
6 Hadrons and Isospin

The six known leptons and their charge conjugates fall naturally into a simple
pattern of classification suggestive of an underlying symmetry that may even-
tually lead to an uncovering of their dynamical laws. In contrast, the situation
is vastly more complex with the hadrons because of their larger number and
greater diversity. Nevertheless, similarities and relationships do exist among
mesons and baryons, which have gradually come to light through both exper-
imental and theoretical efforts. The experiments carried out and the ideas
put forth during an effervescent period of over thirty years – roughly from
1932, when Werner Heisenberg introduced the concept of isospin, to the early
1960s, when Murray Gell-Mann and Yuval Ne’eman proposed the notion of
the eightfold way – have contributed significantly to shaping our present-day
view of the particles and their interactions. They form the subject matter of
the present and the next chapters.

In this chapter, we introduce the concept of isospin and show how it is
used in quantum field theories, especially in situations involving nucleons and
pions. We also define the G-parity for ‘unflavored’ hadrons and the hyper-
charge for strange particles. Isospin is conserved in the strong interaction,
but not in the electromagnetic and weak interactions. We give a brief dis-
cussion of how and where the symmetry is violated; the missing ‘why’ should
be found in a future interaction model.

6.1 Charge Symmetry and Charge Independence

There exists ample evidence for charge symmetry in the physics of strong
interactions. This principle holds that, apart from electromagnetic and weak
effects, mesons and baryons behave in exactly the same way as their charge
symmetric counterparts. As examples of manifestations of charge symmetry,
we have the near equality of the proton and neutron masses and the small
difference in the nuclear binding energies of 3H and 3He (0.8 MeV out of
8 MeV); we may also point out that spectra in mirror nuclei (such as 7Li
and 7Be, or 11B and 11C) show levels of identical angular momenta and par-
ities at approximately the same relative energies. These regularities must
reflect some sort of symmetry – the symmetry of nuclear systems under in-
terchanging neutrons and protons, which necessarily implies the equality of
neutron–neutron and proton–proton nuclear forces.
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More remarkable still, the stronger hypothesis of charge independence also
appears to be generally valid, provided again that electromagnetic and weak
effects can be neglected. In particular, the nuclear forces in any pairs of
neutrons and protons in the same orbital angular momentum and spin states
are expected to be the same. Evidence can be found in comparing similar
(isobaric) states in certain groups of nuclei, such as 14C, 14N, and 14O, or
21F, 21Ne, 21Na, and 21Mg, in which nuclei differ from one another only in
their last two or three neutrons or protons, and hence in the presence of
different pair interactions, nn, pp, or pn. Further support comes from the
near equality of the masses of certain mesons and hyperons, as shown in
Table 6.1, as well as from the excellent agreement between the measures and
calculations of the relative rates of production of neutral and charged pions
from the collisions of protons with deuterons.

Table 6.1. Comparison of some meson and hyperon masses

Mass difference ∆ a M (average) a ∆/M

π± − π0 4.59 137 .033

K0 − K± 4.02 495 .008

Σ− −Σ+ 8.07 1193 .007

Σ− −Σ0 4.89 1193 .004

a In MeV/c2.

Charge symmetry of a nuclear system means the physical properties of the
system remain unchanged upon interchanging all protons with all neutrons,
whereas charge independence implies invariance even when the proton and
neutron states are replaced with any orthonormal, real or complex, admix-
tures of them. Just as there is no possible distinction between the spin-up
and spin-down states of an electron in the absence of magnetic fields, no
observable effects can discriminate protons from neutrons in the absence of
electromagnetic interactions. This fact points to the advantages of introduc-
ing an abstract space spanned by vectors, whose discrete projections on a
certain axis correspond to charge states. The nucleon is one such vector,
with its two projections identified with the neutron and the proton. Charge
independence can then be interpreted in geometrical terms as rotational in-
variance in charge space, and rotations in this space can be generated, as
in ordinary space, by an operator, called the isobaric spin or simply isospin,
with the same algebraic properties as the ordinary rotation operator, the
angular momentum of coordinate space. And just as the conservation of an-
gular momentum follows from rotational invariance in ordinary space, so too
does the conservation of isospin from rotational invariance in isospin space.

The usefulness of the isospin concept stems from the fact that it can
be generalized to all hadrons and that isospin is a conserved quantity in
strong interactions. It follows that mesons and baryons can be classified
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into multiplets characterized by an isospin, and their strong interactions are
rotationally invariant in isospin space, so that several general results can
be derived without a detailed knowledge of the interaction or the labors
of dynamical calculations. On a deeper level, as hadrons are regarded as
quark composites, isospin invariance arises from the (still unexplained) near
equality of the u and d quark masses. Although only approximate (since
the electromagnetic interaction of nature introduces a preferred direction in
isospin space), isospin invariance is expected to be valid to an accuracy of
the order of the ratio of the electromagnetic coupling to the strong coupling,
i.e. a few percent. The success of this symmetry in relating a large number
of particles and in predicting many phenomena may lead one to wonder
whether different isospin multiplets could be further regrouped, by virtue of
some common properties, under some higher symmetry. Even the very fact
that it is violated, which it is, not in a haphazard but rather systematic way
by the electromagnetic and weak interactions, confers upon it a significant
role in any model building.

6.2 Nucleon Field in Isospin Space

In this section we study the nucleon field as the simplest isospin representa-
tion. Although it is known that the proton and the neutron are composite
particles, they will be treated for now as elementary, a perfectly valid point
of view on phenomenological grounds. Rotations on the charge space will
be described by unitary operators and generated by isospin operators. This
treatment is generalized to other particles in later sections.

The nucleon field is represented by an eight-component column vector

ψ(x) =

(

ψp(x)

ψn(x)

)

, (6.1)

formed from the proton field ψp and the neutron field ψn, assumed to have
the same mass, m . Each of these is a quantized Dirac four-component spinor
operator, which may be expressed as a Fourier series

ψp(x) =
∑

k,s

Ck

[

u(k, s) e−ik·xbp(k, s) + v(k, s) eik·x d†p(k, s)
]

,

ψn(x) =
∑

k,s

Ck

[

u(k, s) e−ik·xbn(k, s) + v(k, s) eik·x d†n(k, s)
]

, (6.2)

[Ck = 1/
√

(2π)3 2Ek, k0 = Ek =
√

k2 +m2], so that the components of the
nucleon field are: ψA = ψp,i for A = i = 1, . . . , 4, and ψA = ψn,i for A = i+4,
i = 1, . . . , 4.

To find the isospin operator for the nucleon field, it is best to start from
what we already know, namely, the baryon number operator, NB, and the



188 6 Hadrons and Isospin

charge operator, Q. A slight generalization of results found in Chap. 3 yields

NB =

∫

d3xψ†ψ

=

∫

d3xψ†
pψp +

∫

d3xψ†
nψn

= (Np +Nn) − (Np̄ +Nn̄) (6.3)

for the baryon number operator and

Q =

∫

d3xψ†
pψp

= Np −Np̄ (6.4)

for the charge operator (in units of e > 0). Here the number operators for
protons, neutrons, antiprotons, and antineutrons are given respectively by

Np =
∑

k,s

b†p(k, s)bp(k, s), Nn =
∑

k,s

b†n(k, s)bn(k, s) ,

Np̄ =
∑

k,s

d†p(k, s)dp(k, s), Nn̄ =
∑

k,s

d†n(k, s)dn(k, s) . (6.5)

When applied on a one-proton or a one-neutron state, they give, for ex-
ample,

Np |p〉 = |p〉 , Nn |p〉 = 0,

Nn |n〉 = |n〉 , Np |n〉 = 0.

So that neither NB nor Q may be considered to be an isospin operator for
the nucleon field, but the linear combination

I3 = Q− 1
2 NB

= 1
2

(Np −Np̄) − 1
2

(Nn −Nn̄) (6.6)

has the expected property when applied on a nucleon state: it gives +1/2
if the nucleon is in a proton state, and −1/2 if the nucleon is in a neutron
state (and −1/2 for an antiproton state, +1/2 for an antineutron state). When
written in the form

I3 = 1
2

∫

d3xψ†
(

1 0
0 −1

)

ψ, (6.7)

it suggests identification with a field version of the third component of the
Pauli matrix in isospin space, and hence generalization to all components:

Ii = 1
2

∫

d3xψ†τiψ for i = 1, 2, 3, (6.8)
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where

τ1 =

(

0 1
1 0

)

, τ2 =

(

0 −i
i 0

)

, and τ3 =

(

1 0
0 −1

)

(6.9)

are understood as tensor products of the ordinary 2 × 2 Pauli spin matrices
and the 4 × 4 identity matrix in the Dirac isospin space. As in the case of
the Pauli matrices, τi are Hermitian and satisfy the basic property

τiτj = δij + iεijkτk for i, j = 1, 2, 3. (6.10)

The Hermitian operators Ii will be considered as the components of a three-
component vector in isospin space, I. Isospin invariance means that the
hadronic (or strong) part of the Hamiltonian, Hh, is such that it commutes
with each Ii :

[Ii, Hh] = 0 for i = 1, 2, 3 . (6.11)

In other words, I is a conserved vector, constant in time, which implies,
among other things, that the time parameter of the fields in (8) can be
arbitrarily chosen.

We will show next that Ii generate rotations of the field ψ in isopin space.
First, we calculate the commutation relation between Ii and an arbitrary field
component ψA(x):

[Ii, ψA(x)] = 1
2

∫

d3y
[

ψ†
B(y)τiBCψC(y), ψA(x)

]

. (6.12)

Since time is arbitrary under the integral, we may set y0 = x0 and use the
equal times anticommutation relations

{

ψ†
A(t,x), ψB(t, y)

}

= δAB δ(x− y) ,

{ψA(t,x), ψB(t, y)} =
{

ψ†
A(t,x), ψ†

B(t, y)
}

= 0 (6.13)

in (12) to obtain

[Ii, ψA(x)] = −1
2 τiBC

∫

d3y
{

ψ†
B(y), ψA(x)

}

ψC(y)
∣

∣

∣

y0=x0

= −1
2
τiAC ψC(x) .

This relation and its Hermitian conjugation describes the action of the isospin
operators on the nucleon field:

[Ii, ψA(x)] = −1
2
τiAB ψB(x),

[Ii, ψ
†
A(x)] = +1

2 τiBA ψ
†
B(x) . (6.14)
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Note that since a proton or neutron state is created by ψ† and destroyed by
ψ, the signs in (14) come out correctly, in good accord with (6).

Next, to obtain the transformation rule for ψ, let θ be a small real param-
eter; n̂ = (n1, n2, n3) a unit vector in isospin space; and define θ = θn̂. We
may then rewrite the first of (14), exact up to terms linear in θ as follows:

ψ + i [θ·I, ψ] = ψ − i

2
θ·τ ψ ,

(1 + iθ·I )ψ(1 − iθ·I ) = (1 − i

2
θ·τ )ψ .

This result may then be cast into a transformation law,

U ψ(x)U−1 = S(θ)ψ(x) , (6.15)

where

U ≈ 1 + i θ·I (6.16)

is the infinitesimal rotation operator on the Hilbert space, and

S(θ) ≈ 1 − i

2
θ·τ (6.17)

its matrix representation in the Dirac space. Since Ii are Hermitian, U is
unitary to the first order in θ.

For finite θ, we find, by integration or by repeated applications of in-
finitesimal rotations, just as in ordinary space [cf. (3.26)], the general rotation

operator

U = eiθ·I , U†U = 1 , (6.18)

and its matrix representation

S(θ) = e−
i

2
θ·τ = cos θ

2 − in̂ · τ sin θ
2

=

(

cos θ
2 − in3 sin θ

2 −i(n1 − in2) sin θ
2

−i(n1 + in2) sin θ
2 cos θ

2 + in3 sin θ
2

)

. (6.19)

To resum the power series that defines exp(− i/2 θ·τ ), we have used the iden-
tity (n̂ · τ )2 = 1, which follows from (10). As a special case, the operator

U2 = eiπI2 (6.20)

performs a rotation through π about the isospin y axis, and acts as the charge-

exchange operator for the nucleon, interchanging the proton and neutron
states:

S(πn̂2)ψ = e−
i
2

πτ2ψ = −iτ2

(

ψp

ψn

)

=

(−ψn

ψp

)

. (6.21)
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The commutation relations for the generators of infinitesimal isospin ro-
tations can be determined from (10) and (14):

[Ii, Ij] = 1
2 τjCD

∫

d3y
[

Ii, ψ
†
C(y)ψD(y)

]

= 1
2
τjCD

∫

d3y
{

[Ii, ψ
†
C(y)]ψD(y) + ψ†

C(y) [Ii, ψD(y)]
}

= 1
4

∫

d3y ψ†
C(y)ψB(y) [τiCD τjDB − τjCD τiDB ]

= iεijk
1
2

∫

d3y ψ†
C τkCB ψB .

The resulting algebra of the isospin operators

[Ii, Ij] = iεijkIk for i, j, k = 1, 2, 3 (6.22)

is identical to the usual angular momentum algebra, and so the familiar
results can be readily adapted to this case. In particular, as the Hamiltonian
for nucleons Hh is isospin-invariant, a common basis for it and I 2 and I3 can
be found. The eigenequations are

I 2φjm = j(j + 1)φjm ,

I3φjm = mφjm , (6.23)

with j = 1
2 and m = ±1

2 . With the standard phase convention, one defines
the step-up and step-down operations, I± ≡ I1 ± iI2, on φjm,

I± φj,m = [(j ∓m)(j ±m+ 1)]
1
2 φj,m±1 , (6.24)

which give, in particular,

I−φ 1
2

,− 1
2

= 0 , I+φ 1
2

,− 1
2

= φ 1
2

,
1
2
. (6.25)

This means, if we let the neutron state be |n〉 = φ 1
2 ,− 1

2
, we can identify

immediately φ 1
2 ,

1
2

with the proton state |p〉 ≡ φ 1
2 ,

1
2

, with its phase fixed

by (14).
How does the charge conjugate nucleon field behave under isospin rota-

tions? If the isospin formalism is to be useful in quantum field theory, equally
applicable to both the nucleon and the antinucleon fields, it is essential that
these fields transform identically in isospin space. Now, since the nucleon
field and its conjugate adjoint transform as

ψ → ψ′ = Sψ, S = e−
i

2
θ·τ ,

ψ → ψ
′
= S∗ψ, S∗ = e

i

2
θ·τ∗

, (6.26)
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the spinor formed by simply stacking up the charge conjugate proton and

neutron fields, ψc
p = C ψ

T

p and ψc
n = C ψ

T

n (C being the charge conjugation
matrix defined in Sect. 5.3) transforms differently from the nucleon field:

(

ψc
p

ψc
n

)

→ S∗
(

ψc
p

ψc
n

)

, (6.27)

and so is not admissible. We should rather seek a spinor in the form

ψc ≡ AC ψ
T

(6.28)

that transforms exactly as ψ in (26), that is,

ψc → ψc′ = Sψc , (6.29)

which means that the matrix A must have the property

AS∗A−1 = S . (6.30)

With τi defined in (9), consistent with the standard sign conventions, one
has τ2τiτ2 = −τ∗i for i = 1, 2, 3. Therefore, A = ητ2, with |η| = 1. Choosing
η = i, one finds the correct charge conjugate nucleon isospinor

ψc = iτ2C ψ
T

= iτ2

(

ψc
p

ψc
n

)

=

(

ψc
n

−ψc
p

)

, (6.31)

that is, ψc
n is an isospin-up state and −ψc

p , with its important minus sign,
an isospin-down state. This result tells us that the two doublets ψ and ψc

are equivalent representations, transforming in the same way under isospin
rotations. The two sets of transformation matrices {S} and {S∗} coincide
after rearranging their elements through (30). Since A = exp(iπτ2/2) also
belongs to the set {S}, (30) is just an expression of the composition law of
the transformation group.

A system of several nucleons is described by higher-dimensional represen-
tations, which may be found by applying the usual rules of angular momen-
tum addition. Two cases will be of special interest: a pair of nucleons, and
a nucleon–antinucleon system. Vector addition of two isospins 1/2 gives two
possible total isospins, I = 0 and I = 1. Composition of the corresponding
states is shown in Table 6.2. A nucleon state is denoted simply by p (rather
than |p〉) if I3 = 1/2, and n (rather than |n〉) if I3 = −1/2. Similarly, an
antinucleon state is denoted by n̄ if I3 = 1/2, and −p̄ if I3 = −1/2. For
two-particle states, the notation p(−p̄), for example, means that particle 1 is
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Table 6.2. Two-nucleon isospin states

I I3 nucleon–nucleon nucleon–antinucleon

+1 pp pn̄

1 0 1√
2
(pn + np) 1√

2
[ p(−p̄) + nn̄ ]

−1 nn n(−p̄)

0 0 1√
2
(pn− np) 1√

2
[ p(−p̄)− nn̄ ]

in an isospin-up state (a proton) and particle 2 in an isospin-down state (an
antiproton).

The two-nucleon charge wave functions have a definite symmetry under a
permutation of the particle isospin labels: the I = 1 (charge triplet) functions
are symmetric, while the I = 0 (charge singlet) function is antisymmetric.
Since n and p are to be regarded as two different states of the same particle,
the total wave function of two nucleons, which is the product of a space
coordinate function, a spin function, and an isospin function, must be anti-
symmetric, that is, must change sign under the simultaneous interchange
of the particle labels. As we interchange the spatial coordinate labels, the
spatial wave function of relative orbital momentum ` changes by a sign (−)`;
similarly, when the spin labels are interchanged, the spin wave function of
total spin S changes by a sign (−)S+1 , and finally, when the isospin labels
are interchanged, the isospin part of total isospin I contributes a sign (−)I+1 .
Thus, the generalized Pauli principle requires a two-nucleon state (`, S, J, I),
or in spectroscopic notation 2S+1`J , to satisfy

(−1)`+S+I = −1 for any admissible J . (6.32)

Physical two-nucleon states are then

I = 1 (pp, pn, nn) : 1S0,
3P0,1,2,

1D2,
3F2,3,4 , . . . ,

I = 0 (pn) : 3S1,
1P1,

3D1,2,3,
1F3 , . . . . (6.33)

6.3 Pion Field in Isospin Space

Around 140 MeV the particle mass spectrum shows three, and only three,
mesons, called π+, π−, and π0. It is consistent with all existing data to
assume that they form a self-conjugate charge triplet: π+ and π− are charge
conjugates to each other, and π0 is the charge conjugate to itself. Therefore,
π+ and π− must have exactly the same mass by CPT invariance, and the
π0 mass differs from the π± mass only by isospin symmetry-breaking effects.
The charged π mesons, introduced by Yukawa (1935) as agents of the nuclear
forces, were discovered in cosmic rays in 1947. The existence of the neutral
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π meson, predicted by Kemmer (1938) on the basis of the concept of isospin,
was confirmed by experiment in 1950.

In the isopin formalism, we regard π+, π−, and π0 as three states of
a certain isospin vector field, denoted by φ, which must be Hermitian to
represent a self-conjugate multiplet. It may be decomposed into either three
real components,

φ1 , φ2 , and φ3 , (6.34)

or one complex component ϕ plus one real component φ3 ,

ϕ =
1√
2
(φ1 − iφ2) and φ3 . (6.35)

Since φ3 is real, the charge operator comes from the complex field alone
[cf. (2.110)]:

Q = i

∫

d3x
(

ϕ†ϕ̇− ϕ̇†ϕ
)

(6.36)

(ϕ̇ denotes a time derivative). Rewritten in terms of the real fields, it is

Q =

∫

d3x
(

φ1φ̇2 − φ2φ̇1

)

=

∫

d3x
(

φ × φ̇
)

3
, (6.37)

where the final expression is meant to read as the third component of an
isovector. Since by (2.112) Q equals (in units of charge e) the difference
between the particle number and the antiparticle number, it gives +1, −1,
and 0 when applied respectively on a one-particle, one-antiparticle, and one
neutral particle state, exactly the results expected of an isospin operator.
Hence, it is natural to identify without further ado Q with I3, the third
component of an isospin vector I, whose components we postulate to be

Ii = εijk

∫

d3x φjφ̇k

= −i

∫

d3x φ̇
T
tiφ , i = 1, 2, 3, (6.38)

where φ
T stands for a transposed (i.e. row) vector, and

(ti)jk = −iεijk , i, j, k = 1, 2, 3, (6.39)

are the elements of three Hermitian 3×3 matrices, with the algebraic property
characteristic of representations of angular momentum operators

[ti, tj] = iεijktk . (6.40)
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The coefficients εijk are referred to as the structure constants of the angular
momentum algebra. The isovector representation, whose dimension is equal
to the number of generators, is called the adjoint representation of the isospin
group; as shown in (39) it is always possible to construct its generators such
that their matrix elements are given by the structure constants. Note also
the following relations, which can be verified by direct calculation,

(ti
2)jk = δjk(1 − δij), (6.41)

ti
3 = ti for i = 1, 2, 3 . (6.42)

Isospin invariance being assumed, all Ii are conserved, constant in time,
and their commutation relations with the field components φj can be calcu-
lated using the canonical commutation relations of fields:

[φ̇i(t,x), φj(t, y) ] = −iδijδ(x − y) ,

[φi(t,x), φj(t, y) ] = [φ̇i(t,x), φ̇j(t, y) ] = 0 . (6.43)

The result turns out to be

[Ii, φj(x) ] = −(ti)jkφk(x) = iεijkφk(x) . (6.44)

This gives, for example,

[I1 + iI2, φ3 ] = −(φ1 + iφ2) = −
√

2ϕ† ,

[I1 − iI2, φ3 ] = +(φ1 − iφ2) = +
√

2ϕ . (6.45)

Using (40) and (44), and proceeding in exactly the same way as for the
nucleon field studied above, one obtains the commutation relations

[Ii, Ij ] = iεijkIk , (6.46)

and proves that Ii are the generators of infinitesimal rotations on the pion
isospin space. The general isospin rotation rule for the field φ is given by

Uφ(x)U−1 = S(θ)φ(x) , (6.47)

where U is a unitary operator,

U = eiθ·I , (6.48)

and S its representation in three-dimensional isospin space,

S(θ) = e−iθ·t . (6.49)

This result, or its infinitesimal form (44), proves that the pion field φ(x)
transforms indeed as a vector under isospin rotations.
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A rotation through an angle θ about isospin y axis is brought about by
the 3× 3 matrix e−iθt2 , which can be explicitly calculated by developing the
exponential in power series and selectively resumming terms with the help of
t2

3 = t2, as follows:

e−iθt2 = 1 +

∞
∑

n=1,3,...

(−iθt2)
n

n!
+

∞
∑

n=2,4,...

(−iθt2)
n

n!

= 1 − it2

∞
∑

n=1

(−)n−1 (θ)2n−1

(2n− 1)!
+ (t2)

2
∞
∑

n=1

(−)n (θ)2n

(2n)!

= 1 − it2 sin θ − (1 − cos θ)(t2)
2 . (6.50)

In particular, the matrix for a rotation through an angle θ = π about isospin
y axis is given by

S(πn̂2) = 1 − 2(t2)
2 =





−1 0 0
0 1 0
0 0 −1



 . (6.51)

It flips the signs of φ1 and φ3, leaving φ2 unchanged, or equivalently, it
interchanges ϕ and −ϕ†. The corresponding operator

U2 = eiπI2 (6.52)

can thus be interpreted as the charge exchange operator for the meson field.
As we have seen in Chap. 2, the operator ϕ† creates a π+ and destroys

a π−, while ϕ creates a π− and destroys a π+, and the Hermitian operator
φ3 creates and destroys a π0. It remains, however, to find their exact isospin
character. For this purpose, recall relation (24), which defines the standard
phase convention of isospin states and which reads, in the present case,

I+φ10 =
√

2φ11 ,

I−φ10 =
√

2φ1,−1 . (6.53)

Identifying one-π0 state with the isospin state φ10 , obtained by having the
field operator φ3 act on the vacuum,

φ10 =
∣

∣π0
〉

= φ3 |0〉 , (6.54)

and comparing (53) with (45), which reads

[I± , φ3 ] = ∓
√

2
(φ1 ± iφ2)√

2
, (6.55)

we arrive at the conclusion that φ11 is produced by −ϕ†, and φ1,−1 by +ϕ :

φ11 = −
∣

∣π+
〉

= −ϕ† |0〉 ,
φ1,−1 =

∣

∣π−〉

= ϕ |0〉 . (6.56)
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The presence of the correct signs in the above definitions is essential if one is
to make use of the standard coefficients of angular momentum coupling.

As a simple application, consider a system composed of a pion and a
nucleon. It may exist in states with isospin I = 3/2 or I = 1/2. With the phase
factors for the nucleon wave functions and the meson wave functions defined
above, the eigenvectors ΦII3

(πN) of I 2 and I3 can be readily calculated and
are given in Table 6.3 for various (I, I3) .

Table 6.3. Pion–nucleon isospin states

I I3 ΦII(π–nucleon)

3

2

3

2
−π+p

3

2

1

2

√

2

3
π0p−

√

1

3
π+n

3

2
− 1

2

√

1

3
π−p +

√

2

3
π0n

3

2
− 3

2
π−n

1

2

1

2
−

√

1

3
π0p−

√

2

3
π+n

1

2
− 1

2
−

√

2

3
π−p +

√

1

3
π0n

For charge independence to be valid, the Lagrangian for a model of strong
interaction must be invariant to isospin rotations. If the nucleon and the pion
are treated as fundamental fields, they can be described, respectively, by the
isospinor ψ and the isovector φ. Then, as the operators ψγ5τψ, ψγ5γµτψ, φ,
and ∂µφ all transform as isovectors, various isoscalar products, which must
also be Lorentz scalar, can be formed from them to modelize the pion–nucleon
interaction. One such possibility is the nonderivative pseudoscalar coupling

Lint = ig ψ(x)γ5τψ(x) · φ(x) . (6.57)

It is instructive to expand it out in terms of the charge states. We have

Lint = ig (ψp ψn) γ5

(

φ3 φ1 − iφ2

φ1 + iφ2 −φ3

)(

ψp

ψn

)

= ig
√

2 (ψpγ5ψnϕ + ψnγ5ψpϕ
†) + ig(ψpγ5ψp − ψnγ5ψn)φ3 . (6.58)

Each term represents a basic interaction process. For example, the first
term, ig

√
2ψpγ5ψnϕ, describes an incoming neutron transmuting into a pro-

ton while emitting a π− (or absorbing a π+); its coupling strength is given
by ig

√
2. Figure 6.1 shows various possible basic coupling vertices.

More complex interactions can be constructed from these (vertex) dia-
grams. For example, the nucleon–nucleon forces mediated by the exchange
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of a single pion are represented by the diagrams shown in Fig. 6.2. With the
signs and numerical factors given in (58), one can verify, to the lowest order
in g, the charge independence of the nuclear forces, i.e. the equality of the
pp, pn, and nn forces for nucleons in the same spatial configurations.
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Fig. 6.1. Basic pion–nucleon couplings
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Fig. 6.2. Charge independence of the pp, nn, and pn forces

6.4 G-Parity

All hadrons have an isospin, but only for unflavored mesons, such as the
familiar light mesons, π(138), η(547), ρ(770), . . . , or the more exotic, heavier
mesons, ηc(2980), J/ψ(3097), Υ(9460), . . . , can one define, in addition, a
related quantum number called G-parity. By its interplay with the isospin,
the G-parity gives rise to several useful selection rules in strong interaction
(or equivalently hadronic) processes.

It is experimentally known that the strong interaction is invariant to
isospin rotations as well as to charge conjugation. However, these two symme-
try operations on charge space do not commute, and so charge states, which
are eigenstates of I3, are not eigenstates of the charge conjugation operator
C. It turns out, however, that the product of C and the charge exchange oper-
ator is isospin-invariant and hence is an observable in experiments involving
charged (but unflavored) particles.
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6.4.1 Nucleon and Pion Fields

As in the preceding sections, we start out with the nucleon and the pion
fields. Let us first recall the effects of the charge conjugation C, and the
charge exchange operation U2 . From Sect. 5.3 we have, for the nucleon field,

CψpC−1 = ψc
p , CψnC−1 = ψc

n , (6.59)

and, for the pion field,

Cϕ C−1 = ϕ†

Cφ3 C−1 = φ3

or C





φ1

φ2

φ3



 C−1 =





φ1

−φ2

φ3



 . (6.60)

Note that we have chosen the phases such that ξF = 1 for both the neutron
and the proton, and ξB = 1 for both π± and π0. On the other hand, the
action of the charge exchange operation or, equivalently, the rotation by 180o

about the isospin y axis, U2 = exp(iπI2) , yields

U2ψU−1
2 = e−

i

2
πτ2

(

ψp

ψn

)

=

(−ψn

ψp

)

(6.61)

and

U2φU−1
2 = e−iπt2





φ1

φ2

φ3



 =





−φ1

φ2

−φ3



 . (6.62)

Now, we introduce the G-conjugation operator

G ≡ C U2 = CeiπI2 . (6.63)

Its effects on fields are the results of the combined action of C and U2 that
we have just described. Therefore,

G
(

ψp

ψn

)

G−1 =

(

−ψc
n

ψc
p

)

or GψG−1 = −ψc , (6.64)

G





φ1

φ2

φ3



 G−1 =





−φ1

−φ2

−φ3



 or GφG−1 = −φ . (6.65)

This shows that an isospin representation acted on by G results in (minus) its
own charge conjugate, which has the same isospin but, in general, different
additive quantum numbers. As these numbers (except Q) vanish for the
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Fig. 6.3. Action of the conjugation operators C, U2, and G on the nucleon field

pion, for which φ = φc, the action of G on the pion field appears merely as
an inversion operation in isospin space (cf. Figs. 6.3 and 6.4).

Next, we seek the transformation rule for isospin under G. The explicit
expression for the nucleon isospin is given in (8) :

I
(N)
i = 1

2

∫

d3xψ†τiψ for i = 1, 2, 3 . (6.66)

From the charge conjugation transforms of bilinear covariants listed in Table
5.3 and from the properties of the Pauli matrices,

τT
i = siτi, τ2τiτ2 = −τT

i ,

si = +1, i = 1, 3, and s2 = −1 (6.67)

(τT means transpose of τ ), we obtain

CI(N)
i C−1 = −siI

(N)
i , (6.68)

U2I
(N)
i U−1

2 = −siI
(N)
i . (6.69)

Therefore,

GI(N)
i G−1 = I

(N)
i ⇒ [G, I (N)] = 0 . (6.70)

G commutes with all components of the isospin vector, but C commutes only
with its y component, I2, and so also with U2.

As for the pion field, we start from (38),

I
(π)
i = εijk

∫

d3x φjφ̇k , i = 1, 2, 3 , (6.71)
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Fig. 6.4. Action of the conjugation operators C, U2, and G on the pion field

and, making use of the transformation properties of the pion field, we can de-
rive results similar to those for the nucleon field, namely, that I (π) commutes
with G, but not with C nor with U2 . Thus, provided the system consists only
of nucleons, antinucleons, and pions, G is isospin-invariant:

[G, I ] = 0 (6.72)

for I = I (N) + I (π). This result must also hold for any field that can be
reached by any strong interaction reaction from an initial state composed
only of nucleons, antinucleons, and pions, because the strong interaction,
being both isospin-invariant and C-invariant, and thus G-invariant, must
preserve the validity of (72) all through the reaction. And so we will assume
(72) to hold in general, for an isospin I that includes any hadrons.

Will G lead then to a conserved quantum number? Not necessarily. As
seen above, the nucleon field transforms as

GψG−1 = −ψc = −AC ψT
, (6.73)

and so G changes the baryon number. More generally, noting that the
isospinor adjoint has the property

G ψ G−1 = ψTC†A†, (6.74)

we have for any operator Ω the transformation rule

G ψ1Ωψ2 G−1 = ψ2 CAΩTA†C†ψ1 . (6.75)

In particular, for the frequently encountered cases of Ω = Γ and Ω = Γτj ,
the bilinear covariants of isospinors transform under G as follows:

ψ1Γ
iψ2 → ξc ψ2Γ

iψ1 (isoscalar), (6.76)

ψ1Γ
iτψ2 → −ξc ψ2Γ

iτψ1 (isovector), (6.77)

ξc = +1 for i = S, P, A ; ξc = −1 for i = V, T .
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It follows that an isovector current commutes with G,

J (1)
µ (x) = 1

2 ψ(x)γµτψ(x), GJ (1)
µ G−1 = J (1)

µ , (6.78)

but an isoscalar current does not,

J (0)
µ (x) = 1

2 ψ(x)γµψ(x), GJ (0)
µ G−1 = −J (0)

µ . (6.79)

As the electromagnetic current normally consists of an isoscalar and an isovec-
tor component, it is not invariant to G : the G-operation is not a symmetry
of the electromagnetic interaction. By the same token, neither the associated
electric charge,

Q = 1
2

∫

d3xψγ0(1 + τ3)ψ , (6.80)

nor any purely isoscalar charge, such as the baryon number,

NB =

∫

d3xψγ0ψ , (6.81)

commutes with G. This is because, as noted above, G interchanges nucleon
and antinucleon states. It follows that an arbitrary system of hadrons and
antihadrons does not admit eigenstates of G. The notable exception is when
all of the net additive quantum numbers of the system, apart from Q, vanish.
The electric charge Qmay be nonvanishing because in this situation it exactly
coincides with I3, which always commutes with G. An eigenvalue of G, when
it exists, is referred to as the G-parity. Unflavored (that is, nonstrange,
with no charm nor beauty) mesons (NB = 0) may thus have a G-parity; for
instance, the pion has an odd G-parity. We may regard the notion of G-
conjugation parity as a generalization to charged but unflavored systems of
the notion of charge conjugation parity, which is relevant only to completely
neutral states. But, unlike the C operation, G is not a symmetry of the
electromagnetic interaction, just one of the strong interactions.

A simple example of states with well-defined G-parity is a system of pions.
The G-parity of one pion being −1, that of a system of n pions in an arbitrary
spatial configuration must be

G(nπ) = (−)n for an nπ state . (6.82)

Consider now a system of nucleon–antinucleon. Its nonrelativistic wave
function of relative orbital angular momentum `, spin S, and isospin I may
be written, in analogy with (5.104),

∣

∣ψ`,S,I(NN̄)
〉

=

∫

d3p
∑

sts′t′

F sts′t′

`SI (p) b†(p, s, t)d†(−p, s′, t′) |0〉 , (6.83)
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where s and t are eigenvalues of the third components of individual spins and
isospins, respectively, and

b†(t = 1/2) creates a proton (p),

b†(t = −1/2) creates a neutron (n),

d†(t = 1/2) creates an antineutron (n̄),

d†(t = −1/2) creates an antiproton (−p̄).

Being an unflavored state, a nucleon–antinucleon pair has a well-defined G-
parity. The calculation of this number proceeds as in Chap. 5 for a similar
calculation of the C-parity. What is new is the presence of the signs in

Gψ G−1 = − ψc ⇒ Gb†(t)G−1 = −d†(t),
Gψc G−1 = ψ ⇒ Gd†(t)G−1 = +b†(t) . (6.84)

Applied on ψ`,S,I the G-conjugation produces the following sign factors:

(−)1 from anticommuting two fermion operators,

(−)1 from G-transform, given by (84),

(−)`+S+1 from exchanging the particle space–spin labels,

(−)I+1 from exchanging the particle isospin labels.

Given these facts, one readily finds the G-parity of a nucleon–antinucleon
(or, in fact, of any isodoublet–anti-isodoublet) system

G(NN̄) = (−)`+S+I = C(−)I . (6.85)

For illustration, first take the multipion (strong) production reaction

π + π → nπ . (6.86)

It follows from (82) that n must be an even number. More generally, any
Feynman diagram with an odd number of external pion lines and no other
external particle lines must vanish. This is analogous to Furry’s theorem for
photons, discussed in the previous chapter.

The G selection rule for the strong production reaction N + N̄ → nπ
is (−)`+S+I = (−)n. States with even ` + S + I can decay only into an
even number of pions, and states with odd ` + S + I can decay only into
an odd number of pions. For example, consider a p̄n system, which has a
nonvanishing net charge, and thus no C-parity, but may have a G-parity. It
is necessarily an isotriplet (since I3 = −1). If it is in a 1S0 state, `+S+I = 1
is odd and its G-parity is negative; so it cannot decay into 2π, 4π, . . . . On
the other hand, if it is in a 3S0 state, ` + S + I = 2 is even and its G-parity
is positive; hence decays into 3π, 5π, . . . are all forbidden.
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6.4.2 Other Unflavored Hadrons

The particle η0 (548 MeV) decays mainly through the following modes:

η0 → 2γ (39%) ,
→ 3π0 (32%) ,
→ π+π−π0 (23%) .

The η0 → 2γ decay is evidently electromagnetic. Since the other two modes
have comparable rates, they too must be electromagnetic, involving virtual
photons. The observed distribution of events in the η0 → π+π−π0 is consis-
tent with the η0 spin being 0; and the η0 → 2γ decay tells us that, just as
in the case of π0, its P-parity is negative and its C-parity positive. In other
words, η0 is a pseudoscalar meson, JPC = 0−+. Since no charged partners
have been detected, it has to be an isosinglet (which makes it essentially dif-
ferent from π0). Since I = 0, its G-parity is identical to its C-parity, which
is +1. The notation IG = 0+ encodes these data. G-invariance would then
allow hadronic decay to a state composed of an even number of pions. In
particular, η0 → 2π would be the predominant mode, favored by kinemat-
ics. However, this decay could not conserve both angular momentum and
ordinary parity: the initial state being JP = 0−, angular momentum conser-
vation requires the orbital angular momentum of the final pion state to be
` = 0, which means a final parity +1, rather than −1 as demanded by parity
conservation. This strong interaction mode is thus forbidden. The strong
decay of η must then proceed through an emission of four pions. But to have
JP = 0−, the pions in the final state must have some orbital angular momen-
tum, which is hardly kinematically possible, given the very small momentum
available to the decay. Therefore, the next most likely decay channels must
be to final 3π states of negative G-parity, which, although forbidden to the
strong interaction, are open to the G-parity-breaking electromagnetic inter-
action. This is consistent with the observed partial widths being of the same
magnitude as the full width. In principle, η → ππ may take place through
the P-parity-breaking weak interaction and, being strangeness-conserving, it
is even more favored than the analogous weak decay K0 → ππ; however,
that decay mode is strongly suppressed (branching< 1.5 × 10−3) because it
violates not only P-parity but also CP symmetry (see Table 5.2).

Vector mesons can be produced in pion–nucleon or proton–antiproton re-
actions as resonating multipion states, which rapidly decay into real pions.
This is the case, for example, of the ρ mesons, ρ± and ρ0, which have ap-
proximately the same mass (770 MeV) and therefore must form an isospin
triplet. They mainly decay into two pions. The large value of the observed
width (Γ = 151 MeV) indicates that the ρ → ππ decay proceeds via strong
interactions. Since strong interactions are G-invariant, the G-parity of the
ρ mesons is well defined and must be even, G = +1. As an I = 1, I3 = 0
state changes sign under U2, the ρ0 meson must be odd under charge con-
jugation. (Needless to say, its charged partners have no C-parities.) On the
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other hand, the vector meson ω0 (782 MeV) is an isosinglet. Its main decay
mode ω0 → π+π−π0 (branching ratio: 89%) occurs via strong interactions,
so its G-parity is odd. Since I = 0, its C-parity must be C = G = −1.

The results of this section are summarized in Table 6.4.

Table 6.4. G-parities of unflavored systems

π η ρ ω nπ NN̄

G −1 +1 +1 −1 (−)n (−)`+S+I

6.5 Isospin of Strange Particles

For particles with a net flavor, neither the C-parity nor the G-parity can be
defined. We limit our discussion for now to strange particles, leaving the
study of other flavors to later chapters. In the absence of any known charged
partners, Λ0 is taken to be an isosinglet, I = 0. It is produced together with
the meson K0 in the strong reaction

π− + p → Λ0 + K0 ,
I : 1 1/2 0 1/2, 3/2

where the particle isospins are indicated on the second line. By isospin con-
servation, the isospin of the kaon must be either 1/2 or 3/2. The four observed
nearly degenerate states K+, K0, K−, and K̄0 may form either two isospin
doublets or one isospin quadruplet. But since the pairs K+, K0 and K−, K̄0

have the strangeness quantum numbers opposite in signs, they must form
two distinct isospin doublets (I = 1/2),

(

K+

K0

)

and

(

K̄0

−K−

)

, (6.87)

which transform under isospin rotations like the nucleon doublet ψ and the
antinucleon doublet ψc, respectively.

We have seen from the above that the charge Q of a nucleon is related to
its isospin I3 by

Q = I3 + 1
2 NB , (6.88)

where NB = 1. This relation, which also holds for mesons provided NB = 0,
is not valid for Λ0, or the kaons, or any other strange particles, and therefore
is not complete. But the modified relation

Q = I3 + 1
2

(NB + S) (Gell-Mann–Nishijima relation) (6.89)

holds for both strange and nonstrange particles. It is evident from this for-
mula that any interaction that conserves NB, Q, and I3 also conserves S.
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Consider now the following strong reaction:

π± + p → Σ± + K+.

I3 : ±1 1/2 ±1 1/2
S : 0 0 −1 1
NB : 0 1 1 0
Q : ±1 1 ±1 1

From the known quantum numbers of p, π±, and K+, one deduces that Σ±

has baryon number NB = 1, strangeness S = −1 and isospin I either equal
to 1 or 2. Since Σ± and Σ0 are the only degenerate states (with a mass
difference less than 0.5%) around 1190 MeV with such quantum numbers,
they must be viewed as forming an isotriplet, distinct from the triplet of the
corresponding antiparticles, Σ̄± and Σ̄0, which have strangeness S = 1.

The production reaction

K− + p → Ξ− + K+

is useful in identifying the quantum numbers of Ξ from the characteristics of
the other known particles. Thus, Ξ− must have NB = 1, S = −2, and isospin
either 1/2 or 3/2. Observations are consistent with the assignment I = 1/2,
its isospin-up neutral partner I3 = 1/2 being Ξ0 (1315). They differ in mass
by mΞ− −mΞ0 = 6.4 MeV. Together with their antiparticles they form two
isospin doublets, charge conjugate to each other,

(

Ξ0

Ξ−

)

and

(

Ξ̄−

−Ξ̄0

)

. (6.90)

As a final example, consider

K− + p → Ω− + K+ + K0 .

Here the unknown particle Ω− must have NB = 1, S = −3. Since there are
no other particles with such characteristics around 1672 MeV, where it is
observed, it must have isospin I = 0.

It has been found useful in discussions involving strange particles to in-
troduce the hypercharge

Y = NB + S = 2(Q− I3) . (6.91)

Whenever NB and S or Q and I3 are conserved, Y is also conserved. It is the
simplest way to combine charge conservation with isospin invariance, and we
shall see later that generalized Y plays a fundamental role in local symmetry
considerations. In Table 6.5, we summarize the values of the isospins and
hypercharges of the light baryons JP = 1/2+, NB = 1 and light pseudoscalar
mesons JP = 0−, NB = 0. The remarkable parallelism between the two
sets of particles and the approximate mass degeneracies within each of the
two groups strongly suggests that there must exist some common underlying
symmetry among these particles.
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Table 6.5. Low-lying states of baryons and pseudoscalar mesons

Y I Average masses

I3 : −1 −1/2 0 1/2 1 (MeV)

1 1/2 n p 938

0 1 Σ− Σ0 Σ+ 1 193

0 0 Λ0 1 115

−1 1/2 Ξ− Ξ0 1 318

1 1/2 K0 K+ 496

0 1 π− π0 π+ 138

0 0 η0 548

−1 1/2 K− K̄
0

496

6.6 Isospin Violations

Although a well-established symmetry of the strong interaction, isospin is
not conserved in electromagnetic and weak interactions. Nevertheless, the
systematic way in which the symmetry is broken has led to several empirical
rules which may serve to check observations and to put constraints on models.

6.6.1 Electromagnetic Interactions

We know from the beginning that the electromagnetic interaction is not ex-
actly charge independent, not even exactly charge symmetric, and therefore
not invariant under any isospin rotation generated by I1 or I2. However,
since reactions such as p ↔ p+γ can take place, I3 is possibly conserved,
which turns out indeed to be the case. In what follows, the symbol ∆A,
where A is any quantum number, always means the change in the total A
of the hadrons. Thus, in electromagnetic processes, ∆I3 = 0 and therefore,
since ∆Q = ∆NB = 0, strangeness is also conserved, ∆S = 0, by Gell-Mann–
Nishijima’s relation. Furthermore, the Lagrangian for the free-nucleon field
and the free-pion field is invariant to the global gauge transformations of the
isospin fields

ψ → ψ − i

2
ε(1 + τ3)ψ ,

φ → φ − ε(φ × n̂3) , (6.92)

where n̂3 is a unit vector in isospin z direction. The associated Noether
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current is the conserved electromagnetic current (cf. Problem 6.4)

Jµ(x) = J (0)
µ (x) + J (1)

µ (x) , (6.93)

J (0)
µ (x) = 1

2 ψ(x)γµψ(x) , (6.94)

J (1)
µ (x) = 1

2
ψ(x)γµτ3ψ(x) + (φ × ∂µφ)·n̂3 . (6.95)

Its coupling to the electromagnetic field, Jµ(x)Aµ(x), is correspondingly given
by the sum of a term, H(0), invariant to isospin rotations, and a term, H(1),
which transforms as the third component of an isovector. It follows that
∆I3 = 0, and that H(0) leaves the isospin of the system unchanged while
H(1) changes the isospin by ∆I = 0, ±1. (By definition, ∆I = If − Ii,
where Ii and If are the total isospins of the hadrons in the initial and final
states, respectively.) Reactions p → p + γ and η → 2γ are examples of
∆I = 0 isospin-conserving transitions, whereas π0 → 2γ and Σ0 → Λ0 + γ
are examples of |∆I| = 1 isospin-changing processes. (The isospin of γ is
conventionally set to 0.) In contrast, |∆I3| = 1/2 processes, e.g. Σ+ → p + γ
and Λ → n + γ, are forbidden. In summary, the selection rules for the first-
order electromagnetic transitions are

∆I3 = 0 , ∆I = 0, ±1 (electromagnetic transitions). (6.96)

6.6.2 Weak Interactions

It is conventional to refer to weak interaction events as being leptonic, semi-

leptonic, or nonleptonic depending on whether they involve leptons only, both
leptons and hadrons, or hadrons only, as shown by examples in Table 6.6. As
we have seen in Chap. 5, they all obey, to first order of the weak couplings,
the selection rule ∆S = 0,±1. Moreover, as indicated by the occurrence of
the neutron β-decay, isospin invariance is clearly violated in weak processes.
How is isospin conservation violated? Are there well-defined rules?

We have seen in the previous chapter that β-decay may be described with
great accuracy by an interaction of the form

Hβ =
GF√

2

[

ψnγλ(1 − αγ5)ψp

]†
ψeγ

λ(1 − γ5)ψν + h.c. . (6.97)

From this and similar results from analyses of other weak decays (e.g. µ
and π decays), it is tempting to suppose that all weak interactions might be
described by a ‘universal’ interaction Hamiltonian of the form

Hweak =
G√
2

∫

d3x J†
µJ

µ . (6.98)

Here Jλ ≡ Lλ+Hλ is the full weak current, arising from leptons and hadrons.
The Hamiltonian (98) represents all known weak interactions at low ener-

gies: L†
λL

λ describes the leptonic processes; L†
λH

λ +H†
λL

λ, the semileptonic
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Table 6.6. Classification of weak interaction processes

Processes ∆S = 0 |∆S| = 1

Leptonic

µ+ → e+νe ν̄µ

νee
− → νee

−

Semileptonic

n → p e−ν̄e K+ → µ+νµ, e+νe

π+ → µ+νµ, e+νe K+ → π0e+νe

π+ → π0e+νe K0 → π−e+νe

νp → ν p π0 Λ0 → p e−ν̄e

Nonleptonic

K+ → π+π0, π+π+π−

Λ0 → p π−, n π0

Σ+ → p π0, n π+

Ξ− → Λ π−

Ω− → ΛK−, Ξ0π−

processes; and H†
λH

λ, the nonleptonic processes. But whereas the leptonic
current is experimentally well established to be of the V–A form:

Lλ = ψeγλ(1 − γ5)ψνe
+ ψµγλ(1 − γ5)ψνµ

+ other lepton types ,

the weak current Hλ for hadrons is not well known, except in that it contains
strangeness-conserving and strangeness-changing terms, both of which have
the V–A form:

Hλ = H∆S=0
λ +H∆S=1

λ

= V ∆S=0
λ − A∆S=0

λ + V ∆S=1
λ − A∆S=1

λ .

All four terms are needed because the neutron β-decay rate is determined by
the matrix element

〈

n
∣

∣V ∆S=0
λ −A∆S=0

λ

∣

∣p
〉

, while the K+ → µ+ + ν decay

amplitude involves
〈

0
∣

∣A∆S=1
λ

∣

∣ K
〉

and the K+ → π0 + e+ + ν decay ampli-

tude involves
〈

π
∣

∣V ∆S=1
λ

∣

∣ K
〉

. In the neutron β-decay, isospin is violated by
|∆I3| = 1, so that the H∆S=0

λ current behaves as an isovector, ∆I = 1 (as-
suming ∆I ≥ 2 to be suppressed). On the other hand, the hadronic matrix
elements of ∆S = 1 decays indicate that ∆I3 = 1

2
, so that the H∆S=1

λ cur-
rent could be characterized by ∆I = 1

2 or 3
2 . It is postulated (by Gell-Mann

and Feynman) that the currents with ∆I3 = 1
2 and ∆I = 3

2 do not exist.
The strangeness-changing current for hadrons, H∆S=1

λ , should behave as an
isospin-1/2 operator.
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Nonleptonic weak decays involve only hadrons and so it is always true
that ∆NB = 0 and ∆Q = 0.

The ∆S = 0 weak processes are described by

H
(∆S=0)†
λ Hλ(∆S=0) +H

(∆S=1)†
λ Hλ(∆S=1).

They include weak interaction contributions to nuclear forces and are very
difficult to detect, because they are masked by the ordinary nuclear effects.

The ∆S = 1 weak processes, which have more relevance to the present
discussion, are described by

H
(∆S=0)†
λ Hλ(∆S=1) +H

(∆S=1)†
λ Hλ(∆S=0).

We have seen in the above discussion that H
(∆S=0)
λ behaves as an isovector

and H
(∆S=1)
λ behaves as an isospinor. So their product gives rise to isospins

1/2 and 3/2. It is experimentally observed that transitions |∆I| = 3/2 are
suppressed. We will refer to this empirical fact as the |∆I| = 1/2 rule. It
is worth emphasizing that this selection rule – that first-order nonleptonic
strangeness-changing weak transitions occur via |∆I| = 1/2 – is distinct from
Gell-Mann–Feynman’s postulate that the strangeness-changing current for
hadrons transforms as an isospin-1/2 operator. The latter can now be under-
stood in the context of the standard model, whereas the former as yet has
no satisfactory explanations (see however Chap. 16). Let us illustrate the
situation by a few examples.

• K0 Decay. Consider first the neutral kaon decay

K0 → π+π− , π0π0 .

In both transitions, conservation of angular momentum requires that the
relative orbital angular momentum of the final state be ` = 0, corresponding
to a symmetric spatial configuration. Bose statistics then requires that the
isospin wave function be symmetric as well, which rules out I = 1. (A simple
argument runs as follows: Since the pion is an isospin vector, the only vector
obtained from two arbitrary unit vectors is t̂1 × t̂2, which is antisymmetric.
Alternatively, look at the composition of isospin states I = 0, 1, 2 and I3 = 0
from π+π− and π0π0.) So the isospin of the final state must be either 0 or
2. Now, K0 has isospin I = 1/2. The |∆I| = 1

2 rule then favors I = 0 but not
I = 2. From the usual angular momentum coupling rules, the isospin wave
function reads

|I = 0, I3 = 0〉 = 1√
3

( ∣

∣π+
1 π

−
2

〉

−
∣

∣π0π0
〉

+
∣

∣π−
1 π

+
2

〉)

, (6.99)

from which one deduces the ratio of the two decay rates

Γ(K0 → π+π−)

Γ(K0 → π0π0)
= 2 , (6.100)
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or, equivalently, the branching ratio

Γ(K0 → π+π−)

Γ(K0 → all)
=

2

3
= 0.67 . (6.101)

Of course, the same results apply to K̄0 decays as well. Experimentally,
one measures the decay of the combination K0

S = 1√
2
(K0 + K̄0) with the re-

sult Γ(K0
S → π+π−)/Γ(K0

S → all) = 68.61%, which is in excellent agreement
with the theoretical prediction.

• K+ → π+π0 Decay. As in the previous case, conservation of angular
momentum and Bose statistics require the final state to have ` = 0 and I = 0
or 2. But π+π0, being in the charge state I3 = 1, rules out I = 0, leaving
I = 2 as the only possibility. As K has isospin 1/2, the |∆I| = 1/2 rule forbids
this decay. It is in fact strongly suppressed, which explains in part why K+

is much more stable than K0:

Γ(K± → π±π0)

Γ(K0
S → 2π)

= 1.5× 10−3 . (6.102)

Nevertheless, deviations from the heuristic |∆I| = 1/2 rule in certain circum-
stances are, of course, to be expected. Radiative corrections, ever present,
can cause the charge-dependent strong interaction to bring in |∆I| = 3/2 or
even |∆I| = 5/2 transitions. Such admixtures are unmistakably present in
the following example.

• Ω− Decay. Besides the dominant Ω− → Λ0 K− branch, Ω− is also observed
to decay through two other channels,

Ω− → Ξ0 π− (23.6%),

→ Ξ− π0 ( 8.6%), (6.103)

which can shed light on the nature of the isospin violation of hadronic weak
decays. The Ω isospin is 0, whereas the final Ξ π state may have I = 1/2, 3/2.
The |∆I| = 1/2 rule fixes isospin I = 1/2 for the final state, leading to the
prediction (using the coefficients in Table 6.3)

Γ(Ω− → Ξ0π−)

Γ(Ω− → Ξ−π0)
=

∣

∣

∣

∣

∣

√

2/3
√

1/3

∣

∣

∣

∣

∣

2

= 2 , (6.104)

to be compared with the value of 2.74, deduced from the measured branching
ratios (103). The difference between the measured and predicted ratios is
small but undeniable. The |∆I| = 1/2 rule is broken in this situation, and
the final states are not pure isospin eigenstates, but rather mixed states. It
can be checked that a small admixture (7.3%) of I = 3/2 suffices to explain
the deviation from the data.



212 6 Hadrons and Isospin

Turning now to the semileptonic weak decays of hadrons, which are
described by L†

λH
λ +H†

λL
λ, we still have conservation of the baryon number

but, in the presence of leptons, not necessarily conservation of electric charge
for hadrons. Two situations, ∆Q = 0 and |∆Q| = 1, may occur.

• ∆Q = 0. Examples of reactions involving a single π in the final states are

ν p → ν pπ0 , ν n → ν nπ0 ,

ν n → ν pπ− , ν p → ν nπ+ .

The currents of hadrons responsible for these processes do not change charges
and are called neutral currents. They are found to combine an isoscalar
component with an isovector z component (terms with I ≥ 2 are however
found suppressed). They conserve strangeness to a very high degree, with the
limit of violation of the order of [Γ(K+ → π+νν̄)/Γ(K+ → all)] < 2.4×10−9.
Thus, the rule appears to be that neutral-current weak interactions do not
change strangeness (or, more generally, flavor).

• |∆Q| = 1. Here we deal with charged currents. They may conserve or
change strangeness; the magnitudes of change are determined by Gell-Mann–
Nishijima’s relation, ∆S = 2(∆Q− ∆I3).

When ∆S = 0, the isospin is violated by ∆I3 = ∆Q = ±1, and therefore
|∆I| = 1, assuming violations |∆I| ≥ 2 to be suppressed. These charged
currents behave as the charge-raising or charge-lowering components of an
isovector current analogous to (78). Several examples can be found in Table
6.6. For an application, see Problem 6.4.

When |∆S| = 1, Gell-Mann–Nishijima’s relation allows ∆I3 = ∆Q −
1/2∆S = ±1/2, 3/2, and so |∆I| = 1/2, 3/2, . . . , of which only |∆I| = 1/2
should remain. This rule seems to hold rather well, as indicated for example
by the relative rate of the three-body decays of the charged and neutral kaons
(see Problem 6.5):

Γ
(

K0 → π− + `+ + ν`

)

Γ (K+ → π0 + `+ + ν`)
= 2 ,

which agrees with data. Let us note that the rule |∆I| = 1/2 also implies

∆Q = ∆S . (6.105)

Indeed, if |∆I| = 1/2, then ∆I3 = ±1/2. The relation |∆Q− 1/2∆S| = |∆I3|
can be satisfied for |∆I3| = 1/2 only if ∆Q = ∆S. On the other hand,
if ∆Q = −∆S, it would imply |∆I3| = 3/2 and hence the presence of a
|∆I| = 3/2 admixture in the interaction. However, such impurities have been
shown by experiment to be consistently small and should be viewed as a
result of second-order weak processes. Other tests come from limits on decay
rates such as Γ(Σ+ → ne+ν)/Γ(Σ+ → all) < 5 × 10−6.
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Rule (105) states that the change in the strangeness quantum number of
hadrons in a |∆S| = 1 transition equals the change in charge. Analogous
rules also exist for charm and bottomness:

∆Q = ∆C and ∆Q = ∆B . (6.106)

In conclusion, while isospin invariance is a good symmetry of the strong
interactions, it is broken by the electromagnetic and the weak interactions
to varying degrees, but in a specific and systematic manner. These features
constitute rather stringent constraints that must be accounted for by any
interaction model.

Problems

6.1 Isospin eigenstates. (a) Derive the isospin states given in Table 6.2.
Starting from the definition Φ1,−1 = nn and using the step-up operator I+,
obtain Φ1,0 and Φ1,1. To get Φ00, find the normalized combination of pn and
np orthogonal to Φ1,0. (b) Derive the pion–nucleon isospin states given in
Table 6.3, starting from Φ3/2,−3/2

and using the same approach as in (a).

6.2 Pion–nucleon scattering. By inverting the wave functions given
in Table 6.3, express the observable pion–nucleon states in terms of isospin
states. Assuming isospin invariance, express the physical amplitudes R+,
R0, and R− in terms of the isospin amplitudes, and find a linear condition
relating the three observable amplitudes at the same energies and angles.
Near the center-of-mass energy mN + mπ + 159 MeV, there is a resonance
π + N → N∗ → N + π. Assuming that N∗ is a pure isospin state, either
I = 1/2 or I = 3/2, calculate the ratios of the cross-sections of the three
observed reactions.

6.3 p–d reactions. Consider the reactions

p + d → π+ + 3H, p + d → π0 + 3He .

Since the deuteron is in a 3S1 state, it must be an isospin singlet. Therefore,
the initial state p + d is a pure I = 1/2 state. Given that 3H and 3He form
an isodoublet, write down the isospin decomposition of the final states, and
from this, the ratio of the two cross-sections.

6.4 Conserved currents in a pion–nucleon system. A model La-
grangian for the interacting nucleon (ψ) and pion (φ) fields is taken to be

LNπ = ψ(i/∂ −m)ψ + 1
2 (∂µφ · ∂µφ − µ2φ · φ) + igψγ5τψ · φ ,

where m is the nucleon mass and µ the pion mass. Consider the following
global gauge transformations of the fields and, in each case, verify that the
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Lagrangian is invariant, calculate the conserved current and the associated
conserved charge.

(a) ψ → ψ − iεψ, φ → φ;

(b) ψ → ψ − iε1
2

(1 + τ3)ψ, φ → φ − ε(φ × n̂3);

(c) ψ → ψ − iε1
2 τ · n̂ψ, φ → φ − iε t · n̂ φ.

In these equations, ε is a very small real constant, n̂ an arbitrary unit vector
in isospin space and n̂3 a unit vector in isospin z direction.

6.5 K`3 decays. Calculate the ratio of the decay rates for K0 → π−e+νe,
π−µ+νµ , and K− → π0e−ν̄e, π

0µ−ν̄µ.

6.6 Gell-Mann–Nishijima relation. This relation is given in (89).
Apply it to the strange K meson and the Σ baryon. After reading Chapt. 7,
apply it to charmed D, bottom-flavored B mesons, charm-flavored Λc and
bottom-flavored Λb baryons.

6.7 Particle production by strong interaction. Explain why the
processes π− + p → π+ + Σ−, π− +p → K0 + n, π− +p → Σ+ + K− cannot
be observed.
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