
Appendix

Useful Formulas

In this Appendix we summarize the notation for Dirac matrices and spinors,
and collect together some formulas for the calculation of relativistic cross-
sections and decay rates, as well as useful phase space integrals and loop
integrals. A summary of the Feynman rules for QCD and electroweak inter-
actions is also given.

A.1 Relativistic Quantum Mechanics

Four-vectors

In natural units (c = h̄ = 1), the space-time coordinates are denoted by the
contravariant four-vector

xµ = (x0, x1, x2, x3) = (t, x, y, z) = (t, x) , (A.1)

to which corresponds the covariant four-vector

xµ = gµνx
ν = (t,−x,−y,−z) = (t,−x) . (A.2)

Here the metric tensor is given by

gµν = gµν =







1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1






. (A.3)

Other examples of four-vectors are

energy-momentum pµ = (E, px, py, pz) = (E,p) ,

four-gradients ∂µ =
∂

∂xµ
=

(

∂

∂t
, ∇

)

=

(

∂

∂t
,
∂

∂x
,
∂

∂y
,
∂

∂z

)

,

∂µ =
∂

∂xµ
=

(

∂

∂t
,−∇

)

.

The scalar product of two four-vectors is given by

A·B = gµνA
µBν = AµB

µ = A0B0 −A·B . (A.4)
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Dirac Algebra (n = 4 dimensions)

The Dirac matrices satisfy the anticommutation relations

{γµ, γν} = γµγν + γνγµ = 2gµνI4 , µ, ν = (0, 1, 2, 3) . (A.5)

Here and in the following, In stands for the n×n unit matrix. In the standard
(Dirac–Pauli) representation, the γ-matrices have the form

γ0 =

(

I2 0
0 −I2

)

, γi =

(

0 σi

−σi 0

)

. (A.6)

Note that γµ = gµνγ
ν . The standard Pauli matrices σi are

σ1 =

(

0 1
1 0

)

, σ2 =

(

0 −i
i 0

)

, σ3 =

(

1 0
0 −1

)

. (A.7)

σiσj = δij + iεijkσk , εijk totally antisymmetric, ε123 = +1 . (A.8)

Hermitian conjugates:

γ0γµ†γ0 = γµ , γ0† = γ0, γi† = −γi . (A.9)

Related matrices:

γ5 = γ5 = iγ0γ1γ2γ3 = −iγ0γ1γ2γ3 , {γ5, γµ} = 0 ; (A.10)

σµν =
i

2
[ γµ, γν ] =

i

2
(γµγν − γνγµ) . (A.11)

Identities for the γ-matrices:

γµγν = gµνI4 − iσµν ,

γµγνγλ = gµνγλ − gµλγν + gνλγµ − iεµνλαγ
αγ5 ,

γµγ
αγµ = −2γα ,

γµγ
αγβγµ = 4gαβI4 ,

γµγ
αγβγγγµ = −2γγγβγα ,

σµνσµν = 12I4 . (A.12)

εµνλρ is totally antisymmetric; ε0123 = −ε0123 = +1; (A.13)

εαβµνεαβρσ = −2(δµ
ρ δ

ν
σ − δµ

σδ
ν
ρ ) ; εαµνρεβµνρ = −6 δα

β . (A.14)

Trace theorems: The trace of an odd number of γ-matrices vanishes; also

/a ≡ γµa
µ = γ0a0 − γ·a ,

Tr I4 = 4 ,

Tr /a/b = 4a·b ,
Tr /a/b/c/d = 4(a·b c·d− a·c b·d+ a·d b·c) ,
Tr γ5/a/b = 0 ,

Trγ5/a/b/c/d = 4iεµνλρ a
µbνcλdρ . (A.15)



A.1 Relativistic Quantum Mechanics 647

Dirac Algebra (n dimensions)

In n-dimensional space-time (1 time, n− 1 space), the Dirac matrices satisfy

{γµ, γν} = γµγν + γνγµ = 2gµνIn , µ, ν = (0, 1, . . . , n− 1) . (A.16)

They also have the following properties:

γνγ
ν = nIn ,

γµγ
αγµ = (2− n)γα ,

γµγ
αγβγµ = 4gαβIn + (n− 4)γαγβ ,

γµγ
αγβγγγµ = −2γγγβγα − (n− 4)γαγβγγ . (A.17)

Dirac Spinors

A Dirac spinor for a particle of mass m, momentum p, and polarization s is a
four-component complex vector denoted by u(p, s), while for an antiparticle,

it is called v(p, s). In each case, pµ = (E,p) with E =
√

p2 +m2. The
spinors u and v obey the equations

(/p−m)u(p, s) = 0 ; (/p+m) v(p, s) = 0 . (A.18)

The corresponding adjoint spinors, ū = u†γ0 and v̄ = v†γ0 , satisfy

ū(p, s)(/p−m) = 0 ; v̄(p, s)(/p+m) = 0 . (A.19)

The spinors have the normalization and orthogonality properties

ū(p, s)u(p, s′) = 2mδss′ , ū(p, s) v(p, s′) = 0 ,

v̄(p, s) v(p, s′) = −2mδss′ , v̄(p, s)u(p, s′) = 0 . (A.20)

Their completeness can be expressed in terms of the positive- and negative-
energy projection operators Λ± = (±/p +m)/(2m),

∑

s

u(p, s) ū(p, s) = 2mΛ+(p) ,
∑

s

v(p, s) v̄(p, s) = −2mΛ−(p) . (A.21)

Λ± have the properties

Λ2
± = Λ± ; Λ+Λ− = Λ−Λ+ = 0 ; Λ+ + Λ− = 1 . (A.22)

Projections onto states of well-defined polarizations are performed with the
operators P (±s) = 1

2
(1± γ5/s), where sµ is spacelike and defined such that

sµsµ = −1 and sµpµ = 0,

u(p, s)ū(p, s) = 2mΛ+(p)P (+s) , v(p, s)v̄(p, s) = −2mΛ−(p)P (−s).(A.23)
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Gordon identities: Any solutions to the Dirac equation satisfy the relations

(m1 +m2)ψ2γµψ1 = ψ2

(

−i
←−
∂ µ + i

−→
∂ µ

)

ψ1 + ∂ν
(

ψ2σµνψ1

)

,

(m1 +m2)ψ2γµγ5ψ1 = (−i∂µ)
(

ψ2γ5ψ1

)

+ ψ2

(

−i
←−
∂ ν + i

−→
∂ ν

)

σµ
νγ5ψ1 .

(A.24)

For positive-energy components, take ψ = u(p)e−ip·x, while for negative-
energy components, ψ = v(p)eip·x. So that in momentum space, (24) gives,
for example,

(m1 +m2)ū(p2)γµu(p1) = ū(p2) [(p2 + p1)µ + iσµν(p2 − p1)
ν ]u(p1) ,

(m1 +m2)ū(p2)γµγ5u(p1) = ū(p2) [(p2 − p1)µ + iσµν(p2 + p1)
ν ] γ5 u(p1) ,

(m1 +m2)ū(p2)γµv(p1) = ū(p2) [(p2 − p1)µ + iσµν(p2 + p1)
ν ] v(p1) .

(A.25)

Fierz transformations: For Lorentz scalar products of bilinear covariants,
with all their Lorentz indices contracted,

(

ū1Γ
iu2

)

(ū3Γiu4) =
∑

j

Ci
j

(

ū1Γ
ju4

)

(ū3Γju2) , (A.26)

where Γi denote ΓS = 1, ΓV = γµ, ΓT = σµν, ΓP = γ5, and ΓA = γµγ5; the
coefficients Ci

j assume the values given in the following table:

i ↓ j→ S V T A P

S 1/4 1/4 1/8 −1/4 1/4

V 1 −1/2 0 −1/2 −1

T 3 0 −1/2 0 3

A −1 −1/2 0 −1/2 1

P 1/4 −1/4 1/8 1/4 1/4

Similar to (26) is the relation
(

ū1Γ
iu2

)

(ū3Γiγ5u4) =
∑

j

Ci
j

(

ū1Γ
jγ5u4

)

(ū3Γju2) , (A.27)

which comes with the same numerical coefficients Ci
j . The above identities

yield the following relations, very useful in the studies of weak processes:

[ū1γµ(1 ± γ5)u2] [ū3γ
µ(1± γ5)u4] = − [ū1γµ(1± γ5)u4] [ū3γ

µ(1± γ5)u2] ,

[ū1γµ(1 ± γ5)u2] [ū3γ
µ(1∓ γ5)u4] = +2 [ū1(1∓ γ5)u4] [ū3(1± γ5)u2] .

(A.28)

When anticommuting fields ψi, rather than c-valued spinors ui, appear in the
bilinear products, the right-hand sides of (26)–(28) will carry an additional
overall minus sign.
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A.2 Cross-Sections and Decay Rates

The differential cross-section for the reaction p1 + p2 → p3 + . . .+ pn is

dσ =
|M|2
4F

dΦf S . (A.29)

Here M is shorthand notation for the invariant amplitude 〈f |M |Φi〉; F is
the flux factor

F = E1E2 |v12| =
[

(p1 · p2)
2 −m2

1m
2
2

]1/2
; (A.30)

and dΦf stands for the phase-space volume element of the final state

dΦf = (2π)4δ(4)(p3 + . . .+ pn − Pi)
1

(2π)3(n−2)

d3p3

2E3
. . .

d3pn

2En
; (A.31)

with Pi = p1 + p2; and finally S is a combinatorial factor needed to avoid
overcounting identical configurations whenever there are identical particles
in the final state and is given by S =

∏

a 1/`a!, where `a denotes the number
of identical particles of type a in the final state.

For the production of two particles, p1 + p2 → p3 + p4, the differential
cross-section in the center-of-mass system, where p = p1 = −p2 and p′ =
p3 = −p4, at fixed relative angles (ϕ, θ) of the final particles, is

(

dσ

dΩ

)

cm

=
|M|2
64π2 s

|p′|
|p| S . (A.32)

|pcm|2 =
1

4s
λ(s,m2

1, m
2
2) , |p′

cm|2 =
1

4s
λ(s,m2

3, m
2
4) ; (A.33)

where s = (p1 + p2)
2 = (E1 +E2)

2 and λ(a, b, c) ≡ (a− b− c)2 − 4bc .
In the laboratory system where particle 2 is at rest, p2 = (m2, 0),
(

dσ

dΩ

)

lab

=
|M|2

64π2m2

|p′|
|p|

1

E1 +m2 − (|p|/|p′|)E3 cos θlab
S , (A.34)

where E1 =
√

p2 +m2
1, E3 =

√

p′2 +m2
3 and, by energy conservation,

E3(E1 +m2) − |p||p′| cos θlab = E1m2 + 1
2 (m2

1 +m2
2 +m2

3 −m2
4) . (A.35)

The differential rate of the decay P → p3 + . . .+ pn is

dΓ =
|M|2
2EP

dΦf S , (A.36)

where dΦf and S have the same definitions as above. In particular, for a
decay from rest into two particles, the rate is

dΓ =
|M|2 |p|
32π2M2

dΩ , (A.37)

where P 2 = M2, and p is the momentum of either final particle, given by

|p| = 1

2M

{

[M2 − (m3 +m4)
2][M2 − (m3 −m4)

2]
}1/2

.
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A.3 Phase Space and Loop Integrals

Two- and Three-Body Phase Space Integrals

(I)

∫

d3k1

2E1

d3k2

2E2
δ(4)(P − k1 − k2) =

π
√

λ(P 2, m2
1, m

2
2)

2P 2
≡ I(P 2) ; (A.38)

a proof of this result is given in Solution 4.1.

(II)

∫

d3k1

2E1

d3k2

2E2
δ(4)(P − k1 − k2)k

µ
1 = I(P 2)

P 2 +m2
1 −m2

2

2P 2
P µ (A.39)

must have the form A(P 2)P µ; to compute A(P 2), we multiply both sides of
the above equation by Pµ, then use 2k1 · P = P 2 +m2

1 −m2
2.

(III)

∫

d3k1

2E1

d3k2

2E2
δ(4)(P − k1 − k2)k

µ
1k

ν
1 =
I(P 2)

3P 2

{

−g
µν

4
λ(P 2, m2

1, m
2
2)

+
P µP ν

P 2

[

(P 2 +m2
1 −m2

2)
2 − P 2m2

1

]

}

; (A.40)

(IV)

∫

d3k1

2E1

d3k2

2E2
δ(4)(P − k1 − k2)k

µ
1k

ν
2 =
I(P 2)

6P 2

{

gµν

2
λ(P 2, m2

1, m
2
2)

+
P µP ν

P 2

[

P 4 + P 2(m2
1 +m2

2)− 2(m2
1 −m2

2)
2
]

}

; (A.41)

when there are terms like kµ
1k

ν
1 , kµ

1k
ν
2 , or kµ

2k
ν
2 in the integrand, the integral

must have the form a(P 2)gµν + b(P 2)P µP ν. To compute it, we multiply the
integral by the tensors gµν and PµPν to get two equations for a(P 2), b(P 2)
[see also (13.57)].

(V)

∫

d3k1

2E1

d3k2

2E2

d3k3

2E3
δ(4)(P − k1 − k2 − k3)

=
π2

4P 2

∫ (
√

P2−m3)2

(m1+m2)2

ds

s

√

λ(s,m2
1, m

2
2)

√

λ(s,m2
3 , P

2) (A.42)

(cf. Problem 4.1); put q = P − k3 with q2 = s and integrate over k1 and k2:
∫

π
√

λ(s,m2
1, m

2
2)

2s

d3k3

2E3
; then (42) follows from

d3k3

2E3
= (4π)

|k3|dE3

2
, |k3| =

√

λ(s,m2
3 , P

2)

2
√
P 2

, and dE3 =
ds

2
√
P 2

.



A.3 Phase Space and Loop Integrals 651

(VI)

∫

d3k1

2E1

d3k2

2E2

d3k3

2E3
δ(4)(P − k1 − k2 − k3)(k1 · k3)

=
π2

16P 2

∫ (
√

P2−m3)
2

(m1+m2)2

ds

s2

√

λ(s,m2
1, m

2
2)

√

λ(s,m2
3, P

2)

×
[

(s+m2
1 −m2

2)(P
2 −m2

3 − s)
]

; (A.43)

write k1 · k3 = kµ
1 (P − q)µ and use (39) and (42).

(VII)

∫

d3k1

2E1

d3k2

2E2

d3k3

2E3
δ(4)(P − k1 − k2 − k3)(k1 · k3)

2

=
π2

16P 2

∫ (
√

P2−m3)2

(m1+m2)2

ds

s2

√

λ(s,m2
1, m

2
2)

√

λ(s,m2
3 , P

2)

×
[λ(s,m2

1, m
2
2)λ(s,m

2
3 , P

2)

3s
+m2

1 λ(s,m
2
3 , P

2)

+m2
3 λ(s,m

2
1, m

2
2) + 4sm2

1m
2
3

]

; (A.44)

write (k1 · k3)
2 = kµ

1 k
ν
1(P − q)µ(P − q)ν and use (40) and (42).

Loop Integrals

Feynman Parameterization.

1

aαbβ
=

Γ(α+ β)

Γ(α)Γ(β)

∫ 1

0

dx
xα−1(1− x)β−1

[ax+ b(1− x)]α+β
;

1

aαbβcγ
=

Γ(α+ β + γ)

Γ(α)Γ(β)Γ(γ)

∫ 1

0

dx

∫ 1−x

0

dy
(1− x− y)α−1xβ−1yγ−1

[a(1− x− y) + bx+ cy]α+β+γ
;

1

abcd
= 6

∫ 1

0

dx

∫ 1−x

0

dy

∫ 1−x−y

0

dz

[a(1− x− y − z) + bx+ cy + dz]4
.

The demonstration starts from the identity

1

a b
=

∫ 1

0

dx

[ax+ b(1− x)]2 .

By differentiating the above equation n times with respect to b, we get

1

a bn
=

∫ 1

0

dx
n(1− x)n−1

[ax+ b(1− x)]n+1
,
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and similarly, by differentiating (α − 1) times with respect to a and (β − 1)
times with respect to b. To obtain the integral for 1/abc, we rewrite it as
1/aB with B = bc and apply the previous result.

Gamma Function:

Γ(z) =

∫ ∞

0

dt e−ttz−1 , (Re z > 0) ; (A.45)

Γ(z + 1) = zΓ(z) = z! , Γ(z)Γ(1− z) =
π

sin(πz)
; (A.46)

∫ ∞

0

dy
yα

(1 + y2)β
=

Γ
[

1
2 (1 + α)

]

Γ
[

1
2(2β − α− 1)

]

2 Γ(β)
. (A.47)

Formulas (14.49) and (14.56) are also useful.

Integral over d4k:
∫

d4k
(k2)α

(k2 −A + iε)β
=

i π2 (−1)α−β

Aβ−α−2

Γ(α+ 2)Γ(β − α− 2)

Γ(β)
. (A.48)

In the above equation, keep in mind that the +iε term is always present
in the propagators. We evaluate the k0 integral first, making use of Wick’s
rotation. The locations of the poles at k0 = −(

√

|k|2 + A) + iε and k0 =

+(
√

|k|2 + A)− iε allow us to rotate the contour of the k0 integration in the
complex k0 plane by 90◦ counterclockwise if the integrand falls off sharply
enough at large k0, i.e. for β > α + 2. Then we define a Euclidean four-
momentum variable kE as k0

E = ik0 and kE = k, with the rotated contour
going from k0

E = −∞ to +∞, and we do the integration in four-dimensional
spherical coordinates (k2 = −k2

E). Thus,
∫

d4k
(k2)α

(k2 −A + iε)β
= i

∫

dΩ(4)

∫ ∞

0

dkE
k3
E(−k2

E)α

[−k2
E −A]β

, (A.49)

and we recover (48) by using (47) and
∫

dΩ(4) = 2π2 from (14.56).

Integrals over dnk. Let us define D(k, P ) ≡ k2 + 2k · P − A ,

C ≡ i π
n

2 Γ
(

β − n
2

)

Γ(β)(−P 2 − A)β−(n/2)
and F ≡ 1

2
(P 2 + A)

Γ
(

β − 1− n
2

)

Γ
(

β − n
2

) .

By making the shift K = k + P and using
∫

dΩ(n) given by (14.56), we get
∫

dnk

[D(k, P )]β
= C , (A.50)

∫

dnk kµ

[D(k, P )]β
= −CP µ , (A.51)

∫

dnk kµkν

[D(k, P )]β
= C [P µP ν − gµν F ] , (A.52)

∫

dnk kµkνkλ

[D(k, P )]β
= C

[

−P µP νP λ +
(

gµνP λ + gνλP µ + gλµP ν
)

F
]

. (A.53)
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A.4 Feynman Rules

The invariant scattering amplitude iM is calculated in the perturbative
method by drawing all fully connected Feynman diagrams, excluding self-
energy insertions on external lines. Any diagram is either a tree diagram
(with no loops) or a loop diagram (with one or more closed lines). Each
diagram consists of lines and vertices. In general, the Feynman rules corre-
sponding to lines are model independent, but those associated with vertices
depend on the specific interaction model.

General Rules

External lines (those having at least one free end) represent physical particles
in the initial or final states; they have well-defined momenta. The momenta
of internal lines (those connected to vertices at both ends) are determined
by energy-momentum conservation at the vertices. In a tree diagram, each
internal momentum can be fixed by the external momenta. In a loop diagram,
to each loop corresponds an internal momentum that cannot be so fixed and
must be integrated over.

External lines radiate from vertices and receive the following factors:

(a) For spin-1/2 fermion of momentum p and spin state s

• in initial state: u(p, s) on the right,

• in final state: ū(p, s) on the left;

(b) For spin-1/2 antifermion of momentum p and spin state s

• in initial state: v̄(p, s) on the left,

• in final state: v(p, s) on the right;

(c) For spin-0 boson

• in either initial or final state: 1;

(d) For spin-1 boson of helicity λ (if massless boson, λ = ±1; if massive
boson, λ = 0,±1)

• in initial state: εµ(λ),

• in final state: ε∗µ(λ).

Internal lines represent the propagation of virtual particles between vertices.
Each is associated with a propagator which depends on the momentum of
the particle and is diagonal in internal labels (isospin, spin, or color):

i∆(p) =
i

p2 −m2 + iε
spin-0,

iSαβ(p) =
i(/p+m)αβ

p2 −m2 + iε
spin- 1

2
fermion,

i∆µν(p) =
i

p2 + iε

[

−gµν + (1− ξ)pµpν

p2

]

photon, gluon,

i∆µν(p) =
i(−gµν + pµpν/m

2)

p2 −m2 + iε
massive vector boson.
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Every internal momentum p that is not fixed by momentum conservation
at the vertices must be integrated over:

∫

d4p/(2π)4. In addition, identi-
cal bosons in the initial or final state must be symmetrized, and identical
fermions in the initial or final state, antisymmetrized. Each closed fermion
loop receives a factor −1, as does each ghost loop. For each closed loop
containing n identical bosons, there is a factor 1/n!.

QCD Vertex Factors

The indices a, b correspond to the quark color and run from 1 to 3; the indices
i, j, . . . correspond to gluon color and run from 1 to 8. fijk are the SU(3)
structure constants.

(a) Quark–gluon
vertex
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...............
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.................
.............. .........
.........
........
.........
..

a

............................................. ........................................................................... b

µ
r

p
q

−igsγµ(Ti)ba

(p + r − q = 0; Ti = λi/2)

(b) Three-gluon
vertex
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........
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..........................

........
......
..........................

...........
.............................

........
......
..........................

........
......
..........................

......j, µ, q

k, ν, r

i, λ, p

−gsfijk[ gλµ(p− q)ν

+ gµν(q − r)λ + gνλ(r − p)µ ]

(p + q + r = 0)

(c) Four-gluon
vertex
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s [fijmfk`m(gλνgµρ − gµνgλρ)
+ fikmfj`m(gλµgνρ − gµνgλρ)
+ fkjmfi`m(gλνgµρ − gλµgνρ)]

(p + q + r + s = 0)

(d) Ghost–gluon
vertex
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Vertex Factors in the Standard Electroweak Model

The indices A, B correspond to generations; the indices a, b label quark
flavors. All couplings are diagonal in color indices. Qa is the electric charge
number of quark qa. The weak coupling g is related to the unit charge e
(e > 0) by g = e/ sin θW , where θW is the Weinberg angle, and gf

V and gf
A are

the weak charges. VAB represents an element of the CKM mixing matrix,
and τ− is the lowering weak-isospin operator of the quark.

The quark–boson couplings are as follows:

(a) γqq vertex ..............
......
.....
.............................

.....
.....
...............................
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.....
...............

............................................. .............. ............................................................................ ...........................................................................

qa qb

µ

−i eQa γµ δba δBA

(b) Zqq vertex ..........
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...................
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....................
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...
..........

............................................. .............. ............................................................................ ...........................................................................

qa qb

Zµ
−i g

2 cos θW

γµ (ga
V − ga

A γ5) δba δBA

(c) Wqq vertex ..........
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W−

µ

qa qb

−i g

2
√

2
γµ (1− γ5) (τ

−
)ba VBA



A.5 Parameters of the Standard Model 655

The lepton–boson couplings are:

(a) γee vertex ..............
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µ

` `
i e γµ δBA

(b) Zνν vertex ..........
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µ

ν ν

−i g
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γµ ( 1

2
− 1

2
γ5) δBA

(c) Z`` vertex ..........
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µ

` `

−i g

2 cos θW
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Aγ5) δBA

(d) W`ν vertex ..........
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2
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The weak charges are gV = 1
2 − 4

3 sin2 θW and gA = 1
2 for u-type quarks;

gV = −1
2 + 2

3 sin2 θW and gA = −1
2 for d-type quarks; gV = 1

2 and gA = 1
2

for neutrinos; and gV = −1
2

+ 2 sin2 θW and gA = −1
2

for charged leptons.
In addition to the quark-boson and and lepton-boson couplings given above,
there are also the boson-boson and boson-Higgs couplings given in Figs. 9.1 b-
c.

Finally, when dealing with the electroweak loop diagrams in the general
Rξ gauge, one must consider the Faddeev–Popov ghosts χ± and χz as well
as the Goldstone bosons w± and z arising from the spontaneous symmetry
breaking in the Higgs mechanism in which the w±’s are absorbed by the
W±’s, and the z by the Z to give them their physical masses. These unphys-
ical particles show up only in internal lines described by the propagators

for χ±, χz :
i

p2 − ξM2
M,Z + iε

,

for w±, z :
i

p2 − ξM2
M,Z + iε

.

Since physical quantities are gauge invariant, the ξ dependence that appears
in the calculations must eventually cancel out when all the diagrams con-
tributing to a given process are summed up.

The Faddeev–Popov ghosts χ±, χz couple only to W±, Z, γ, and the
Higgs bosons, but not to quarks or leptons. The w±, z couplings can be
either three-point or four-point vertices, similar to those found in Figs. 9.1 b-
c. The reader can find the Feynman rules for the vertices of these unphysical
particles in Appendix B of Cheng and Li’s Gauge Theory of Elementary

Particle Physics.
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A.5 Parameters of the Standard Model

In the electroweak sector, the following measured quantities may be taken as
inputs for the model:

4π

e2
= α−1 = 137.0359895± 0.0000061 ,

GF = (1.16639± 0.00002)× 10−5 GeV−2 ,

sin2 θW = 0.2315± 0.0004 ,

together with the Higgs mass, MH > 71 GeV (LEP-1997), and the fermion
masses (Table 7.9). From various experiments, the magnitudes of the CKM
matrix elements have been obtained:

|Vud| = 0.9744± 0.001, |Vus| = 0.2205± 0.0011, |Vub| = 0.0031± 0.0008,
|Vcd| = 0.204± 0.017, |Vcs| = 1.01± 0.18, |Vcb| = 0.039± 0.0036,
|Vtd| = 0.0092± 0.003, |Vts| = 0.033± 0.009, |Vtb| = 0.9991± 0.0004 .

The running strong coupling strength is given by

αs(µ
2) =

4π

β0 log(µ2/Λ2)
,

where Λ = 200±50 MeV, β0 = 11−2
3
Nf , andNf is the number of quark species

with masses less than the scale µ of the process considered. In particular,
αs(M

2
Z) ≈ 0.118, for Nf = 5.


