
4 Collisions and Decays

In the preceding two chapters we studied freely moving particles. However,
a complete absence of interactions can hardly be considered realistic, for in
general, particles do interact with one another or with external fields. After
all, it is precisely through these interactions that the particles are observed.
In this chapter, we will develop a practical method for introducing interac-
tions among relativistic quantum fields and for calculating experimentally
measurable quantities such as reaction cross-sections and decay rates.

In dealing with processes involving relativistic particles, it is crucial to
have a fully covariant description, and it turns out that such a description
is feasible even within the framework of the Hamiltonian formalism. The
basic quantity to consider is the amplitude of transition; one can expand it
in a power series of the interaction strength, and if the interaction may be
regarded as a weak perturbation, only the first few lowest-order nontrivial
terms suffice to produce physical quantities. We shall assume that it is the
case of the processes discussed in this chapter.

We shall start with the simple example of interacting scalar particles
(σ–π system) and progress on to the technically more difficult cases of the
electromagnetic field interacting with spin-1/2 fermions. In each case, the
transition amplitude will be derived and the result graphically interpreted
in terms of Feynman diagrams. This graphical representation will in turn
suggest empirical rules of calculation, called the Feynman rules, many of
which turn out to have a broader range of applicability than the way they
are obtained would at first indicate. Although these rules are derived for
certain second-order processes, it is assumed, without proof, that they can
be generalized to more complicated situations. Such a general proof is far
from trivial. Nevertheless, we will have acquired by the end of the chapter a
practical method for calculating the lowest nontrivial order of the transition
matrix and, in particular, the rules for spinor electrodynamics. We will still
be missing the rules for higher-order diagrams and the rules associated with
renormalization, some of which will be discussed in later chapters.
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4.1 Interaction Representation

We described briefly in Chap. 2 two different formulations of quantum me-
chanics, referred to as the Schrödinger and the Heisenberg representations.
There exists yet another, called the interaction representation, which proves
to be very useful in particle physics because it allows a manifestly covariant
calculation of the transition matrices.

4.1.1 The Three Pictures

Let us first recall that in the Schrödinger representation the time evolution
of a physical system is governed by the Schrödinger equation

i
∂

∂t
ΨS(t) = HSΨS(t) , (4.1)

where HS is the Hamiltonian of the system. If HS is not time dependent, (1)
can be integrated over time to give the formal solution

ΨS(t) = US(t, t0)ΨS(t0) , (4.2)

where the time evolution operator US(t, t0) is defined by

US(t, t0) = e−iHS(t−t0) . (4.3)

It is unitary provided the Hamiltonian is Hermitian, H†
S = HS . Given a

solution to (1) at time t0, the operator US(t, t0) generates the corresponding
solution at any later time t . In this picture, physical observables usually
have no explicit time dependence (which for simplicity we shall assume to be
the case), and thus the state vectors carry the entire time dependence.

In contrast, the state vectors in the Heisenberg representation are un-
changing in time,

i
∂

∂t
ΨH(t) = 0 . (4.4)

It is clear from (1) and (4) that ΨS(t) and ΨH(t) are related by a unitary
transformation

ΨH(t) = eiHStΨS(t) (4.5)

[in fact ΨH(t) = ΨS(0)], such that the matrix element of an arbitrary operator
remains unchanged in passing from one picture to the other:

〈ΨH(b; t) |AH(t) |ΨH(a; t)〉 = 〈ΨS(b; t) |AS |ΨS(a; t)〉 , (4.6)

provided the corresponding operators are related by the transformation rule

AH(t) = eiHStAS e−iHSt . (4.7)
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In other words, if an operator AS in the Schrödinger picture does not depend
on time, the corresponding operator AH(t) in the Heisenberg picture varies
with time in a nontrivial way according to the Heisenberg equation

i
d

dt
AH(t) = [AH(t), HS ] . (4.8)

However, it will become constant in time if AS commutes with HS, in which
case AH(t) = AS . In particular, since HS commutes with itself, the Hamil-
tonians in the two representations are identical,

HH(t) = HS , for all t . (4.9)

Finally, in the interaction representation, the time dependence of the
system is shared by state vectors and observables according to the way in
which the Hamiltonian of the system splits up into two terms,

HS = H0
S +H ′

S . (4.10)

It is often the case that this splitting is physically motivated, for example in
a two-particle collision, where H0

S may describe the motion of two particles
far apart in space, as they are well before a collision, and H ′

S may describe
how the particles interact when they come close enough to affect each other
noticeably, which occurs, say, at time t ≈ 0 . But well before or well after
that instant in time, the system is effectively described by H0

S alone through
the equation

i
∂

∂t
Ψ (t) = H0

SΨ (t) , for t � 0 or t� 0 , (4.11)

which we know how to solve, as in (2). Thus, instead of suppressing all time
dependence in the state vectors as in (5), the interaction picture lets H ′

S

govern the time evolution of the state vectors, leaving H0
S to play the same

role for the observables. In other words, the state vector ΨI in this picture is
obtained from ΨS, in analogy with (5), by the similarity transformation

ΨI(t) = eiH0

S
tΨS(t) , (4.12)

which, together with (1), implies

i
∂

∂t
ΨI(t) = H ′

I(t)ΨI(t) , (4.13)

provided the Hamiltonian H ′
S transforms as expected, that is,

H ′
I(t) = eiH0

S
tH ′

S e−iH0

S
t . (4.14)
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Of course, for scalar products to be invariant, all observables must similarly
transform,

AI(t) = eiH0

S
tAS e−iH0

S
t , (4.15)

which is equivalent to the evolution equation

i
d

dt
AI(t) = [AI(t), H

0
S ] . (4.16)

All three representations coincide at t = 0:

ΨS(0) = ΨH = ΨI(0) ,

AS = AH(0) = AI(0) . (4.17)

But as time evolves, they diverge. While in the Schrödinger representation
the state vectors carry the entire time dependence, they are completely time
independent in the Heisenberg representation. In contrast, in the interac-
tion representation, the time evolution of the system is described by both
state vectors and operators. It is this characteristic that makes the latter
formulation relevant to quantum field theory because in the interaction rep-
resentation, the field operator satisfies the free-field equation of motion (16)
which involves onlyH0

S. Thus, even in the presence of an interaction, the field
operator is completely known, being a linear combination of free-field solu-
tions. The nontrivial time dependence of the system is contained in the state
vectors and is determined by the interaction Hamiltonian H ′

I, which differs
from the corresponding Hamiltonian in the Schrödinger picture H ′

S in that
the free-field operators vary in time. It is to this essential time dependence
of the state vectors that we now turn our attention.

4.1.2 Time Evolution in the Interaction Picture

Just as in the Schrödinger picture where a solution at some time t can be
obtained from the corresponding solution at an earlier time t0 by a time
evolution operator US(t, t0), so too can a state vector ΨI(t) in the interaction
picture that satisfies (13) be similarly deduced from the corresponding state
vector ΨI(t0) :

ΨI(t) = U(t, t0)ΨI(t0) , such that U(t, t) = 1 . (4.18)

In terms of this time evolution operator, (13) is equivalent to

i
d

dt
U(t, t0) = H ′

I(t)U(t, t0) . (4.19)

From (2) and (12),

ΨI(t) = eiH0

S
tΨS(t)

= eiH0

S
tUS(t, t0) e−iH0

S
t0ΨI(t0) , (4.20)
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which gives a formal solution for U :

U(t, t0) = eiH0

S
tUS(t, t0) e−iH0

S
t0 . (4.21)

U(t, t0) is a linear operator on the Hilbert space of state vectors. It is unitary

U †(t′, t)U(t′, t) = U(t′, t)U †(t′, t) = 1 , (4.22)

has the characteristic group composition property

U(t′, t′′)U(t′′, t) = U(t′, t) , (4.23)

and has an inverse

U−1(t, t′) = U(t′, t) = U †(t, t′) . (4.24)

Although an explicit formal solution for U(t, t0) is available, it proves
more convenient for our purpose to have it in an implicit form as solution
to an integral equation that is equivalent to the differential equation (19)
subject to the boundary condition U(t0, t0) = 1,

U(t, t0) = 1 − i

∫ t

t0

dt′H ′
I(t

′)U(t′, t0) . (4.25)

From here on, we simplify the notation by writing H ′(t) in place of H ′
I(t) .

We can solve this equation by the iterative procedure, leading to a series in
powers of the interaction:

U(t, t0) = 1 − i

∫ t

t0

dt1H
′(t1)U(t1, t0)

= 1 − i

∫ t

t0

dt1H
′(t1)

[

1 − i

∫ t1

t0

dt2H
′(t2)U(t2, t0)

]

= 1 − i

∫ t

t0

dt1H
′(t1) + (−i)2

∫ t

t0

dt1

∫ t1

t0

dt2H
′(t1)H

′(t2) + . . .

+ (−i)n

∫ t

t0

dt1

∫ t1

t0

dt2 . . .

∫ tn−1

t0

dtn H
′(t1)H

′(t2) . . .H
′(tn) + . . . .

(4.26)

Now, U(t, t0) can be interpreted as the operator that gives the probability,
| 〈Φf |U(t, t0) |Φi〉 |2 , for finding the system in state f at some time t, if the
system is known to be in state i at some earlier time t0 . Therefore, this
series is useful in practice only if it converges rapidly enough so that only the
first few terms suffice to give physically meaningful results. This will be the
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Fig. 4.1a–d. Transformations of the integrals in the second-order term

case if the interaction is weak enough, with a dimensionless coupling constant
small compared to unity.

The above series can be rewritten in a more compact form by transforming
the integrals so that they all have the same integration limits, t0 and t . It
suffices to show the procedure for the second-order term, U (2) ; the higher-
order terms will be obtained by analogy. The second-order term is given,
apart from a sign, by

∫ t

t0

dt1

∫ t1

t0

dt2H
′(t1)H

′(t2) ,

which we split equally into two; we next change the order of integrations in
the second half,

1
2

∫ t

t0

dt1

∫ t1

t0

dt2H
′(t1)H

′(t2) + 1
2

∫ t

t0

dt2

∫ t

t2

dt1H
′(t1)H

′(t2) .

The integration to be performed first in each of the two terms is represented
respectively by Fig. 4.1a–b. Next, in the second term, the integration labels
are interchanged:

1
2

∫ t

t0

dt2

∫ t

t2

dt1H
′(t1)H

′(t2) = 1
2

∫ t

t0

dt1

∫ t

t1

dt2H
′(t2)H

′(t1) .

Integration over t2 is shown in Fig. 4.1c. Together with the first half, left
unchanged, it gives the whole second-order term of the series in the form

∫ t

t0

dt1

∫ t1

t0

dt2H
′(t1)H

′(t2)

= 1
2

∫ t

t0

dt1

∫ t

t0

dt2 [H ′(t1)H
′(t2)θ(t1 − t2) +H ′(t2)H

′(t1)θ(t2 − t1) ] ,

where θ(t) is the usual step function. This result is illustrated in Fig. 4.1d.
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We now introduce the time-ordered product of factors H ′(t) at different
times:

T[H ′(t1)H
′(t2) . . .H

′(tn)] ≡H ′(ti1)H
′(ti2 ) . . .H

′(tin
)

for ti1 ≥ ti2 ≥ . . . ≥ tin
(4.27)

for all possible permutations ti1 , ti2 , . . . , tin
of the set t1, t2, . . . , tn , and the

relative orders of H ′(ti) and H ′(tj) are the same on both sides of the above
equation whenever ti = tj . The series (26) may then be rewritten as

U(t, t0) = 1 − i

∫ t

t0

dt1H
′(t1) +

(−i)2

2!

∫ t

t0

dt1

∫ t

t0

dt2 T[H ′(t1)H
′(t2)] + . . .

+
(−i)n

n!

∫ t

t0

dt1

∫ t

t0

dt2 . . .

∫ t

t0

dtn T[H ′(t1)H
′(t2) . . .H

′(tn)] + . . . .(4.28)

It can now be formally summed up, leading to the symbolic representation

U(t, t0) = T exp
[

−i

∫ t

t0

dt′H ′(t′)
]

≡ T exp
[

−i

∫ t

t0

dt′
∫

d3xH′(t′,x′)
]

, (4.29)

where H′(t′,x′) is the interaction Hamiltonian density in the interaction pic-
ture. The series (28) is complicated because of the need for time ordering of
the operators H ′(t) for different t, which in turn is dictated by the fact that
H ′(t) at different times do not commute in general. When they do commute,
[H ′(t), H ′(t′)] = 0 for all t and t′, the result becomes much simpler:

U(t, t0) = exp
[

−i

∫ t

t0

dt′H ′(t′)
]

. (4.30)

4.1.3 The S-Matrix

As mentioned above, U has a definite physical meaning. Suppose a physical
system is known to be in state Φi at time t = t0 . When it goes through
the interaction process described by the interaction HamiltonianH ′, its time
evolution is given in the interaction representation by

ΨI(i; t) = U(t, t0)Φi . (4.31)

The amplitude of the probability for finding it in state Φf in the distant
future, long after the interaction has ceased to act, is

〈Φf |ΨI(i; t)〉 = 〈Φf |U(t, t0) |Φi〉 = Ufi(t, t0) . (4.32)
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The average rate per unit time for the transition i → f (with i 6= f) is obtained
by dividing the probability by the interaction time, ∆t = t−t0, with the result

1

∆t
|Ufi(t, t0) − δfi|2 . (4.33)

As t0 → −∞ and t → +∞, this expression has a well-defined limit which
represents a measurable quantity. Therefore, it is useful to introduce

S ≡ U(∞,−∞) , (4.34)

called the S-matrix, which one knows how to calculate from (29) in terms of
the interaction Hamiltonian density:

S = T exp
[

−i

∫ ∞

−∞

dt

∫

d3xH′(t,x)
]

= T exp
[

−i

∫

d4xH′(x)
]

. (4.35)

In considering any transition i → f, it is convenient to separate out the zeroth
order (no interaction) term in (28) and define a transition matrix Tfi:

Sfi = δfi + i Tfi . (4.36)

The energy-momentum conservation condition may be factored out, leaving
the corresponding invariant reduced transition matrix Mfi:

Tfi = (2π)4 δ(4)(Pf − Pi)Mfi . (4.37)

It is this matrix Mfi that encapsulates the whole dynamic content of the
transition and that directly produces, together with the relevant kinematic
factors, its cross-section or decay rate.

4.2 Cross-Sections and Decay Rates

We first derive the general expression for the cross-section of a two-body
reaction to any n-particle final state, then specialize it to the case of final
two-particle states.

4.2.1 General Formulas

To simplify, we assume the particles to have no spins; but the final result we
obtain can be readily modified to include spin effects. Thus, we consider a
state with two distinct particles of momenta p1 and p2, and masses m1 and
m2 . At t = −∞, it is given by

|Φi〉 =

∫

d3p̃′1

∫

d3p̃′2 f(p
′
1) f(p

′
2) |p′

1 p′
2〉 , (4.38)
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where

d3p̃′ ≡ d3p′/
[

(2π)3 2Ep′

]

. (4.39)

The particle states are normalized such that

〈α′ p′ |αp 〉 = (2π)3 2Ep δ(p
′ − p) δα′α ,

∫

d3p̃′
∑

α

|αp′〉 〈αp′| = 1 . (4.40)

Each wave packet f(p′) attains its peak value at p′ = p, and its Fourier
transform in configuration space fp(x) is given in the plane-wave limit by
exp(ip · x) modulated by some slowly varying function F (x) . The corre-
sponding current probability density reads

Jµ = i f∗(x)
↔

∂ µf(x) ≈ 2pµ |f(x)|2 . (4.41)

The total number of particles contained in a space volume V ,

N = 2Ep

∫

V

d3x |f(x)|2 , (4.42)

is just the space integral of the particle density % = J0 = 2Ep |f(x)|2.
To calculate the total transition probability for i(p1, p2) → f(Pf) (i 6= f)

wfi ≡ |Tfi|2 =
∣

∣

∣
(2π)4δ(4)(Pf − p1 − p2) 〈f |M |Φi〉

∣

∣

∣

2

, (4.43)

we use (38) for Φi and

(2π)4δ(4)(p′ − p) =

∫

d4x ei(p−p′)·x

for one of the δ-factors. This will carry (43) into

wfi = (2π)4δ(4)(Pf − p1 − p2) | 〈f |M | i〉 |2
∫

d4x |f1(x)|2 |f2(x)|2 . (4.44)

The result can be interpreted as a density integrated over the interaction
volume and time, and the transition probability density itself (number of
events per units of time and volume) is then given by

dwfi

dV dt
= (2π)4δ(4)(Pf − p1 − p2) | 〈f |M | i〉 |2 |f1(x)|2 |f2(x)|2 . (4.45)

The initial scattering state is characterized by an incident flux (relative
velocity times the particle density in the incoming beam)

Ii ≡ |v1 − v2| %1 = |v1 − v2| 2E1 |f1(x)|2 , (4.46)



98 4 Collisions and Decays

and the particle density in the target or in the second colliding beam

%2 ≡ 2E2 |f2(x)|2 , (4.47)

(v1 and v2 are the velocities of the incoming particles, and E1 = Ep
1

and
E2 = Ep

2
their energies). On the other hand, the final state is defined by

the set of momenta of the collision products, which take values in a cer-
tain phase space volume consistent with energy-momentum conservation and
represented by an integration measure called dΦf .

A quantity independent of the initial wave functions, called the differential
cross-section, is introduced:

dσ =
dwfi

dV dt

1

Ii%2
dΦf . (4.48)

The cross-section represents an effective area over which one incident particle
interacts with one target particle. That it has the dimension of an area can
be seen from the fact that the quantity

dσ|v1 − v2| dt =
dwfi

dV

1

%1%2
dΦf (4.49)

has the dimension of spatial volume, and |v12|dt has the dimension of length
(see Fig. 4.2).
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Fig. 4.2. Interpretation of the cross-section as an effective area

We will call the product F = E1E2 |v12|, which arises from Ii%2 in (48),
the flux factor. It turns out that it is invariant to Lorentz transformations in
the direction of motion of the incident beams, as shown by

F = E1E2 |v12| =
[

(p1 · p2)
2 −m2

1m
2
2

]1/2
. (4.50)

This relation holds when p2 = 0, or when p1 and p2 are collinear. In a
general situation, it should be replaced by

(p1 · p2)
2 −m2

1m
2
2 = (E2p1 −E1p2)

2 + (p1 · p2)
2 − p2

1 p2
2 . (4.51)

In the laboratory (lab) system where particle 2 is at rest, and in the center-
of-mass (cm) system where p1 + p2 = 0, the flux factor has the values

Flab = |p1|m2 , (4.52)

Fcm = |p1| (E1 + E2) . (4.53)
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Fig. 4.3. (a) Two-body reaction to an (n− 2)-particle final state; (b) decay to an
n-particle final state

For the reaction (p1, p2) → (p3, p4, . . . , pn) illustrated in Fig. 4.3 a, the
expression for the differential cross-section reads

dσ =
|M|2
4F

dΦf S . (4.54)

Here, M is shorthand for 〈f |M | i〉 = 〈p3, . . . , pn |M | p1, p2〉 and dΦf stands
for the phase space volume element of the final state

dΦf(p3, . . . , pn) = (2π)4 δ(4)(p3 + . . .+ pn − Pi)
1

(2π)3(n−2)

d3p3

2E3
. . .

d3pn

2En

(4.55)

(Pi = p1 + p2), and finally, S is a combinatorial factor needed to avoid
overcounting identical configurations whenever there are identical particles in
the final state, and is given by S =

∏

a 1/`a! , where `a denotes the number
of identical particles of type a in the final state.

4.2.2 Two-Body Reaction to Two-Body Final States

To illustrate, consider now the scattering of two particles of momenta pµ
1 ,

pµ
2 and masses m1, m2 leading to a final state of two distinct particles of

momenta pµ
3 , pµ

4 and masses m3 , m4 .
We are interested in the probability for observing a final product of the

reaction emitted in a certain direction (ϕ, θ) within an element of the solid
angle dΩ = dϕd cos θ, that is,

dσ =

∫

dΩ

|M|2
4F

dΦf . (4.56)

At fixed (ϕ, θ) angles, the two-particle phase space integral yields, after in-
tegrations over p4 and then over E3 ,
∫

dΩ

dΦf(p3, p4) =

∫

dΩ

(2π)4 δ(4)(p1 + p2 − p3 − p4)
1

(2π)6
d3p3

2E3

d3p4

2E4

=
dΩ p2

3

16π2 E3E4

d|p3|
d(E3 +E4)

,
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where

E2
3 = p2

3 +m2
3 ,

E2
4 = (p1 + p2 − p3)

2 +m2
4 .

The differential cross-section is then given by

dσ

dΩ
=

|M|2
64π2 F

p2
3

E3E4

d|p3|
d(E3 +E4)

(in general). (4.57)

For spinless particles, the matrix M depends on momenta only through the
Lorentz-invariant variables s, t, and u (called the Mandelstam variables),
defined by

s = (pµ
1 + pµ

2 )2 = (pµ
3 + pµ

4 )2 ,

t = (pµ
1 − pµ

3 )2 = (pµ
4 − pµ

2 )2 ,

u = (pµ
1 − pµ

4 )2 = (pµ
3 − pµ

2 )2 , (4.58)

only two of which are independent because s+ t+u = m2
1 +m2

2 +m2
3 +m2

4 .
In the center-of-mass system (see Fig. 4.4 ) defined by the four-momenta

pµ
1 = (E1,p), pµ

2 = (E2,−p), pµ
3 = (E3,p

′), pµ
4 = (E4,−p′),

we have

E3E4
d(E3 +E4)

d|p3|
= E3E4

( |p′|
E3

+
|p′|
E4

)

= |p′| (E1 + E2) ,

and

F = |p| (E1 + E2) ,

s = (E1 + E2)
2 .

The differential cross-section (57) then becomes

(

dσ

dΩ

)

cm

=
|M|2
64π2 s

|p′|
|p| (center-of-mass). (4.59)

It depends on a single variable, the squared energy s, because

|p|2 =
1

4s
λ(s,m2

1, m
2
2) ,

|p′|2 =
1

4s
λ(s,m2

3, m
2
4) , (4.60)

where

λ(a, b, c) ≡ (a − b− c)2 − 4bc = [a− (
√
b+

√
c)2] [a− (

√
b−

√
c)2] .(4.61)
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Fig. 4.4. Kinematic variables in two-body scattering: (a) in center-of-mass frame;
(b) in laboratory frame

Alternatively, one can write the differential cross-section in terms of the
Mandelstam variables s and t:
(

dσ

dt

)

cm

=
|M|2

64π sp2
=

|M|2
16π λ(s,m2

1, m
2
2)

(center-of-mass) , (4.62)

where t is related to θcm, the scattering angle, through

t = (pµ
1 − pµ

3 )2 = m2
1 +m2

3 − 2E1E3 + 2|p||p′| cos θcm ,

so that dt = 2|p||p′| d cos θcm . Corresponding to 0 ≤ θcm ≤ π, we have the
interval of definition for t:

tπ ≤ t ≤ t0

t0 ≡ t(θcm = 0) = (E1 −E3)
2 − (|p| − |p′|)2 ,

tπ ≡ t(θcm = π) = (E1 −E3)
2 − (|p| + |p′|)2 .

In the laboratory system (see Fig. 4.4 ), where particle 2 is at rest, the
kinematic variables are

pµ
1 = (E1,p), pµ

2 = (m2, 0), pµ
3 = (E3,p

′), pµ
4 = (E4,p4) ,

where

E4 = E1 +m2 −E3 ,

p2
4 = (p − p′)2 = p2 + p′2 − 2|p||p′| cos θlab .

For given angles (ϕ, θ)lab , one has |p4|d|p4| = (|p′|−|p| cos θlab) d|p′|, so that

E3E4
d(E3 +E4)

d|p′| = |p′|(E1 +m2) − |p|E3 cos θlab . (4.63)

The flux factor is F = |p|m2, and the squared energy, s = m2
1 +m2

2 +2E1m2.
Therefore, in the laboratory system the differential cross-section (57) becomes

(

dσ

dΩ

)

lab

=
|M|2

64π2m2

|p′|
|p|

1

E1 +m2 − (|p|/|p′|)E3 cos θlab
(lab), (4.64)
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where E3 =
√

p′2 +m2
3 and, by energy conservation,

E3(E1 +m2) − |p||p′| cos θlab = E1m2 + 1
2 (m2

1 +m2
2 +m2

3 −m2
4)

= 1
2 (s+m2

3 −m2
4) . (4.65)

In the remaining of this subsection, we consider the case m3 = m1 and
m4 = m2, still in the laboratory system. Then (65) reduces to

E3(E1 +m2) − |p||p′| cos θlab = E1m2 +m2
1 . (4.66)

This gives, with the four-momentum transfer q = p3 − p1 related to various
variables by q2 = (p3 − p1)

2 = t = 2m2(E3 − E1), the relation

|p|
|p′| cos θlab =

q2

2p′2
+
E1E3 −m2

1

p′2
.

The cross-section (64) then takes the form (with m1 = m3, m2 = m4)

(

dσ

dΩ

)

lab

=
|M|2

64π2m2
2

|p′|
|p|

[

1 − q2

2m2
2|p′|2 (m2E3 −m2

1)

]−1

. (4.67)

In the limit of a static target, where p4 = 0, so that |p| = |p′| and
E1 = E3, and

E1 +m2 −
|p|
|p′|E3 cos θlab ≈ m2 + E1(1 − cos θlab) ,

the cross-section may be approximated by

(

dσ

dΩ

)

lab

≈ |M|2
64π2m2

2

1

1 + (E1/m2)(1 − cos θlab)
(static target). (4.68)

On the other hand, when one of the particles is extremely relativistic,
E1 ≈ |p| and E3 ≈ |p′|, so that

E1 +m2 − (|p|/|p′|)E3 cos θlab ≈ m2

[

1 +
2E1

m2
sin2 θlab

2

]

≈ m2

[

E1

E3
+

m2
1

E3m2

]

[the second line follows from (66)], the cross-section has the limiting value

(

dσ

dΩ

)

lab

≈ |M|2
64π2m2

2

E3/E1
[

1 + 2(E1/m2) sin2(θlab/2)
]

≈ |M|2
64π2m2

2

(

E3

E1

)2

(ultra-relativistic). (4.69)
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4.2.3 Decay Rates

Let us now consider a particle of energy EP and mass M decaying into a final
state of n particles of momenta p1, . . . , pn in the phase space volume element
d3p1 . . .d

3pn . We shall obtain the decay rate by merely adapting (48) to the
present situation in which %2 should refer to the state density of the decaying
particle, and Ii = 1 since there are no other particles in the initial state. The
differential decay rate can then be read off from (54):

dΓ(P → p1 + . . .+ pn) =
|M|2
2EP

dΦf(p1, . . . , pn)S , (4.70)

where dΦf(p1, . . . , pn) and S are defined as in (54).

Consider for example a particle of mass M decaying from rest through
a channel leading to two distinct particles of masses m1 and m2 in the final
state. The momentum of either of the two emitted particles, p, has magnitude

|p| =
1

2M

√

λ(M2, m2
1, m

2
2)

=
1

2M

{

[M2 − (m1 +m2)
2][M2 − (m1 −m2)

2]
}1/2

.

It is clear that no decays can occur unless M ≥ m1 + m2 . With the phase
space volume in the solid angle dΩ = sin θp dθp dϕp given by

dΩ

16π2

|p|
M

,

the differential decay rate reads

dΓ(M → p1 + p2) =
|M|2 |p|
32π2M2

dΩ . (4.71)

The partial decay rate for the two-particle mode is obtained by integrating
over all directions of emission,

Γ(M → 1 + 2) =
|p|

32π2M2

∫

dΩ |M|2 . (4.72)

The total decay rate of a particle of mass M is defined as the sum of the
partial decay rates for all allowed modes to any numbers of particles:

Γ(M) =
∑

n

Γ(M → 1 + 2 + . . .+ n) . (4.73)
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4.3 Interaction Models

In the expressions given above for the cross-sections and decay rates, the
kinematic factors are completely defined, but the dynamic component, rep-
resented by the transition matrix M, is still to be determined. This matrix
M depends on the specific model for the physical phenomena being consid-
ered, but once given the Lagrangian of the model, it can be systematically
calculated by applying a few simple rules, as will be shown by examples in
the following sections.

Let us recall from Chap. 2 the general conditions the Lagrangian density L
that describes any physical model must satisfy. For the theory to be relativis-
tically invariant, L must be invariant to restricted Lorentz transformations.
It must be Hermitian so that the Hamiltonian to which it is related is a phys-
ical observable. It may also have other invariance properties as justified by
the physical situation. We may also require that it contains no space-time
derivatives of fields of orders higher than the first.

The Lagrangian of the system generally includes a free-field part, L0,
which represents the uncoupled fields and an interaction part, L′, which de-
scribes the interactions between the fields. The simplest form of coupling
between fields is local, which means the field quantities that enter the in-
teraction terms refer to the same space-time point. When no derivatives of
fields appear in the coupling, it is said to be direct or nonderivative, oth-
erwise it is said to be a derivative coupling. For example, a relativistically
invariant interaction between a pseudoscalar field φ and a spinor field ψ can
be constructed either by multiplying φ and the pseudoscalar bilinear product
ψ̄(x)γ5ψ(x) to have a nonderivative coupling, L′ = gψ̄(x)γ5ψ(x)φ(x), or by
forming the Lorentz scalar product of iψ̄(x)γ5γ

µψ(x) and −i∂µφ(x) to get a
derivative coupling, L′′ = g′ψ̄(x)γ5γ

µψ(x)∂µφ(x) . The multiplicative con-
stants g and g′ that appear in the interaction terms measure the strengths
of the interactions, and are called the coupling constants. In natural units,
the Lagrangian density has dimension [mass]4, the field φ has the dimension

of mass, and the field ψ has dimension [mass]
3/2, so that g is dimensionless,

whereas g′ has the dimension of inverse mass.
The operator that appears in the expression for the S-matrix is the in-

teraction Hamiltonian density H′, rather than the interaction Lagrangian
density. However, for any system, the total Hamiltonian density H can be
obtained from the Lagrangian density L = L(ϕi, ∂µϕi) by the relation

H =
∂L
∂ϕ̇i

ϕ̇i − L . (4.74)

In particular, if the interaction contains no time derivatives of field quantities,
H′ is simply

H′ = −L′ . (4.75)
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4.4 Decay Modes of Scalar Particles

Let us first construct a simple model for a system composed of a real scalar
field σ(x) of mass µ and three real scalar fields φa(x) for a = 1, 2, 3 of equal
masses m . Let φ1 and φ2 combine to form a complex field

ϕ(x) =
1√
2
(φ1 − iφ2) ,

which is meant to represent a charged field, called π±. The neutral fields
φ ≡ φ3 and σ are to describe the π0 and σ particles, respectively. In the
absence of interactions, the Lagrangian of the system is

L0 =

(

1

2
∂µσ ∂

µσ − 1

2
µ2σ2

)

+
∑

a

(

1

2
∂µφa ∂

µφa − 1

2
m2φ2

a

)

=

(

1

2
∂µσ ∂

µσ − 1

2
µ2σ2

)

+

(

1

2
∂µφ ∂

µφ− 1

2
m2φ2

)

+
(

∂µϕ
† ∂µϕ−m2ϕ†ϕ

)

. (4.76)

4.4.1 Neutral Decay Mode

Let us first consider the σ and π0 fields alone. Local nonderivative cou-
plings may now be introduced by taking products of the field quantities,
these products being normal ordered when the fields are quantized. Since
both field quantities have the dimension of mass, interaction terms like φ4,
σφ3, σ2φ2, σ3φ, or σ4 have dimensionless coupling constants, whereas φ3,
σφ2, σ2φ, or σ3 have coupling constants with the dimension of mass.

As discussed in the next chapter, an important symmetry operation is
space inversion, defined by x → −x . Let us assume for the sake of illustration
that under this transformation the fields vary as

P : σ(t,x) → σ(t,−x) = +σ(t,x) ,

φ(t,x) → φ(t,−x) = −φ(t,x) .

Then σ(x) is said to be a scalar field, and φ(x) a pseudoscalar field. Now
the free-field Lagrangian (76) is evidently invariant under space inversion;
if the interacting system is to preserve this symmetry, the couplings must
contain only even powers of φ but may have even or odd powers of σ. Thus,
the interaction Lagrangian that is invariant under both space inversion and
restricted Lorentz transformations has the general form

L1 = −gφ4 − g′σ2 φ2 − g′′σ4 − λσ φ2 − λ′ σ3 , (4.77)

where the coupling constants g, g′, g′′, λ and λ′ are real numbers. Since the
couplings are nonderivative, the interaction Hamiltonian is just −L1:

H1 = gφ4 + g′σ2 φ2 + g′′σ4 + λσ φ2 + λ′ σ3 . (4.78)
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Fig. 4.5. Diagram representing the neutral decay mode of σ described by the
interaction Lagrangian (77). Time evolves from left to right

Let us now calculate the rate for the decay mode shown in Fig. 4.5,

σ(k) → π0(q1) + π0(q2) , (4.79)

where the kinematic variables of the system are given by k = (Ek,k) and
qi = (Ei, qi) for i = 1, 2, with the energies of the particles related to their

momenta in the usual way, Ek =
√

k2 + µ2 and Ei =
√

q2
i +m2 . The initial

state is described in terms of the σ-particle creation operator c†k by the ket

|k〉 = c†k |0〉C−1
k , (4.80)

whereas the final two-π0 state is described in terms of the π0 Fock operators
aqi

by the bra

〈q2 q1| = (Cq
2
Cq

1
)−1 〈0| aq

2
aq

1
, (4.81)

where the constants Ck, Cqi
are chosen to be consistent with the normaliza-

tion (40), i.e. C−1
k =

√

(2π)3 2Ek. The convention we use to define a bra for
several particles is motivated by the conjugation relation between a ket

|1〉 |2〉 = |1, 2〉 = a†1 a
†
2 |0〉

and the corresponding bra

( |1〉 |2〉)† = 〈2| 〈1| = 〈2, 1| = 〈0| a2 a1 .

In this problem, L0 describes the unperturbed states, whereas L1 plays
the role of a perturbation of the system. The quantized neutral fields σ and
φ have the expansion series

σ(x) =
∑

k

[

ckφ
(+)
k (x) + c†kφ

(−)
−k (x)

]

,

φ(x) =
∑

q

[

aqφ
(+)
q (x) + a†qφ

(−)
−q (x)

]

, (4.82)

where all Fock operators obey the usual commutation relations consistent
with Bose statistics, and the wave amplitudes are

φ(+)
p (x) = Cp e−ip·x ,

φ
(−)
−p (x) = Cp eip·x , (Cp = [(2π)3 2Ep]−1/2 ) . (4.83)
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In the lowest order of interaction, only the coupling −λσφ2 contributes
to the process (79), so that the corresponding S-matrix element is given by

S
(1)
fi = −i λ

〈

q2 q1

∣

∣

∣

∣

∫

d4x σ(x)φ2(x)

∣

∣

∣

∣

k

〉

. (4.84)

Given the initial and final states of the system, it is clear that the only
operators from σ(x)φ2(x) that can contribute to the matrix element are of

the type a†
q′

1

a†
q′

2

ck′ , and therefore we may just consider

S
(1)
fi = −i λ

〈

q2 q1

∣

∣

∣

∣

∣

∣

∫

d4x
(

∑

q′

1

a†q′

1

φ
(−)
−q′

1

)(

∑

q′

2

a†q′

2

φ
(−)
−q′

2

)(

∑

k′

ck′φ
(+)
k′

)

∣

∣

∣

∣

∣

∣

k

〉

.

The matrix element is calculated with the canonical commutation relations
(2.109) which the Fock operators a, a† and c, c† must obey,

〈

0
∣

∣

∣
aq

2
aq

1
a†

q′

1

a†
q′

2

ck′ c†k

∣

∣

∣
0
〉

= δkk′(δq
1
q′

1
δq

2
q′

2
+ δq

1
q′

2
δq

2
q′

1
) ,

where, for example, δkk′ = δ(k−k′) . All normalization factors exactly cancel
out, and the first-order S-matrix for the decay mode (79) reduces to

S
(1)
fi = −i λ

∫

d4x
[

e−i(k−q1−q2)·x + e−i(k−q2−q1)·x
]

= −2i λ (2π)4δ(4)(q1 + q2 − k) , (4.85)

from which the reduced transition amplitude is identified:

iM = −2i λ . (4.86)

This result is shown graphically in Fig. 4.5 . The diagram represents a three-
point vertex corresponding to the interaction Lagrangian −λσφ2, to which
are attached the three external lines describing the particles in the initial and
final states. A value of −i λ is assigned to the vertex. Since the final two
particles are identical bosons, the final state should be symmetrized, which
results in a numerical factor of 2, corresponding to the number of possible
ways in which two identical mesons can be attached to the final two legs of
the vertex, cf. (85). This symmetry factor is not indicated in the diagram.
We have here a simple example of the Feynman diagrams and rules found so
useful in the study of particle physics.

The rate of the σ decay from rest via the process (79) can be calculated
from formula (72), with the symmetry factor S = 1/2 . Since M is just a
constant, the integration over the solid angle yields 4π . That the invariant
amplitude has no angular dependence follows from Lorentz invariance, since
there is no preferred direction in which a spinless particle at rest decays into
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two spinless particles. The decay rate of σ to a final state of two neutral
spinless particles follows from (72), with momentum |q| = 1

2

√

µ2 − 4m2,

Γ(σ → π0π0) =
|q|

32π2µ2

4π

2
|M|2

=
λ2

8πµ2

√

µ2 − 4m2 . (4.87)

4.4.2 Charged Decay Mode

Turning now to the charged decay mode, σ → π+π−, we will assume that
π± are coupled to σ in exactly the same way as is π0, so that the interaction
term describing the decay mode σ → π+π− is

L2 = −λσ (φ2
1 + φ2

2) + . . .

= −2λσ ϕ†ϕ + . . . , (4.88)

where the quantized complex fields ϕ and ϕ† are expressed as usual in terms
of the Fock operators,

ϕ(x) =
∑

q

[

aqφ
(+)
q (x) + b†qφ

(−)
−q (x)

]

,

ϕ†(x) =
∑

q

[

a†qφ
(+)∗
q (x) + bqφ

(−)∗
−q (x)

]

. (4.89)

Here a†q creates a π+ and b†p creates a π− .

With the final π+π− state represented by the bra

〈q2 q1| = (Cq
2
Cq

1
)−1 〈0| bq

2
aq

1
, (4.90)

the decay σ → π+ π− is described to lowest order by

S
(1)
fi = −2i λ

〈

q2 q1

∣

∣

∣

∣

∫

d4x σ(x)ϕ†(x)ϕ(x)

∣

∣

∣

∣

k

〉

. (4.91)

Since only operator products of the type a†
q′

1

b†
q′

2

ck′ can contribute, the matrix

element we wish to evaluate is

S
(1)
fi = −2i λ

〈

q2 q1

∣

∣

∣

∣

∣

∣

∫

d4x
∑

q′

1

a†
q′

1

φ
(+)∗
q′

1

∑

q′

2

b†
q′

2

φ
(−)
−q′

2

∑

k′

ck′φ
(+)
k′

∣

∣

∣

∣

∣

∣

k

〉

.

With the basic matrix element
〈

0
∣

∣

∣
bq

2
aq

1
a†

q′

1

b†
q′

2

ck′ c†k

∣

∣

∣
0
〉

= δkk′ δq
1
q′

1
δq

2
q′

2
,
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the S-matrix turns out to be identical to that found for the neutral decay,

S
(1)
fi = −2i λ (2π)4δ(4)(q1 + q2 − k) , (4.92)

from which is extracted the invariant transition amplitude

iM = −2i λ . (4.93)

The Feynman rule for the calculation of this amplitude is very simple: to
each vertex σπ+π− described by the field coupling −2λσ ϕ†ϕ, assign the
value −i 2λ . There is no need for symmetrization of the final state since
it contains only distinct particles. The corresponding Feynman diagram is
shown in Fig. 4.6 .

. . . . . . . . . . .......
.
.......
.
.......
.
.......
.
.......
.

........
........
........
........
........

– i2λ
σ(k)

π+(q1)

π−(q2)

Fig. 4.6. Diagram representing the charged decay mode of σ described by the
interaction Lagrangian (88)

The decay rate is easily calculated from (72), yielding

Γ(σ → π+π−) = 2 Γ(σ → π0π0) . (4.94)

This result can be understood from an internal (isospin) symmetry residing in
the model (see Chap. 6); it may be compared, for example, with the measured
decay rates of the short-lived neutral meson K0 :

Γ(K0
S → π+π−) = 2.18 Γ(K0

S → π0π0) .

4.5 Pion Scattering

Although the basic interaction between fields may be local, particles sep-
arated by space-time distances can, and do, interact with each other. In
relativistic quantum field theory such an interaction at a distance between
two particles is explained by an exchange process, in which an interaction
quantum is emitted by one particle and subsequently reabsorbed by the sec-
ond particle. This exchange process may be represented by a probability
amplitude for creating the quantum at one space-time point and annihilat-
ing it at another point at a later instant. This amplitude is referred to as a
propagator.
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4.5.1 The Scalar Boson Propagator

Let us consider a generic Hermitian field φ(x) of mass m, which one may
write as a Fourier series, as in (82). The propagator for φ, to be denoted by
∆, is defined as the vacuum expectation value of the time-ordered product
of a pair of field values at two different space-time points:

i ∆(x, y) ≡ 〈0 |T[φ(x)φ(y)] | 0〉
= θ(x0 − y0) 〈0 | φ(x)φ(y) | 0〉 + θ(y0 − x0) 〈0 |φ(y)φ(x) | 0〉 .

(4.95)

Only operator products of the type aka
†

k′ have nonvanishing vacuum-to-
vacuum expectation values:

i ∆(x, y) = θ(x0 − y0)

〈

0

∣

∣

∣

∣

∣

(

∑

k

φ
(+)
k (x)ak

)(

∑

k′

φ
(−)
−k′(y)a

†

k′

) ∣

∣

∣

∣

∣

0

〉

+ θ(y0 − x0)

〈

0

∣

∣

∣

∣

∣

(

∑

k

φ
(+)
k (y)ak

)(

∑

k′

φ
(−)
−k′(x)a

†

k′

)
∣

∣

∣

∣

∣

0

〉

= θ(x0 − y0)
∑

k

φ
(+)
k (x)φ

(−)
−k (y) + θ(y0 − x0)

∑

k

φ
(+)
k (y)φ

(−)
−k (x)

=

∫

d3k C2
k e−ik·(x−y)

×
[

θ(x0 − y0) e−iE(x0−y0) + θ(y0 − x0) e−iE(y0−x0)
]

. (4.96)

To obtain the same factor exp[ik·(y − x)] in both terms on the right-hand
side, we have changed the sign of k in the first integral without affecting

the integrand [which is an even function of k because E =
√

k2 +m2 and
C2

k = 1/(2π)3 2E ]. These terms can actually be summed up by using the
integral representation of the step function:

θ(t) =
−1

2πi

∫ ∞

−∞

dz
e−izt

z + iε
, (4.97)

in which ε → 0+ . The integral on the right-hand side can be evaluated
by considering it as part of a contour integral in the complex z plane. The
integrand is analytic except for the single pole at −iε in the lower half-plane.
If t > 0 the contour must be closed in the lower half-plane, while if t < 0 it
must be closed in the upper half-plane, so that in either case the exponential
tends to zero and the half-circle at infinity makes no contributions. Therefore,
the right-hand side gives 1 for t > 0 and 0 for t < 0 . Using the representation
of the step function (97), the expression inside the square brackets in (96),
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which will be called X, can be simplified as follows:

X = θ(x0 − y0) e−iE(x0−y0) + θ(y0 − x0) e−iE(y0−x0)

=
1

2πi

[
∫ ∞

−∞

dk0
e−ik0(x0−y0)

E − k0 − iε
+

∫ ∞

−∞

dk0
e−ik0(y0−x0)

E − k0 − iε

]

=
1

2πi

[
∫ ∞

−∞

dk0
e−ik0(x0−y0)

E − k0 − iε
+

∫ ∞

−∞

dk0
e−ik0(x0−y0)

E + k0 − iε

]

=
2E

2πi

∫ ∞

−∞

dk0
e−ik0(x0−y0)

E2 − k2
0 − iε′

, (4.98)

where ε′ = 2Eε is another infinitesimal positive real quantity, completely
equivalent to ε for our purpose. It is interesting to note that the two time-
ordered terms on the first line above, representing forward and backward
propagations in time, are summed up to give a single term on the last line.
The denominator on this line is manifestly covariant:

E2 − k2
0 − iε = m2 − (k2

0 − k2) − iε = m2 − k2 − iε ,

with k2 = k2
0 − k2 6= m2 . Therefore, inserting the result for X back into

(96), one obtains the propagator for a spin-0 particle as a covariant integral
in four-momentum space,

i∆(x− y) =

∫

d4k

(2π)4
e−ik·(x−y) i

k2 −m2 + iε
, (4.99)

which is valid for both x0 > y0 and x0 < y0 . In configuration space it
depends only on the coordinate difference x− y , while in momentum space
it is a function of the square of the particle four-momentum,

∆(k) =
1

k2 −m2 + iε
. (4.100)

The physical meaning of the terms displayed in (96) is clear: the first term
describes particles (positive-energy solutions) propagating forward in time,
x0 > y0, while the second term corresponds to antiparticles representing
negative-energy solutions propagating backward in time, x0 < y0 . The
beautifully simple result (100) takes care of both particle and antiparticle
propagations.

As for the complex scalar field, its propagator is defined by the vacuum
expectation value

〈

0
∣

∣T[ϕ(x)ϕ†(y)]
∣

∣ 0
〉

= θ(x0 − y0)
〈

0
∣

∣ϕ(x)ϕ†(y)
∣

∣ 0
〉

+ θ(y0 − x0)
〈

0
∣

∣ϕ(y)†ϕ(x)
∣

∣0
〉

. (4.101)
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When the fields ϕ and ϕ† are expressed in terms of the Fock operators through
the expansion series (89), the nonvanishing contributions which arise from
matrix elements of a a† and b b† yield the result

i∆c(x, y)

= θ(x0 − y0)
∑

k

φ
(+)
k (x)φ

(+)∗
k (y) + θ(y0 − x0)

∑

k

φ
(−)
−k (x)φ

(−)∗
k (y) .

Thus, the propagator of a charged boson field is identical to the propagator
of a neutral boson field having the same mass, ∆c(k,m) = ∆(k,m).

4.5.2 Scattering Processes

The elastic scattering of two neutral π0 can be described by the terms −λσφ2

and −gφ4 of the interaction Lagrangian (77). However, to study scattering
of charged particles as well, these couplings must be modified to include the
components φ1 and φ2 in a symmetric manner:

L3 = −g(φ2
1 + φ2

2 + φ2
3)

2 − λσ(φ2
1 + φ2

2 + φ2
3)

= −gφ4 − λσφ2 − 4g(ϕ†ϕ)2 − 4gϕ†ϕφ2 − 2λσϕ†ϕ , (4.102)

where φ = φ3 and ϕ = (φ1 − iφ2)/
√

2, as before.
Let us consider first the scattering of charged particles:

π+(q1) + π−(q2) → π+(q3) + π−(q4) . (4.103)

The two-particle ket

|q1 q2〉 = (Cq
1
Cq

2
)−1a†q1

b†q2
|0〉 (4.104)

represents the initial state of the process, and the bra

〈q4 q3| = (Cq
4
Cq

3
)−1 〈0| bq

4
aq

3
(4.105)

the final state. The momenta of the π+ are q1 and q3, while those of the π−

are q2 and q4 . We will exclude forward scattering, that is, we will assume
q1 6= q3 and q2 6= q4 .

To first order of interaction, the only contribution to the S-matrix comes
from the four-field coupling −4g(ϕ†ϕ)2:

S
(1)
fi =

〈

q4 q3

∣

∣

∣

∣

i

∫

d4xL3

∣

∣

∣

∣

q1 q2

〉

= −i4g

〈

q4 q3

∣

∣

∣

∣

∫

d4x (ϕ† ϕ)2
∣

∣

∣

∣

q1 q2

〉

. (4.106)

Since forward scattering is explicitly excluded, the matrix element is non-
vanishing only if the coupling contributes exactly the types of operators
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needed to balance the operators a†q
1

and b†q
2

of the initial state and the
operators bq4

and aq3
of the final state. The only terms that survive are two

of the type a†ibm coming from (ϕ†)2, plus two others of the type b†kaj coming
from ϕ2 . Thus, there are four terms in all, each of the form
〈

0
∣

∣

∣
bq

4
aq

3
a†i aj b

†
k bm a†q

1
b†q

2

∣

∣

∣
0
〉

= δi,q
3
δj,q

1
δk,q

4
δm,q

2
,

and each making an equal contribution to the integral
〈

q4 q3

∣

∣

∣

∣

∫

d4x (ϕ† ϕ)2
∣

∣

∣

∣

q1 q2

〉

= 4 × (2π)4δ(4)(q3 + q4 − q1 − q2) .

We thus have the S-matrix in momentum space

S
(1)
fi = −16 ig(2π)4δ(4)(q3 + q4 − q1 − q2) , (4.107)

or equivalently, the invariant amplitude

iM(1) = −16 ig . (4.108)

This result can be interpreted as the product of two factors, a vertex −i 4g
which comes from the coupling −4g(ϕ†ϕ)2 and a combinatorial factor of 4
which reflects the number of ways of attaching the incoming π+ and π− to
two points of the four-point vertex and the outgoing π+ and π− to the other
two points. This is illustrated in Fig. 4.7 .
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Fig. 4.7. Four-π vertex

In second order the interaction term −2λσϕ†ϕ gives

S
(2)
fi =

(−2iλ)2

2

∫

d4x

∫

d4y
〈

f
∣

∣T[ σ(x)ϕ†(x)ϕ(x)σ(y)ϕ†(y)ϕ(y) ]
∣

∣ i
〉

.

(4.109)

Again, we need interaction operators of the type a†i aj b
†
k bm to correctly pair

off the operators in the initial and final states. As before, ϕ†(x)ϕ(x)ϕ†(y)ϕ(y)
yields four such terms, but here one must carefully keep track of the coordi-
nate dependence:

〈

f
∣

∣ϕ†(x)ϕ(x)ϕ†(y)ϕ(y)
∣

∣ i
〉

= exp[ix·(q3 − q1) + iy·(q4 − q2)] + exp[ix·(q3 + q4) − iy·(q1 + q2)]

+ exp[−ix·(q1 + q2) + iy·(q3 + q4)] + exp[ix·(q4 − q2) + iy·(q3 − q1)] .
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The resulting S-matrix,

S
(2)
fi = (−2iλ)2

∫

d4x

∫

d4y {exp[ix·(q3 + q4) − iy·(q1 + q2)]

+ exp[ix·(q4 − q2) − iy·(q1 − q3)]} 〈0 |T[σ(x)σ(y)] | 0〉 , (4.110)

is proportional to the Fourier transforms of the expectation value of the
time-ordered product of two σ(x) field operators, that is, the propagator
for a boson field of the kind we have just introduced. Inserting its Fourier
transform

〈0 |T[σ(x)σ(y)] | 0〉 = i∆(x− y) =

∫

d4k

(2π)4
e−ik·(x−y) i∆(k) , (4.111)

we arrive at the S-matrix

S
(2)
fi = (−2iλ)2 (2π)4δ(4)(q3 + q4 − q1 − q2) [ i∆(q1 − q3) + i∆(q1 + q2) ] ,

and the corresponding reduced transition matrix

iM(2) = (−i2λ)2 [ i∆(q2 + q1) + i∆(q3 − q1) ] . (4.112)

The first term may be understood as resulting from the annihilation of the
initial π+π− pair followed by the creation of a virtual σ of momentum q1 +q2
and its subsequent conversion into a final π+π−-pair, whereas the second
term may be visualized as a direct scattering of π+π− via the exchange of a
virtual σ of momentum q3 − q1 . They are represented in Fig. 4.8 a, b.
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Fig. 4.8a–c. Tree diagrams representing the σ-exchange mechanism in π–π scat-
tering. Time evolves from left to right

In neutral π0 scattering

π0(q1) + π0(q2) → π0(q3) + π0(q4) , (4.113)

from a state of a π0-pair

|q1 q2〉 = a†q
1
a†q

1
|0〉 (Cq

1
Cq

2
)−1 (4.114)
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to a state of another π0-pair

〈q4 q3| = 〈0| aq
4
aq

3
(Cq

3
Cq

4
)−1 , (4.115)

the interaction processes at the tree-diagram level arise from the couplings
−gφ4 and −λσφ2 . Proceeding as before, we first consider

S
(1)
fi = −ig

〈

q4 q3

∣

∣

∣

∣

∫

d4x φ4(x)

∣

∣

∣

∣

q1 q2

〉

. (4.116)

Since all the fields are Hermitian, capable of creating and destroying particles
of the same kind, there are more possibilities here than in the previous case:
the coupling φ4(x) gives rise to six operators of the type a†

q′

3

a†
q′

4

aq′

1
aq′

2
needed

to yield nonvanishing matrix elements between |q1 q2〉 and 〈q4 q3| . Each such
operator leads to four possible terms:

〈

0
∣

∣

∣
aq

4
aq

3
a†

q′

3

a†
q′

4

aq′

1
aq′

2
a†q

1
a†q

1

∣

∣

∣
0
〉

= (δq′

1
q
1
δq′

2
q
2
+ 1 ↔ 2)(δq′

3
q
3
δq′

4
q
4

+ 3 ↔ 4) ,

resulting in

S
(1)
fi = (2π)4δ(4)(q3 + q4 − q1 − q2) iM(1) , (4.117)

where

iM(1) = −i 24 g . (4.118)

This result suggests the following rule: the invariant amplitude is obtained
by multiplying the vertex −i g representing the coupling −gφ4 by the factor
4! = 24, which corresponds to the number of ways in which four external
lines can be independently hooked onto a four-point vertex.

The coupling −λσφ2 contributes to the second-order S-matrix

S
(2)
fi =

(−iλ)2

2

∫

d4x

∫

d4y
〈

q4 q3
∣

∣T[σ(x)φ2(x)σ(y)φ2(y)]
∣

∣ q1 q2
〉

. (4.119)

Compared to the charged particle scattering, there are again more terms. The
field product φ2(x) includes operators aa, a†a†, and a†a. The two annihilation
operators of φ2(x) can be paired with the two creation operators in the initial
state, and its two creation operators can be paired with the two annihilation
operators of the final state. Taking into account φ2(y), there will be eight
possible terms describing the pair annihilation processes (Fig. 4.8 a). The
annihilation operator in a† a of φ2(x) can be paired with one or the other
creation operator in the initial state, leaving the other factor, a creation
operator, to balance either of the annihilation operators in the final state,
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so that a given incoming π0 scatters from a second π0 into one or the other
final directions, q3 or q4, exchanging a σ-particle. The two possible terms are
referred to as ‘direct’ and ‘exchange’, and are illustrated in Fig. 4.8 b, c. (The
exchange term is of course non-existent in scattering of distinct particles.)
The resulting invariant amplitude for the σ-exchange mechanism turns out
to be

iM(2) = (−iλ)2 4 [ i∆(q2 + q1) + i∆(q3 − q1) + i∆(q4 − q1) ] . (4.120)

Each vertex from the coupling −λσφ2 contributes a factor −iλ, and each σ-
exchange a factor i∆(q), where q is fixed by energy-momentum conservation
at either vertex. The resulting expression is to be multiplied by 4, the number
of ways in which two π0 can be connected to a σππ vertex multiplied by the
number of ways in which two other π0 can be attached to a second such
vertex.

Finally, to this approximation order, the total transition amplitude may
be written as

iM = iM(1) + iM(2) = F (s) + F (t) + F (u) , (4.121)

where s, t, and u are the Mandelstam variables of the reaction, and

F (x) = 4

[

−i 2 g + (−iλ)2
i

x− µ2 + iε

]

. (4.122)

[The exchange scattering term, F (u), should not appear in π+π− scattering.]
Let us suppose the pion to be massless and take the limit when the four-
momentum of one of the π vanishes (the soft-pion limit). Then s, t, u → 0
and iM = 3F (0) = 24i[−g+λ2/(2µ2)]. Thus, when the couplings are related
by g = λ2/2µ2, the transition amplitudeM vanishes, and pions do not scatter
at all from each other.

4.5.3 Summary and Generalization

Even before introducing higher-order terms in the expansion series of S, there
are many more diagrams, including the following, that can contribute up to
second order to the pion scattering than we have considered so far:
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Each diagram includes external lines representing the observable particles
participating in the scattering process, and may include internal lines con-
necting vertices of interaction. In the above illustration, we have already met
the first four diagrams: all are tree diagrams in which all lines have momenta
fixed by the external momenta. These are the only tree diagrams that may
contribute to the amplitude for pion–pion scattering.

The next two contain closed loops and are called loop diagrams. Not all
their internal momenta are fixed by momentum conservation, those which are
not must be integrated over. Each closed loop has one such undetermined
four-momentum.

The next two diagrams have disconnected parts (one of which has a dis-
connected vacuum bubble unattached to any line). It turns out that this
type of diagrams is irrelevant in the calculation of M. The last two diagrams
are examples of amputable diagrams, in which some external legs have loops
all for themselves (as self-energy insertions). Every one of these decorated
external legs is to be removed from the rest of the diagram by cutting a single
propagator. The diagram thus amputated, with only undecorated external
legs left, is retained for calculation. Therefore, the Feynman diagrams con-
tributing to a physical transition amplitude are fully connected, amputated

diagrams, which contain only undecorated external lines, all connected to one
another.

To evaluate the covariant amplitude iM, one calculates all the connected,
amputated diagrams with the following Feynman rules:

1. For each σ-propagator, include
i

p2 − µ2 + iε
;

2. For each πa-propagator, include
i

p2 −m2 + iε
;

3. For each external line, include 1;
4. At each vertex, impose momentum conservation;
5. For each vertex, include a combinatorial factor to account for the different

ways external lines can be connected to the vertex;
6. To each interaction vertex, assign an appropriate value (see below);

7. Integrate over each undetermined internal momentum:

∫

d4p

(2π)4
.

Rule 6 depends on the specific model. For the system of π–σ under study,
the interactions are described by the sum L′ = L1 + L2 + L3. In order to
have concise rules for the vertex, it is best to write out L′ symmetrically in
terms of the Cartesian isospin components of φ = (φ1, φ2, φ3):

L′ = −g
(

φ2
)2 − λσφ2 − g′ σ2φ2 − λ′ σ3 − g′′σ4 . (4.123)

Thus, for the interaction model in (123), we have the following Feynman
diagrams and rules for the vertices (a dotted line represents a σ; a dashed
line a π; and a, b = 1, 2, or 3).
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4.6 Electron–Proton Scattering

In this and the remaining sections of the chapter, we shall give a brief account
of some practical aspects of quantum electrodynamics (QED), a theory that
describes how charged particles interact with the electromagnetic field. QED
is considered one of the most important theories in modern physics for its
fundamental role in formulating atomic and molecular physics and many
aspects of particle physics, and for its role as a prototype for gauge theories,
the modern theories of interactions.

The first example of QED we shall study is the electron–proton elastic
scattering. The particles involved are treated as pointlike particles interacting
only through the electromagnetic field, which is an excellent approximation
for the electron as this particle is known to be a structureless lepton, but is
of a more restricted value for the proton because the latter is a bound state
of quarks and gluons dominated by the strong interaction. Nevertheless, at
low energies and as a first approximation, it is still useful to treat the proton
as a pointlike particle, correcting for the effects of its complex structure and
finite size at a later stage.

We will first introduce the Hamiltonian of the system, then proceed on
to calculate the cross-section for electron–proton scattering in the lowest-
order approximation. In this example, we will learn in particular how to deal
with the propagator of the exchanged photon and the spinors of the external
fermions, and how to perform summations over fermion spin states.
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4.6.1 The Electromagnetic Interaction

From considerations in the previous two chapters, the Lagrangian for a system
of interacting electron and proton may be written as

L =
∑

a=e,p

[

ψa(iγµ∂µ −ma)ψa

]

− 1

4
FµνF

µν − e(Jµ
p + Jµ

e )Aµ , (4.124)

where e > 0 denotes the unit of charge, and

Jµ
p (x) = ψp(x)γ

µψp(x) ,

Jµ
e (x) = −ψe(x)γ

µψe(x) (4.125)

are the proton and electron currents, both conserved by virtue of the Dirac
equations they satisfy. Products of fields are understood as normal ordered.
It is seen in Chap. 2 that this Lagrangian generates the correct Maxwell
equations with Jµ(x) = Jµ

p (x) + Jµ
e (x) as the source of the electromagnetic

field. Its interaction terms are in perfect accord with the minimal coupling,
that is, with the substitution iγµ∂µ → iγµ(∂µ ± ieAµ) for charges ∓e, in both
the free electron and free proton Dirac Lagrangians.

Following Chap. 2, we now impose the Coulomb (or radiation) gauge

∇ ·A = 0 , (4.126)

and solve the Maxwell equation for A0 in the presence of a charge distribution
to get

A0(t,x) =
e

4π

∫

d3x′
J0(t,x′)

|x′ − x| . (4.127)

This expression gives the instantaneous Coulomb potential, in the sense that
the potential field at time t is produced instantaneously by the charge dis-
tribution at the same instant, in contrast to the retarded potential which
solves the fully covariant equation A0(x) = J0. It is then eliminated from
the Lagrangian to give

L =
∑

a=e,p

[

ψa(iγµ∂µ −ma)ψa

]

+
1

2
(E 2

⊥ − B 2)

− e2

8π

∫

d3x′
J0(t,x)J0(t,x′)

|x− x′| + eJ · A , (4.128)

where

E⊥ = −∂A
∂t

and B = ∇× A . (4.129)



120 4 Collisions and Decays

With the electron and proton spinor fields and the spatial field components
Ai, for i = 1, 2, 3, considered as independent quantities, one obtains the
Hamiltonian for the system

H = H0 +H ′ , (4.130)

where the free-field part is

H0 =

∫

d3x
∑

a=e,p

[

ψa(−iγ · ∇ +ma)ψa

]

+
1

2

∫

d3x (E 2
⊥ + B 2 ) , (4.131)

and the interaction part H ′ is the sum of an instantaneous interaction term

Hinst =
e2

4π

∫

d3x

∫

d3y
J0

p(t,x)J0
e (t, y)

|x− y| , (4.132)

and a term describing the coupling of the radiation field to the matter cur-
rents

Hrad =

∫

d3xHrad(x) = −e
∫

d3x (Jp + Je) · A . (4.133)

The self-interaction terms J0
pJ

0
p and J0

e J
0
e were dropped from (132). The

Hamiltonian H = H0 + Hinst + Hrad completely determines the dynamics
of the structureless electron–proton system in an electromagnetic field. Al-
though it is written in a specific gauge, the physics that it implies should
be independent of this particular choice and therefore, the final result of any
physical calculation should also reflect this fact.

4.6.2 Electron–Proton Scattering Cross-Section

We now consider the elastic scattering process

e−(p, s) + p (P, S) → e−(p′, s′) + p (P ′, S′) ,

with the kinematics defined by the variables p = (Ep,p), p = (Ep′ ,p′),
P = (EP,P ), and P ′ = (EP ′ ,P ′). The particle masses will be denoted by
me = m and mp = M , and the initial and final states will be represented by
the ket and bra

|i〉 = |P p〉 = c†P b
†
p |0〉 (CPCp)−1 ,

〈f| = 〈p′P ′| = 〈0| bp′cP ′ (CP ′Cp′)−1 . (4.134)

b†p and bp′ refer to the creation and annihilation operators for the electron

field, while c†P and cP ′ play the same roles for the proton. In this problem, H0

is treated as the unperturbed Hamiltonian, describing the free fermion fields,
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whereas H ′ governs the interaction between fields. Since we are dealing with
particle states in the present case, we may as well keep only positive-energy
waves in the electron and proton fields,

ψe(x) =
∑

p,s

u(p, s) b(p, s)φ(+)
p (x) ,

ψp(x) =
∑

P,s

u(P, s) c(P, s)φ
(+)
P (x) . (4.135)

The wave functions φ(+)(x) are defined as in (83). To simplify, we will use
the notations u1 = u(p, s), u2 = u(P, S), u3 = u(p′, s), and u4 = u(P ′, S′) ,
and will calculate the electron–proton scattering amplitude in the lowest
nontrivial order, which is proportional to e2,

Sfi =

〈

f

∣

∣

∣

∣

−i

∫ ∞

−∞

dtHinst +
(−i)2

2

∫

d4x

∫

d4yT[Hrad(x)Hrad(y)]

∣

∣

∣

∣

i

〉

≡ Sinst + Srad . (4.136)

To evaluate the first term on the right-hand side, it suffices to remark that
it consists essentially of the matrix element

〈

f
∣

∣ J0
pJ

0
e

∣

∣ i
〉

to which only oper-

ators of the form (c†γ0c)(b†γ0b) contribute. The instantaneous interaction
then produces

Sinst =
ie2

4π
(ū3γ

0u1)(ū4γ
0u2)

×
∫ ∞

−∞

dt ei(EP ′+Ep′−EP −Ep)t

∫

d3x

∫

d3y
1

|x− y| ei(P−P ′)·x+i(p−p′)·y

= (2π)4δ(4)(P ′ + p′ − P − p) (ū3γ
0u1)

ie2

q2
(ū4γ

0u2) , (4.137)

from which one identifies the reduced transition matrix

iMinst = (ū3γ
0u1)

ie2

q2
(ū4γ

0u2) . (4.138)

Here, q stands for the space components of q = p′ − p = P − P ′. As we will
soon see, this expression would be better written in an equivalent form by
noting first that

1

q2
=

1

q2 + iε

q20 − q2 + iε

q2
, (4.139)

and secondly that

ū3γ
µqµu1 = ū3γ

µ(p′µ − pµ)u1 = 0 ,

ū4γ
µqµu2 = ū4γ

µ(Pµ − P ′
µ)u2 = 0 , (4.140)
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and therefore,

ū3γ
0q0 u1 = ū3γ·q u1 ; ū4γ

0q0 u2 = ū4γ·q u2 . (4.141)

It follows that we may trade a noncovariant function 1/q2 for a covariant
function 1/q2 in the scattering amplitude:

iMinst =
ie2

q2 + iε

[

−(ū3γ
0u1)(ū4γ

0u2) + (ū3γ·q̂u1)(ū4γ ·q̂ u2)
]

. (4.142)

Turning now to the radiation field contribution,

Srad =

〈

f

∣

∣

∣

∣

(−i)2

2

∫

d4x

∫

d4yT[Hrad(x)Hrad(y)]

∣

∣

∣

∣

i

〉

=
−e2
2

∫

d4x

∫

d4y
〈

0
∣

∣T[Ai(x)Aj(y)]
∣

∣ 0
〉

×
[〈

f
∣

∣ J i
p(x)J

j
e (y)

∣

∣ i
〉

+
〈

f
∣

∣ J i
e(x)J

j
p(y)

∣

∣ i
〉]

, (4.143)

we notice that its two terms are actually equal because

T[Ai(x)Aj(y)] = T[Aj(y)Ai(x)] .

The expectation value of this time-ordered product of two transverse photon
fields can be calculated in the same way as in the case of scalar fields (see
Problem 4.2), leading to the result

iDij
T (x− y) ≡

〈

0
∣

∣T[Ai(x)Aj(y)]
∣

∣ 0
〉

=

∫

d4k

(2π)4
e−ik·(x−y) iDij

T (k) . (4.144)

In momentum space, the transverse photon propagator reads

Dij
T (k) =

1

k2 + iε

(

δij −
kikj

k2

)

. (4.145)

In configuration space, the photon propagator, just like the scalar boson
propagator, depends only on the difference of the coordinates of the space-
time points at which the photon is created and subsequently destroyed.

The radiation part of the S-matrix is then given by

Srad = e2 (ū3γ
iu1)(ū4γ

ju2)

∫

d4x

∫

d4y iDij
T (x− y) ei(p′−p)·x+i(P ′−P)·y

= (2π)4δ(4)(P ′ + p′ − P − p) e2 (ū3γ
iu1) iDij

T (q) (ū4γ
ju2) , (4.146)
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which corresponds to the reduced transition matrix

iMrad =
ie2

q2
[

(ū3γ
iu1)(ū4γ

iu2) − (ū3γ·q̂ u1)(ū4γ·q̂ u2)
]

. (4.147)

It is to be added to the instantaneous interaction part Minst to give the full
scattering amplitude to order e2 :

iM = iMinst + iMrad

=
ie2

q2
[

−(ū3γ
0u1)(ū4γ

0u2) + (ū3γ
iu1)(ū4γ

iu2)
]

= (ū3γ
µu1) (ie)

−igµν

q2 + iε
(−ie)(ū4γ

νu2) . (4.148)

Introducing the covariant propagator Dµν(q), we get a very simple expression
for the invariant amplitude of the electron–proton elastic scattering via the
exchange of a virtual photon:

iM = [ū(p′, s′)γµu(p, s)] (ie) iDµν(q) (−ie) [ū(P ′, S′)γνu(P, S)] . (4.149)

This comes as a somewhat surprising result because even though Minst and
Mrad taken separately are not relativistically invariant, their sum manifestly
is. It corresponds to the Feynman diagram shown in Fig. 4.9 and can be
calculated according to the following rules:
– assign a factor −ie γµ to each vertex where a fermion with positive charge
e emits or absorbs a photon with polarization index µ ;

– assign to each internal photon carrying momentum q and polarization
indices µ and ν a propagator

iDµν(q) =
−igµν

q2 + iε
;

– impose momentum conservation at each vertex;
– include an adjoint spinor ū(p, s) for each outgoing fermion with momen-

tum p and spin s, and a spinor u(p, s) for each incoming fermion with
momentum p and spin s; the relative order of the spinors in the matrix
element, read from right to left, is the same as on a particle-oriented line
from its beginning to its end so as to make the matrix element well de-
fined, with ū on the left and u on the right of the relevant interaction
operator.
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Fig. 4.9. First-order electron–proton scattering
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The differential cross-section in the laboratory system can be calculated
from the general result (64), modified to take into account the spin degrees
of freedom. For unpolarized target and beam, and for undetected final spins,
one sums over all final spin states and averages over all initial spin states.
This spin averaging will introduce a factor of 1/4, since the electron and the
proton have two possible spin states each. In the laboratory frame where the
proton is initially at rest, P = 0, the differential cross-section for unpolarized
electron–proton elastic scattering into the final electron momentum direction
p′ (such that p̂·p̂′ = cos θ) is then

dσ

dΩ
=

e4

64π2M

|p′|/|p|
[E +M − |p|(E′/|p′) cos θ]

1

4
|M|2 , (4.150)

where we introduced the notation

|M|2 ≡ 1

(q2)2

∑

spins

|(ū3γ
µu1) (ū4γµu2)|2 . (4.151)

The electron energies E = Ep =
√

p2 +m2 and E′ = Ep′ =
√

p′2 +m2

satisfy the (energy conservation) relation

E′(E +M) − |p||p′| cos θ = EM +m2 . (4.152)

The calculation of |M|2 will involve operations on spin states of the type

∑

s,s′

|ū(k′, s′)Γu(k, s)|2 =
∑

s,s′

[ū(k′, s′)Γu(k, s)] [ū(k′, s′)Γu(k, s)]∗

=
∑

s,s′

[ū(k′, s′)Γu(k, s)] [u(k, s)†Γ†γ0u(k′, s′)]

=
∑

s,s′

ūi(k
′, s′)Γijuj(k, s) ūm(k, s)Γ̄mnun(k′, s′) ,

where Γ̄ = γ0Γ†γ0 , and i, j, . . . indicate spinor components. Now, using a
result found in the previous chapter,

∑

s

uj(k, s) ūm(k, s) = (6k +m)jm , (4.153)

we get

∑

s,s′

|ū(k′, s′)Γu(k, s)|2 = (6k ′ +m)niΓij(6k +m)jmΓ̄mn

= Tr
[

(6k ′ +m)Γ(6k +m)Γ̄
]

. (4.154)

Thus, a summation over spins of a bilinear spinor product reduces to a cal-
culation of the trace, or the sum of the diagonal elements, of a product of
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γ-matrices. Such traces are invariant to unitarity transformations on the γ-
matrices and are therefore independent of their representations. They can be
found with the help of the following general results valid in four-dimensional
space-time.

Theorem 1. The trace of the product of an odd number of γ-matrices is

zero:

Tr(/a1 . . . /an) = 0, for odd n . (4.155)

Proof. Since γ2
5 = 1, one has for any n

Tr(/a1 . . . /an) = Tr (/a1 . . . /anγ5γ5)

= Tr (γ5/a1 . . . /anγ5)

= (−)n Tr (/a1 . . . /anγ5γ5) ,

where on the second line we have used the cyclic property of the trace, i.e.
Tr(abc) = Tr(cab), and on the last line we have moved the first γ5 to the
right, using γ5γµ = −γµγ5. The presence of the resulting sign factor (−)n

implies that the trace vanishes for odd n.

Theorem 2. The traces of products of zero, two, and four γ-matrices are

Tr1 = 4 ,

Tr (/a/b) = 4a·b ,
Tr(/a/b/c/d) = 4[(a·b)(c·d) + (a·d)(b·c) − (a·c)(b·d)] . (4.156)

Proof. For the power of 2,

Tr (/a/b) = Tr (/b/a) = 1
2 Tr(/a/b+ /b/a)

= (a·b)Tr 1 = 4(a·b) ,

while for the power of 4 (or any even power), we use /a/b = −/b/a+2a·b to shift
/a to the right of all the other factors and, at the end of the process, we move
it back to the first position by using the cyclic property:

Tr (/a/b/c/d) = 2(a·b)Tr (/c/d) − Tr (/b/a/c/d)

= 8(a·b)(c·d) − 2(a·c)Tr (/b/d) + Tr (/b/c/a/d)

= 8(a·b)(c·d) − 8(a·c)(b·d) + 2(a·d)Tr (/b/c) − Tr (/a/b/c/d)

= 8[(a·b)(c·d) − (a·c)(b·d) + (a·d)(b·c)] − Tr (/a/b/c/d) .

The announced result follows. One proceeds in the same way for a higher
even power of γ and expresses the result in terms of the traces of lower even
powers of γ.
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Returning to our problem of electron–proton scattering, where Γ = γµ

and therefore Γ̄ = γ0γµ†γ0 = γµ, we now make use of the trace theorems to
evaluate the required spin sums:

|M|2 =
1

(q2)2
Tr [(6p ′ +m)γµ(6p +m)γν ] Tr

[

(6P ′ +M)γµ(6P +M)γν

]

=
16

(q2)2
[

p′µpν + p′νpµ − gµν(p′·p−m2)
]

×
[

P ′
µPν + P ′

νPµ − gµν(P ′·P −M2)
]

=
32

(q2)2
[

(p·P )(p′·P ′) + (p·P ′)(p′·P )

−m2(P ·P ′) −M2(p·p′) + 2m2M2
]

. (4.157)

Inserting this expression for |M|2 in (150) gives the exact differential
cross-section for elastic scattering of structureless electron and proton in the
laboratory system. We now consider its limiting values in two cases of inter-
est.

For nonrelativistic electrons of energy E �M , energy conservation rela-
tion (152) implies that E ≈ E′ and |p| ≈ |p′|, so that

|M|2 =
32

(q2)2
[2EE′M2 −M2(p·p′) +m2M2]

=
64M2E2

(q2)2

(

1 +
q2

4E2

)

,

which leads to the differential cross-section

dσ

dΩ
≈ e4

64π2M2

1

4
|M|2 =

4α2E2

(q2)2

(

1 +
q2

4E2

)

, for
E

M
� 1 , (4.158)

where, as usual, α = e2/4π , and

q2 = (p′ − p)2 ≈ −4p2 sin2 θ

2
.

Taking the limit m→ 0 gives the familiar formula for Mott cross-section

σMott(θ) =
α2

4E2

cos2(θ/2)

sin4(θ/2)
. (4.159)

When the proton recoil becomes important, the electron may be treated
as extremely relativistic and its mass may be neglected, i.e. m � E, E′, so
that E ≈ |p| and E′ ≈ |p′|. Then energy conservation (152) yields

M(E −E′) ≈ EE′(1 − cos θ) = 2EE′ sin2(θ/2) ,
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and the momentum transfer factor becomes

q2 = (p′ − p)2 ≈ −2(p·p′) = −4EE′ sin2(θ/2) .

Inserting P ′ = P + p − p′ in (157), one obtains in the present situation

|M|2 ≈ 32

(q2)2
{

2(p·P )(p′·P ) + (p·p′)[(p·P ) − (p′·P ) −M2)]
}

≈ 32

(q2)2
[

2EE′M2 + (p·p′)M(E − E′ −M)
]

=
64EE′M2

(q2)2

[

cos2(θ/2) − q2

2M2
sin2(θ/2)

]

. (4.160)

The differential cross-section is thus

dσ

dΩ
=

e4

64π2M2

(

E′

E

)2
1

4
|M|2

= σMott(θ)
E′

E

[

1 − q2

2M2
tan2 θ

2

]

=
α2

4E2

cos2(θ/2)

sin4(θ/2)

[

1 − (q2/2M2) tan2(θ/2)

1 + (2E/M) sin2(θ/2)

]

. (4.161)

To arrive at this formula, it was assumed that the proton is a structureless
Dirac particle which behaves just like a heavy electron of mass M . The
resulting cross-section is the Mott cross-section, corrected for recoil by the
factor E′/E and supplemented by a term proportional to (q2/2M2) tan2(θ/2)
due to scattering from the Dirac magnetic moment of the proton. However,
this description is still incomplete because it neglects the structure and the
anomalous magnetic moment of the proton. It turns out that these effects,
all due to strong interactions, can be taken into account at small momentum
transfers without an explicit dynamic calculation by parameterizing them
through two smooth functions of momentum, called form factors, in the
proton electromagnetic current. We shall return to this point in Chap. 10.

4.7 Electron–Positron Annihilation

The e+e− annihilation process is relatively simple to describe because, at
energies lower than about 30 GeV, it is overwhelmingly dominated by the
electromagnetic interaction. Yet it is physically interesting because, together
with other lepton–lepton processes, it may be used to detect possible sub-
structures of the leptons and to produce new types of leptons. At higher
energies, hadrons will appear and while the same basic mechanism still pre-
vails, strong interaction effects in the final state must be adequately included.
The total cross-section for e+e− annihilation into hadrons at very high energy
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Fig. 4.10. Feynman diagram showing µ+µ− pair production by e+ e− annihilation.
Arrows indicate the directions of the particle (negative) charge flows; all momenta
are in the direction of the time arrow, from left to right

has been instrumental in confirming the validity of quantum chromodynamics
and the quark model.

We shall limit ourselves to a study of the e+e− → µ+µ− process in the
lowest order of interaction, so that it may be treated as a virtual photon
exchange mechanism, as in Fig. 4.10. The main purpose in the study of this
example is to learn how to deal with antiparticle states.

The ket

|i〉 =
∣

∣k k̄
〉

= b†kd
†

k̄
|0〉 (CkCk̄)−1 (4.162)

represents an initial state composed of an electron and a positron with four-
momenta k and k̄, such that k2 = k̄2 = m2, while the bra

〈f| = 〈p̄ p| = 〈0| Dp̄Bp(CpCp̄)−1 (4.163)

describes a final state composed of µ+ and µ− with momenta p and p̄, such
that p2 = p̄2 = M2.

The approximate treatment we have in mind deals with the same expres-
sion for the S-matrix as in the previous section, i.e. (136), where Hinst and
Hrad are given respectively by (132) and (133), but with the proton current
replaced by the muon vector current

Jν
µ(x) = −ψµ(x)γνψµ(x) . (4.164)

Of course, in this process the full fields of both the electron and muon will
participate in the reaction and so their Fourier series should be taken as

ψe(x) =
∑

p,s

[

u(p, s)b(p, s)φ(+)
p (x) + v(p, s)d†(p, s)φ

(−)
−p (x)

]

, (4.165)

ψµ(x) =
∑

p,s

[

u(p, s)B(p, s)φ(+)
p (x) + v(p, s)D†(p, s)φ

(−)
−p (x)

]

. (4.166)

Proceeding as in the previous section, we obtain without difficulty the
contribution from the instantaneous interaction part

Sinst =

〈

f

∣

∣

∣

∣

−i

∫ ∞

−∞

dtHinst

∣

∣

∣

∣

i

〉

= (2π)4δ(4)(p+ p̄− k − k̄) [ū(p)γ0v(p̄)]
−ie2

K2 [v̄(k̄)γ0u(k)] , (4.167)
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where K = k+ k̄ and, to simplify, we have suppressed the spin arguments of
the spinors. In a familiar step, we now replace the factor 1/K2 with

1

K2 + iε

K2
0 − K2

K2 , (4.168)

and use current conservation to rewrite the reduced matrix element in a more
practical form

iMinst = [ū(p)γ0v(p̄)]
−ie2

K2
[v̄(k̄)γ0u(k)]

=
ie2

K2

{

[ū(p)γ0v(p̄)][v̄(k̄)γ0u(k)] − [ū(p)γ ·K̂v(p̄)][v̄(k̄)γ·K̂u(k)]
}

.

(4.169)

Similarly, we calculate the radiation term

Srad =
(−i)2

2

〈

f

∣

∣

∣

∣

∫

d4x

∫

d4yT[Hrad(x)Hrad(y)]

∣

∣

∣

∣

i

〉

, (4.170)

following the same steps as in the computation of the e–p transition matrix,

Srad = −e2
∫

d4x

∫

d4y
〈

0
∣

∣T[Ai(x)Aj(y)]
∣

∣ 0
〉 〈

f
∣

∣J i
µ(x)Jj

e (y)
∣

∣ i
〉

= −e2
∫

d3x

∫

d3y iDij
T (x− y)

〈

f
∣

∣ψµ(x)γiψµ(x)ψe(y)γ
jψe(y)

∣

∣ i
〉

= (2π)4δ(4)(p+ p̄− k − k̄)(−ie2) [ū(p)γiv(p̄)]Dij
T (K) [v̄(k̄)γju(k)] ,

(4.171)

from which we extract the reduced matrix

iMrad = (−ie2) [ū(p)γiv(p̄)]Dij
T (K) [v̄(k̄)γju(k)]

=
−ie2

K2

{

[ū(p)γiv(p̄)][v̄(k̄)γiu(k)] − [ū(p)γiK̂iv(p̄)] [v̄(k̄)γjK̂ju(k)]
}

.

(4.172)

We have made use of (145) for Dij
T (K) with momentum transfer K = k + k̄.

Neither Minst nor Mrad is separately relativistically covariant, but when they
are added together, a cancellation of just the right terms miraculously occurs
and correctly produces a covariant result, which is independent of the gauge
initially selected for the calculations:

iM = iMinst + iMrad

= [ū(p)γµv(p̄)] (ie)
−igµν

K2 + iε
(ie) [v̄(k̄)γνu(k)] . (4.173)
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The Feynman rules suggested by this calculation are:
– a factor −ie γµ at each vertex where a fermion with positive charge e

emits or absorbs a photon with polarization index µ ;

– a (covariant) propagator

iDµν(q) =
−igµν

q2 + iε

for each internal photon carrying momentum q and polarization indices
µ and ν ;

– momentum conservation at each vertex;

– matrix elements for fermions are formed with incoming fermion spinors,
vertex operators and outgoing fermion spinors, such that the order of the
factors read from right to left is the same as that found along each fermion
line oriented by the negative charge flow, and

u(k, s) for each incoming fermion of momentum k and spin s;
v̄(k̄, s̄) for each incoming antifermion of momentum k̄ and spin s̄;

ū(p, S) for each outgoing fermion of momentum p and spin S;
v(p̄, S̄) for each outgoing antifermion of momentum p̄ and spin S̄;

in each matrix element, u or v stands to the right and ū or v̄ to the left
of the vertex operator.

In recent years, e+e− processes are often studied in colliding beam ac-
celerators. In such experiments, the laboratory system coincides with the
center-of-mass system, and the total energy available is considerably greater
than in a fixed target experiment with the same beam energy (s = 4E2 com-
pared with s ≈ 2ME, where E is the beam energy and M is the mass of the
target particle).

The kinematic variables in the center-of-mass system are defined as

k = (E,k), k̄ = (E,−k), p = (E,p), p̄ = (E,−p) . (4.174)

They are all related to the invariant s through the relations

s = (k + k̄)2 = K2 = 4E2 , (4.175)

|k| =

√
s

2

√

1 − 4m2

s
, |p| =

√
s

2

√

1 − 4M2

s
. (4.176)

For an unpolarized experiment, where the incoming particles are unpolarized
and the spin directions of the outgoing particles not measured, the cross-
section in the center-of-mass system reads [cf. (59)]

dσ

dΩ
=

e4

64π2s

|p|
|k|

1

4
|M|2 =

α2

4s

|p|
|k|

1

4
|M|2 . (4.177)
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Here, as usual, α = e2/4π, and the sum over spins is

|M|2 =
1

s2

∑

spins

∣

∣ [ū(p)γµv(p̄)] [v̄(k̄)γµu(k)]
∣

∣

2
. (4.178)

In order to evaluate this sum, first note that γ0γ
†
µγ0 = γµ and then recall

the following results obtained in our discussion in Chap. 3 on the projection
operators in spinor space:

∑

s

u(p, s)ū(p, s) =6p+m,

∑

s

v(p, s)v̄(p, s) =6p−m, where p = (Ep, p ) . (4.179)

Summations over electron and muon spins can now be converted without
difficulties into traces of γ-matrix products:

|M|2 =
1

s2
Tr[(6p+M)γµ(¯6p−M)γν ] Tr[(6k+m)γν (¯6k −m)γµ] .

It is the first step in a series of algebraic manipulations that, with the trace
theorems helping, will finally lead to

|M|2 =
16

s2
[pµp̄ν + pν p̄µ − gµν(p·p̄ +M2)][kµk̄ν + kν k̄µ − gµν(k·k̄ +m2)]

=
32

s2
[(p·k)(p̄·k̄) + (p·k̄)(p̄·k) +M2(k·k̄) +m2(p·p̄) + 2M2m2] .

It is then a simple matter to work out the kinematic relations to reach the
final expression valid in the center-of-mass frame

|M|2 = 4

[

1 +
4

s
(m2 +M2) +

(

1 − 4m2

s

)(

1− 4M2

s

)

cos2 θ

]

. (4.180)

The differential cross-section in the center-of-mass system for e+e− → µ+µ−

depends on s and θ, the angle between k and p:

dσ

dΩ
=
α2

4s

√

1 − 4M2/s

1 − 4m2/s

[

1 +
4

s
(m2 +M2) +

(

1 − 4m2

s

)(

1 − 4M2

s

)

cos2 θ

]

.

(4.181)

Upon integrating over the solid angle, one obtains the total cross-section

σ =
4πα2

3s

√

1 − 4M2/s

1 − 4m2/s

[

1 +
2(m2 +M2)

s
+

4m2M2

s2

]

. (4.182)
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These results are exact, and are valid for any fermion–antifermion annihila-
tion producing a different fermion–antifermion pair, f f̄ → FF̄, provided the
particles involved have no structure. Several special limiting situations are
of interest.

In the extremely relativistic limit where both masses are negligible, m2 �
s and M2 � s, the following approximate expressions may be used:

dσ

dΩ
=
α2

4s
(1 + cos2 θ) , (4.183)

σ =
4πα2

3s
=
πα2

3E2
. (4.184)

This result can be understood from simple scale arguments. The factor α2

follows from the order of the interaction (one quantum exchange, or two
vertices). At high energy, where the masses are considered negligible, 1/

√
s

remains as the only variable with the dimension of length, the cross-section
must be proportional to 1/s. In natural units, 1 GeV−2 = 390 × 10−30 cm2,
and one may have, as a rough estimate,

σ ≈ 22 nb

(E GeV)2
(1 nb = 10−33 cm2) . (4.185)

This simple prediction that the total cross-section of pair production from
pair annihilation through the electromagnetic interaction depends at very
high energies only on the particle charges and the reaction energy, but not
on any other parameters (e.g. masses), is in excellent agreement with data
available on lepton pair productions, such as e+e− → µ+µ−.

When the high-energy incoming beams produce heavy fermion pairs, such
as in the production of heavy leptons e+e− → τ+τ−, it is appropriate to
consider m2/s� 1 and M/E ≈ 1, so that

|p|
|k| ≈

|p|
E

≡ βf and s = 4E2 = 4(M2 + p2) ≈ 4M2(1 + β2
f ) . (4.186)

The cross-sections may then be approximated by

dσ

dΩ
=
α2

4s
βf

(

2 − β2
f sin2 θ

)

, (4.187)

σ =
2πα2

s
βf

(

1 − β2
f

3

)

. (4.188)

Finally, if the situation calls for a heavy fermion pair in the initial state,
such as in the leptonic decay of a heavy quark pair, the basic conditions are
M2/s� 1 and m/E ≈ 1, so that

|p|
|k| ≈

E

|k| =
1

βi
, and s = 4E2 = 4(m2 + k2) ≈ 4m2(1 + β2

i ) . (4.189)
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The cross-sections are then given by

dσ

dΩ
=
α2

4s

1

βi

(

2 − β2
i sin2 θ

)

, (4.190)

σ =
2πα2

sβi

(

1 − β2
i

3

)

. (4.191)

4.8 Compton Scattering

In this final example, which deals with the Compton effect, or the photon–
electron scattering, we will learn how to describe incoming and outgoing
states of real photons and the propagation of virtual spin-1/2 fermions.

We start by introducing the spin-1/2 fermion propagator, which is defined
as a 4 × 4 matrix with elements given by the vacuum expectation values of
the time-ordered products of a pair of fermion field operators:

iSij(x, y) =
〈

0
∣

∣T[ψi(x)ψj(y)]
∣

∣ 0
〉

= θ(x0 − y0)
〈

0
∣

∣ψi(x)ψj(y)
∣

∣ 0
〉

− θ(y0 − x0)
〈

0
∣

∣ψj(y)ψi(x)
∣

∣0
〉

.

(4.192)

The extra minus sign in the second term on the right-hand side arises from
the interchange of two anticommuting operators. The fermion fields are oper-
ators with expansion series given in (165). Nonvanishing contributions to the
vacuum-to-vacuum matrix elements in (192) can only come from products of
operators of the types bb† or dd†. For x0 > y0, the matrix element found in
the first term on the right-hand side of (192) is evaluated on the basis of the

spin sum of the positive-energy solutions in (179), with E =
√

p2 +m2,
〈

0
∣

∣ψi(x)ψj(y)
∣

∣ 0
〉

=

〈

0

∣

∣

∣

∣

∣

∣

∑

p,s

ui(p, s)b(p, s)φ
(+)
p (x)

∑

p′,s′

ūj(p
′, s′)b†(p′, s′)φ

(+)∗
p′ (y)

∣

∣

∣

∣

∣

∣

0

〉

=
∑

p

φ(+)
p (x)φ(+)∗

p (y)
∑

s

ui(p, s)ūj(p, s)

=

∫

d3pC2
pe−iE(x0−y0) eip·(x−y) (m+Eγ0 − p·γ)ij . (4.193)

For y0 > x0, we follow similar steps and get
〈

0
∣

∣ψj(y)ψi(x)
∣

∣0
〉

=

〈

0

∣

∣

∣

∣

∣

∣

∑

p,s

v̄j(p, s)d(p, s)φ
(−)∗
−p (y)

∑

p′,s′

vi(p
′, s′)d†(p′, s′)φ

(−)
−p′ (x)

∣

∣

∣

∣

∣

∣

0

〉

=
∑

p

φ
(−)∗
−p (y)φ

(−)
−p (x)

∑

s

v̄j(p, s)vi(p, s)

=

∫

d3pC2
peiE(x0−y0) eip·(x−y) (−m+Eγ0 + p·γ)ij , (4.194)
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where we have used the projection on negative-energy solutions in (179), and
changed the sign of the integration variable from p to −p, so as to have the
same exponential factor as in (193).

Putting these two results together, we have

〈

0
∣

∣T[ψ(x)ψ(y)]
∣

∣ 0
〉

=

∫

d3pC2
peip·(x−y)

[

θ(x0 − y0) e−iE(x0−y0)(m+Eγ0 − p·γ)

+ θ(y0 − x0) e−iE(y0−x0)(m−Eγ0 − p·γ)
]

. (4.195)

Let Y stand for the expression inside the square brackets in (195), which
combines the x0 > y0 contribution with the y0 > x0 contribution. In the
next few steps, we merely repeat on Y the same operations we performed on
a similar expression found in the boson propagator (98), while making use of
the integral representation of the step function (97). Thus,

Y =
1

2πi

[

∫ ∞

−∞

dp0
e−ip0(x0−y0)

E − p0 − iε
(m+ Eγ0 − p·γ)

+

∫ ∞

−∞

dp0
e−ip0(y0−x0)

E − p0 − iε
(m− Eγ0 − p·γ)

]

=
1

2πi

∫ ∞

−∞

dp0 e−ip0(x0−y0)

[

m+ Eγ0 − p·γ
E − p0 − iε

+
m−Eγ0 − p·γ
E + p0 − iε

]

=
2E

2πi

∫ ∞

−∞

dp0 e−ip0(x0−y0)
m+ γ0p0 − γ ·p
E2 − p2

0 − iε′
, (4.196)

where ε′ = 2Eε is an infinitesimal positive real quantity, to be simply called
ε from now on. Since E2 − p2

0 − iε = m2 − (p2
0 − p2)− iε = m2 − p2 − iε , the

denominator that appears on the last line is manifestly invariant. With this
result inserted into (195), we obtain

iS(x− y) =
〈

0
∣

∣T[ψ(x)ψ(y)]
∣

∣ 0
〉

=

∫

d4p

(2π)4
e−ip·(x−y) i(6p+m)

p2 −m2 + iε

=

∫

d4p

(2π)4
e−ip·(x−y) i

6p−m+ iε
. (4.197)

This remarkable result, which holds for all times, regardless of whether x0

is earlier or later than y0, describes the propagation amplitude of a Dirac
fermion. In coordinate space, it depends on the coordinate distance x − y,
while in momentum space, it is

S(p) =
(6p +m)

p2 −m2 + iε
=

1

6p−m+ iε
. (4.198)
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Given this result, we are now ready to consider the Compton process

γ(k, λ) + e−(p, s) → γ(k′, λ′) + e−(p′, s′) .

Here, s, s′, λ, and λ′ denote the spin states of the particles involved; and k,
k′, p, and p′ stand for their four-momenta (with, in particular, the energy
components k0 = ωk = |k| and k′0 = ω′

k = |k′|). The quantum system is
described by an electron field ψ(x) and an electromagnetic field Aµ(x), the
latter driven by some external source that is not part of the system. The
coupling of the field Aµ(x) to the electron current

Jµ(x) = −ψ(x)γµψ(x) (4.199)

is represented by the interaction Lagrangian

Lrad = −e Jµ(x)Aµ(x), (e > 0) . (4.200)

Since the present problem involves only particle and not antiparticle states,
it suffices to keep in the electron field only the positive-energy components

ψ(x) =
∑

p,s

u(p, s)b(p, s)φ(+)
p (x) . (4.201)

As for the radiation field, the full field will participate in the process

Aµ =

2
∑

k,λ=1

[eµ(k, λ) a(k, λ)φ
(+)
k (x) + eµ ∗(k, λ) a†(k, λ)φ

(−)
−k (x) ] . (4.202)

The wave functions φ(±)(x) in the preceding two equations are defined as in
(83). To simplify, the polarization vectors eµ(k, λ) will be assumed real.

We start by writing down the initial and final state vectors:

|i〉 =
∣

∣γ(k, λ), e−(p, s)
〉

= a†(k, λ)b†(p, s) |0〉 (CkCp)−1 , (4.203)

〈f| =
〈

γ(k′, λ′), e−(p′, s′)
∣

∣ = (Ck′Cp′ )−1 〈0| a(k′, λ′) b(p′, s′) . (4.204)

In the lowest nontrivial order of interaction, the Compton effect is described
by the matrix element

SCom =
(−ie)2

2

∫

d4x d4y 〈f |T[Jµ(x)Aµ(x)Jν(y)Aν (y) ] | i〉 . (4.205)

We first calculate the contributions from the radiation field:

〈k′λ′ |Aµ(x)Aν(y) | kλ〉
= eµ(k, λ)eν(k′, λ′) e−ik·x+ik′·y + eµ(k′, λ′)eν(k, λ) eik·x−ik′·y, (4.206)
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and find that the two terms which appear here actually result in equal con-
tributions to the integrals over x and y in SCom, so that

SCom = (−ie)2
∫

d4x d4y 〈f |T[J(x)·e(k, λ)J(y)·e(k′λ′)] | i〉 e−ik·x+ik′·y.

(4.207)

To evaluate the matrix element in (207), which involves a product of four
electron fields, we need an operator b(q′) and an operator b†(q) in the prod-
uct Jµ(x)Jν(y) to annihilate the incident electron and create the outgoing
electron. Two such possibilities exist in Jµ(x)Jν(y), leaving the other two
Fock operators to create and annihilate a virtual electron or positron with
the probability amplitude

〈

0
∣

∣T[ψi(x)ψj(y)]
∣

∣ 0
〉

= iSij(x− y) , (4.208)

which is the electron propagator in configuration space. Therefore, if we
discard the uninteresting forward scattering, the time-ordered product of the
current operators in (207) may be effectively taken as

T[Jµ(x)Jν(y)]

= ψ(x)γµ iS(x− y) γνψ(y) + ψ(y)γν iS(y − x) γµψ(x) + . . .

(where . . . represents terms that do not contribute), so that the matrix ele-
ment produces

〈p′ |T[Jµ(x)Jν(y)] | p〉 = ū(p′, s′)γµiS(x− y)γνu(p, s) eip′·x−ip·y

+ ū(p′, s′)γν iS(y − x)γµu(p, s) eip′·y−ip·x . (4.209)

Once this expression is substituted into (207) and the indicated integra-
tions are performed, we can drop the four-momentum conservation factor
(2π)4δ(4)(k′ + p′ − k − p) to have the reduced amplitude we are seeking:

iM = (−ie)2 [ū(p′) 6e ′ iS(p+ k) 6e u(p) + ū(p′) 6e iS(p − k′) 6e ′ u(p)]

= (−ie)2ū(p′)

[

6e ′ i(6p+ 6k +m)

(p+ k)2 −m2
6e+ 6e i(6p− 6k ′ +m)

(p − k′)2 −m2
6e ′

]

u(p) ,

(4.210)

where 6e = γµe
µ(k, λ) and 6e ′ = γµe

µ(k′, λ′). Notice that the substitution

k, e↔ −k′, e′ (4.211)

interchanges the two terms in (210) and so the Compton transition amplitude
M in (210) is invariant under this transformation. This symmetry persists
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Fig. 4.11. Feynman diagrams for the Compton scattering

in all higher-order terms as an exact symmetry, which has come to be known
in particle physics as the crossing symmetry .

The two terms written in (210) can be visualized by drawing the cor-
responding two Feynman diagrams shown in Fig. 4.11. They suggest the
following calculation rules:
– to each vertex where a fermion with charge e emits or absorbs a photon

with polarization index µ , assign a factor −ie γµ ;
– to each internal fermion with momentum p and Dirac indices i and j

corresponds a factor

iSij(p) =

(

i

6p−m+ iε

)

ij

=
i(6p+m)ij

p2 −m2 + iε
;

– impose four-momentum conservation at each vertex;
– matrix elements for fermions are formed as in the previous calculations;
– to a photon with momentum k and polarization λ absorbed at a ver-

tex −ieγµ, assign a factor eµ(k, λ); to a photon with momentum k′ and
polarization λ′ emitted at a vertex −ieγµ , assign a factor e∗µ(k′, λ′).

Before performing any further calculations on M, it is useful to reduce
it to its simplest form. The relations k·e = 0, k′·e′ = 0, and k2 = k′2 = 0,
p2 = p′2 = m2 hold quite generally, and the spinors u(p) and u(p′) satisfy
free Dirac equations. Thus, the first term in (210) can be simplified with the
relations

(p + k)2 −m2 = k2 + p2 + 2k·p−m2 = 2k·p ,
6e ′(6p+ 6k +m) 6e u(p) = 6e ′[(2p·e− 6e 6p ) + (6k +m) 6e ] u(p)

= 6e ′(2p·e+ 6k 6e )u(p) ;

and the second term, with

(p− k′)2 −m2 = k′2 + p2 − 2k′·p−m2 = −2k′·p ,
6e(6p− 6k ′ +m) 6e ′u(p) = 6e [(2p·e′− 6e ′ 6p ) + (− 6k ′ +m) 6e ′ ] u(p)

= 6e(2p·e′− 6k ′ 6e ′)u(p) .

These simplifications carry the reduced transition matrix into

iM = −ie2ū(p′)

[ 6e ′ 6k 6e+ 2 6e ′p·e
2p·k +

6e 6k ′ 6e ′ − 2 6e p·e′
2p·k′

]

u(p) . (4.212)
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In a gauge where the initial and final photons are transversely polarized,
their polarization vectors have the properties

eµ = (0, e) with k·e = 0 , and e2 = 1 ,

e′µ = (0, e′) with k′·e′ = 0 , and e′2 = 1 .

Now, if we choose the laboratory system with the initial electron at rest,
p = (m, 0), in which to do further calculations, then the relations p·e = 0
and p·e′ = 0, which hold in this reference frame, eliminate two terms in M,
reducing it to

iM = −ie2ū(p′)
[ 6e ′ 6k 6e

2p·k +
6e 6k ′ 6e ′

2p·k′
]

u(p) . (4.213)

The cross-section in the laboratory frame has already been given in (64).
In the present kinematics, it reads

dσ

dΩ
=

|M|2
64π2m

|k′|/|k|
|k| +m− |k| cos θ

=
ω′2

64π2m2ω2
|M|2 , (4.214)

where we have used (66) to write

ω

ω′
= 1 +

ω

m
(1 − cos θ) , ω = |k| , and ω′ = |k′| . (4.215)

Here θ is the photon scattering (lab) angle, cos θ = k̂·k̂′
.

We are interested in an unpolarized electron scattering, so that we have
to average over the two spin states of the incoming electron, and sum over the
final electron spin states. But the photon may have definite polarizations, λ
and λ′, in the initial and final states. Thus, the differential cross-section for
the Compton scattering in the laboratory system is given by

dσ

dΩ
=
( αω′

2mω

)2 1

2
|M|2 , (4.216)

with the notation

|M|2 =
∑

ss′

∣

∣

∣

∣

ū(p′, s′)
( 6e ′ 6k 6e

2p·k +
6e 6k ′ 6e ′

2p·k′
)

u(p, s)

∣

∣

∣

∣

2

. (4.217)

Now, since γ0γ
†
µγ0 = γµ , the sum over spins can be reduced to a trace exactly

in the same way as in the previous section:

|M|2 = Tr
[

(6p ′ +m)
( 6e ′ 6k 6e

2p·k +
6e 6k ′ 6e ′

2p·k′
)

(6p+m)
( 6e 6k 6e ′

2p·k +
6e ′ 6k ′ 6e
2p·k′

)]

=
1

(2p·k)2 T1 +
1

(2p·k′)2 T2 +
1

(2p·k)(2p·k′) (T3 + T4) , (4.218)
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in which the final expression was divided into four terms, related under the
substitution (211) by

T1 ↔ T2 , T3 ↔ T4 . (4.219)

Therefore, it suffices to calculate, for example, just T1 and T3. The main
technical difficulty in this problem resides in the calculation of these traces.
The general approach is to use the trace Theorem 1 to eliminate the trivial
terms and to shift factors in the remaining terms, using

/a/b = −/b/a+ 2a·b ,

until one or another of the relations 6e 2 = 6e ′2 = −1, 6k 2 = 6k ′2 = 0, 6p 2 =
6p ′2 = m2, and p·e = p·e′ = k·e = k′·e′ = 0 can be used to reduce the
numbers of the γ-factors, and finally to apply the trace Theorem 2 for the
final answer. In this way we proceed, first with T1,

T1 = Tr[(6p ′ +m) 6e ′ 6k 6e (6p+m) 6e 6k 6e ′ ]

= Tr(6p ′ 6e ′ 6k 6e 6p 6e 6k 6e ′) +m2 Tr(6e ′ 6k 6e 6e 6k 6e ′) (even number of γ)

= Tr(6p ′ 6e ′ 6k 6e 6p 6e 6k 6e ′) (e2 = −1, k2 = 0)

= Tr(6p ′ 6e ′ 6k 6p 6k 6e ′) (6p 6e = − 6e 6p, e2 = −1)

= 2p·kTr(6p ′ 6e ′ 6k 6e ′) (6p 6k = − 6k 6p+ 2p·k, k2 = 0)

= 8p·k [2(k·e′)(p′·e′) − (p′·k)e′2]
= 8p·k [2(k·e′)2 + p·k′] (p′·e′ = k·e′, p′·k = p·k′) .

As for T3, it proves convenient to substitute p+ k − k′ for p′ and to split
T3 into two as follows:

T3 = Tr [(6p ′ +m) 6e ′ 6k 6e (6p+m) 6e ′ 6k ′ 6e ]

= Tr [(6p+m) 6e ′ 6k 6e(6p +m) 6e ′ 6k ′ 6e ] + Tr [(6k− 6k ′) 6e ′ 6k 6e 6p 6e ′ 6k ′ 6e ]

= T3a + T3b .

Let us start with T3a:

T3a = Tr [(6p 6k 6p+m2 6k) 6e 6e ′ 6k ′ 6e 6e ′] (6p 6e = − 6e 6p, 6p 6e ′ = − 6e ′ 6p)
= 2(p·k)Tr(6p 6e 6e ′ 6k ′ 6e 6e ′) (6p 6k = 2p·k− 6k 6p and p2 = m2) .

Next anticommute 6p all the way through to the right and use Trabc = Tr cab,

T3a = 2p·k
[

2p·k′Tr(6e 6e ′ 6e 6e ′) − Tr(6p 6e 6e ′ 6k ′ 6e 6e ′)
]

= 2(p·k)(p·k′)Tr(6e 6e ′ 6e 6e ′)

= 8(p·k)(p·k′)[2(e·e′)2 − 1] .
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In the second term, T3b, we use the relations 6 k 6 e ′ 6 k = 2 (k·e′) 6 k and
6k ′ 6e 6k ′ = 2 (k′·e) 6k ′ to get

T3b = 2k·e′ Tr(6k 6e 6p 6e ′ 6k ′ 6e) − 2k′·eTr(6k ′ 6e ′ 6k 6e 6p 6e ′)

= 2k·e′Tr(6k ′ 6k 6p 6e ′) − 2k′·eTr(6k ′ 6k 6e 6p)
= −8p·k′(k·e′)2 + 8p·k(k′·e)2 .

Summing up T3a and T3b yields

T3 = 8(p·k)(p·k′)[2(e·e′)2 − 1] − 8(p·k′)(k·e′)2 + 8(p·k)(k′·e)2 .

Finally, by the crossing substitution (211),

T2 = −8 (p·k′) [2(k′·e′)2 − (p·k)] ,
T4 = T3 .

Putting all these partial results together in (216), we find the famous
Klein–Nishina formula for the Compton scattering

dσ

dΩ
=

α2

4m2

(ω′

ω

)2[ω′

ω
+
ω

ω′
+ 4(e·e′)2 − 2

]

(Klein–Nishina). (4.220)

In the low-energy limit, when ω → 0 and, by (215), ω′/ω → 1, the
differential cross-section becomes

dσ

dΩ
≈
( α

m

)2

(e·e′)2 .

Note that it is proportional to the square of the classical radius of the electron:

α

m
=

e2

4πmc2
= 2.8× 10−13 cm .

Finally, when the initial photons are unpolarized and the final photon
polarizations are not observed, we average over the two possible λ states and
sum over the two possible λ′ states, so that

1

2

∑

λλ′

(e·e′)2 =
1

2

∑

λλ′

[

ei(k, λ) ei(k′, λ′)
]2

=
1

2

(

δij −
kikj

k2

)(

δij −
k′i k′j

k′2

)

=
1

2
(1 + cos2 θ) .

The unpolarized Compton cross-section in the lab frame then comes out to
be

dσ̄

dΩ
=

α2

2m2

(ω′

ω

)2[ω′

ω
+
ω

ω′
− sin2 θ

]

. (4.221)
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At low energies, as ω → 0 and ω′/ω → 1, it reduces to

dσ̄

dΩ
=

α2

2m2
(1 + cos2 θ) , (4.222)

and when integrated over the solid angle, it gives the famous Thomson cross-
section formula

σ̄ =
8π

3

α2

m2
(Thomson). (4.223)

This result, apart from the numerical factor, can be understood from purely
dimensional considerations. Except for m, there is no other constant with
the dimension of length. Therefore, the cross-section (an effective area) for
this purely electrodynamics process, which is of order e2 in the amplitude,
must be proportional to the square the classical radius of the electron.

Problems

4.1 Three-particle decay mode. Consider the decay of a spinless particle
of mass M into three spinless particles of masses mi and momenta pi, with
i = 1, 2, 3. The final state consistent with energy-momentum conservation
is determined by five independent variables, which may be chosen as the
energies of two of the particles, E1 and E2, two angles that fix the direction
of p1, and finally one angle that defines the rotations of the system (p2,p3)
about p1. Calculate the phase space volume. Compare the rate for the three-
particle decay with the rate for the two-particle decay in the limit of massless
final particles.

4.2 Transverse photon propagator. For the electromagnetic field
satisfying the Coulomb gauge, prove that the propagator in momentum space
is given by

Dij
T (k) =

1

k2 + iε

(

δij −
kikj

k2

)

.

4.3 Propagator of massive vector field. Consider the Stueckelberg
Lagrangian for a massive vector particle of the form

L = −1

4
FµνF

µν +
1

2
µ2AνA

ν − 1

2
λ(∂·A)2 ,

where µ is the mass and the last term is an auxiliary term introduced so that
the limit µ → 0 is not singular for λ 6= 0. Calculate the propagator of the
field.
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4.4 The Lagrangian for electrodynamics in the Coulomb gauge.

The Lagrangian for the electromagnetic field coupled to a conserved current
is given by

L = −1

4
FµνF

µν − eJµAµ .

It is clearly invariant under the local gauge transformation Aµ → Aµ −
∂µΛ. Therefore, to have a definite solution for the Maxwell equations, the
arbitrariness associated with this invariance must be removed by choosing a
gauge for Aµ. Further, since the time derivative of A0 is absent from L, its
conjugate field vanishes, and one is free to remove A0.
(a) Show that it is always possible to choose the (Coulomb) gauge ∇·A = 0
at some given time t, and that the gauge condition holds at any later time.
(b) Find A0(x).
(c) Eliminate A0 from L and prove that

L =
1

2
(E2

⊥ − B2) − e2

8π

∫

d3x′
J0(t,x)J0(t,x′)

|x− x′| + eJ·A ,

where E⊥ = −(∂A/∂t) and B = ∇× A .
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