ collisions
at

√
s = 1.8 TeV, with the top quark mass of mt = 180 ± 12 GeV. Thus,

a single top weighs as much as an atom of gold and more than 37 times a
bottom quark, the heaviest among the other five quark varieties.
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Fig. 7.9. Signature events in the top–antitop production: (a) dilepton mode;
(b) lepton-plus-jets mode; (c) 4-jets mode

Implications of this astoundingly large mass are many and are still being
explored. First, the large mass of t makes it a very short-lived particle.
Assuming the dominant decay mode to be the signature decay t → b+W and
neglecting QCD corrections, we can calculate the decay width (Problem 7.8)

Γ(t → bW+) ≈ GF

8
√

2π
m3

t

(

1 − 3
M4

W

m4
t

+ 2
M6

W

m6
t

)

. (7.163)

Note its strong dependence on the top mass. With GF ≈ 10−5 GeV−2,
mt = 175 GeV, and MW = 80 GeV, we find Γ(t → bW+) ≈ 1.5 GeV, which
corresponds to a t quark’s lifetime of ≈ 0.4 × 10−24 s. Comparing this with
the lifetime of the b quark, which is 1.5× 10−12 s, and that of the τ lepton,
which is 0.3× 10−12 s, one realizes how special top is. Because the top quark
decays before it can be hadronized, there are no bound tt̄ states (toponia)
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Table 7.9. Fundamental fermions

Quark
Mass (GeV) Charge

Nonzero additive

flavor quantum number

u 0.008 2/3 I3 = +1/2

d 0.015 −1/3 I3 = −1/2

c 1.5 2/3 C = +1

s 0.3 −1/3 S = −1

t 180.0 2/3 T = +1

b 4.5 −1/3 B = −1

Lepton
Mass (MeV) Charge

Nonzero

flavor lepton number

νe < 15 × 10−6 0 Le = 1

e 0.51 −1 Le = 1

νµ < 0.17 0 Lµ = 1

µ 105.66 −1 Lµ = 1

ντ < 19 0 Lτ = 1

τ 1777.0 −1 Lτ = 1

and no top-flavored mesons or baryons, unlike the situation with the other,
lighter flavors. Further, top’s very large mass opens up many new decay
channels, which might lead to productions of highly exotic particles. Finally,
it is believed that a very heavy top, being so distinct from the other quarks,
could hold the key to many questions about particle physics still unanswered
in the framework of the standard model.

In just over twenty years, many crucial discoveries were made and the
remaining half of all the fundamental constituents of matter were observed
and identified, thus completing the basic bricks required for the foundation
of the standard model. Table 7.9 summarizes the present situation.

Problems

7.1 Group and algebra. (a) Show that the generators of the infinitesimal
unitary and unimodular transformations are Hermitian and traceless. (b)
Show that the group property g1g2 = g3, which says that the product of any
two group elements is some group element, implies (for a Lie group) closed
commutation relations among the generators.

7.2 Nonequivalence of 3 and 3∗ of SU(3). Let {S} and {S∗} be the
ordinary and the conjugate fundamental representations of SU(3). To say
that they are equivalent is to say that for every S there is an S∗ such that
S∗ = S0SS

†
0 for some fixed element S0 of the group. S∗ is the ordinary
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complex conjugate of S. This relation may also be written as λ∗i = −S0λi S
†
0 .

Show that it cannot be satisfied for all i = 1, . . . , 8.

7.3 Structure constants of SU(3). From the known Gell-Mann matrices
calculate the structure constants of SU(3) given in the following table. Verify
also the values of the completely symmetric coefficients dijk of the algebra.

[λi, λj ] = 2ifijk λk {λi, λj} = 4

3
δij + 2dijkλk

ijk fijk ijk dijk ijk dijk

(antisymmetric) (symmetric) (symmetric)

123 1 118 1/
√

3 366 −1/2

147 1/2 146 1/2 377 −1/2

156 −1/2 157 1/2 448 −1/(2
√

3)

246 1/2 228 1/
√

3 558 −1/(2
√

3)

257 1/2 247 −1/2 668 −1/(2
√

3)

345 1/2 256 1/2 778 −1/(2
√

3)

367 −1/2 338 1/
√

3 888 −1/
√

3

458
√

3/2 334 1/2

678
√

3/2 355 1/2

7.4 Applications of U-spin. (a) Show that U± = F6 ± iF7 and U3 =
(
√

3F8 − F3)/2 satisfy the SU(2) algebra

[U3, U±] = ±U±, [U+, U−] = 2U3 .

(b) Show that the charge operator Q = F3 + F8/
√

3 is a U-scalar, that
is, it has U-spin U = 0, or [Q,Ui] = 0 for i = ±, 3. Write down the
electromagnetic current operator. (c) Show that for the meson octet, the
(U3 = 0)-component of the U-triplet is π0

u = (−π0 +
√

3η)/2, and the U-
singlet is η0

u = (
√

3π0 + η)/2. Since π0
u is a U-spin vector component it

cannot couple to an electromagnetic current. Show that for the 2γ decay
mode,

〈

π0 |2γ
〉

=
√

3 〈η |2γ 〉.
7.5 Gell-Mann–Okubo mass formula. The mass symmetry-breaking
interaction for an isospin multiplet is proportional to the three-component
of the isospin operator, I3. Similarly, the symmetry-breaking Hamiltonian
H8 of SU(3) for the octet baryons is given by the eight-component of the
octet operator F8 = λ8/2. In this case a further set of octet matrices can
be formed, that is, D8 = d8ij FiFj, where dijk are the completely symmetric
coefficients of the group. Therefore, the most general symmetry-breaking
interaction is of the form H8 = aF8 + bD8. Derive the GMO mass formula.

7.6 Reduction to irreducible representations in SU(3). (a) Prove the
reduction formula 8× 8 = 1 + 8 + 8 + 10 + 10∗ + 27 of SU(3) by explicitly
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constructing the irreducible tensors from the two irreducible tensors Ma
b

and Na
b. (b) Prove the formula 10∗ × 10 = 1 + 8 + 27 + 64 without an

explicit construction of the irreducible tensors, e.g. using the prescription by
S. Coleman, J. Math. Phys. 5 (1964) 1343–1344.

7.7 Reduction to irreducible representations in SU(6). Prove by
direct construction the following reduction formula in SU(6):

6× 6× 6 = 20 + 70 + 70 + 56 .

7.8 Top decay rate. Assume that the amplitude for the decay of quark
Q into quark q plus a massive vector boson W is given by

M = if ūq(p)(γ
µ − αγµγ5)uQ(P ) ε∗µ(k) .

Here P, p, and k are momenta; f and α are constants; εµ is the polarization
vector of the vector boson.
(a) Show that upon summing over spins and polarizations one has

∑

spins

∑

pol

|M|2 = 4f2(1 + α2)[p·P +
2

M2
W

(k·p)(k·P ) ]− 12f2(1 − α2)mqmQ ,

where k2 = M2
W , p2 = m2

q, and P 2 = m2
Q.

(b) Using formula (4.72) of Chap. 4, show that the rate of decay from rest,
with α = 1, is given by

Γ(Q → q + W) =
f2

4πM2
W

|p|m2
Q [1 + x− 2x2 − y(2 − x− y)] ,

where |p| = (mQ/2){[1−(
√
x+

√
y)2][1−(

√
x−√

y)2]}1/2 , x = (MW/mQ)2 ,
and y = (mq/mQ)2. See also I. Bigi et al., Phys. Lett. 181B (1986) 157.
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